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1. 4d Euclidean space has no complex structure

2. Choose ℂℙ2 as the 2d complex manifold

➢ finite space with flat space limit

➢ group theoretic structure as   𝑆𝑈(3)/𝑈(2) facilitates a parametrization of

the gauge fields

1. Parametrization
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Jacobian:
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Low energy effective theory

1. Introduce an IR cutoff s.t.

2. Take the flat limit of ℂℙ2
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→

Mass term in 4d Euclidean space:
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3. Results

Soft gluon mass

Gluon self-energy
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3. Results

Soft gluon mass

➢ Lattice simulation evidence
▪ I.L. Bogolubsky, et.al., Phys.Lett. B676, 69-73 (2009)

▪ I.L. Bogolubsky et.al., PoSLAT2007:290 (2007)

▪ P.O. Bowman, et.al., Phys.Rev. D76:094505 (2007)

and more...

Gluon self-energy



24

3. Results

Soft gluon mass
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▪ I.L. Bogolubsky et.al., PoSLAT2007:290 (2007)

▪ P.O. Bowman, et.al., Phys.Rev. D76:094505 (2007)

and more...

➢ Schwinger-Dyson calculations of gluon self-energy 
▪ A.C. Aguilar et.al., Front.Phys. 11(2), 111203 (2016)

▪ A.C. Aguilar et.al., Phys.Rev. D78:025010 (2008)

Gluon self-energy
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Kähler 2-form on  ℂℙ2:

➢ 4d-WZW theory first considered by Simon Donaldson (1980s).

➢ Also appears in Kähler-Chern-Simons theory, quantum Hall 
systems, string theory etc.

➢ Low energy dynamics dominated by antiself-dual instantons.
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Lattice simulations of Casimir energy for 4d Yang-Mills theory
M.N. Chernodub et. al., Phys. Rev. D 108, 014515 (2023)

➢ good fit for a massive scalar field
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Lattice simulations of Casimir energy for 4d Yang-Mills theory
M.N. Chernodub et. al., Phys. Rev. D 108, 014515 (2023)

➢ good fit for a massive scalar field

with
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WZW theory and confinement
3. Results

In 2+1 Yang Mills theory can show area law of Wilson loop:

28

D. Karabali, C. Kim, V.P. Nair, Phys. Lett. B434, 103 (1998)



WZW theory and confinement
3. Results
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WZW theory and confinement
3. Results

In 4d Yang Mills theory?

Calculations too complicated here...
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ℂℙ2 = SU(3)/U(2)
1. Parametrization

• functions on               in terms of Wigner D-matrices:

• subgroup: local isotropy group for ℂℙ2

➢ scalars, vectors, tensors are functions on SU(3) that behave in the right way
under the U(2) subgroup

10

Scalar functions on ℂℙ2:                                                                      subgroup

Vector fields on ℂℙ2:  

SU(2) doublets with 𝑌 = ±1
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