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Introduction: Anomalous Transport

The Chiral Magnetic Effect

Hydrodynamics of Relativistic Fluids

The Chiral Magnetic Effect (CME)

[Kharzeev, McLerran, Warringa '07]

L Magnetic Field
plane

CANVANEY vt BB Nt chirality

Electric current

P-odd charge
separation

X (defines ¥g)

[parity violating currents: Vilenkin ‘80, Giovannini, Shaposhnikov ‘98, Alekseey, Chaianoy, Frohlich ‘98]

Strong Magnetic field induces a P-odd charge separation —-
— Electric current: J = ¢5B.
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Hydrodynamics of Relativistic Fluids

[Son,Surowka], [Eling,Neiman,0z], [Erdmenger et al.], [Banerjee et al.], [Loganayagam],
[Kharzeev, Yee], [Sadovyev et al.], [Landsteiner, EM, Pena-Benitez], . . .

(T") = (e+P)u"u" +Pg" + :
Ideal Hydro
(J“ = o+
~~
Ideal Hydro

@ Landau frame: (T%) ~ v/
2
(T aiss & anom = —nP** PP (DaUB+DﬁUa_3gaﬂD/\U>\> —CP* D%y + - -
<Ju>diss&anom = _UTPHVD ( ) +O’E“ == O'BB“ +o0 w”-i—

CME CVE

where P*” = g*¥ + u*u¥, and
vorticity: wH = %e’“’f“ul,DpuA = Chiral Vortical Effect (CVE).
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Equilibrium Partition Function

[Banerjee et al 12], [Jensen et al *13], [Bhattacharyya *14], [EM, Valle *14]

@ Relativistic Invariant Quantum Field Theory on the manifold
ds? = —e?7X)(dt + a;(X)dx')? + g;(X)dx’dx/
and time independent background U(1) gauge connection:
A = Ao(X)dx® + A;(X)adx’ .

@ Partition function of the system:

H—1ugQ

Z=Tre D

= Dependence of Z on o, gj;, & and A,,?
°

@ 3-dim diffeomorphism invariance.
o Kaluza-Klein (KK) invariance: t — t + ¢(X), X — X.
o U(1) time-independent gauge invariance (up to an anomaly).
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Equilibrium Partition Function
= under t-indep variations

slogZ = % / N (—; T 09" + JuaAﬂ>
0

dlogZ

= Tw=-2T%8, M =ToRR
@ In particular, for log Z = W(e?, Ao, a;, Ai, 97, To. 110), Wwhere

Ay = Ao, A=A —aA,

are KK invariant quantities, one gets the consistent currents

<JI> _ LM <J0> _ TOGZUM
cons m 6AI 9 cons m 6A0 bl
To€27 W

W To (W, W
nN— Y — = —
o) =75 <5a,- A°5A,-> o (Too) = == 5,

= W is a generating functional for the hydrodynamic

(*} Y
constitutive relations.
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Equilibrium Partition Function Formalism to Hydrodynamics P N
Derivative Expansion

Equilibrium Partition Function at first order

o in derivative expansion
[Banerjee et al *12; EM, M.Valle *14]:

[ wh= / Bx\/Gs [m (0, Ao)e AiAi +an(a, Ao) e Afy+as(a, Ao)e"/ka,-fjk} ]

where A,'/' = 3,'A/' = 6/'A,' 5 f,'j = B/aj = 8/'3,'.
@ Ideal gas of Dirac fermions =+ from a computation of (To " and
(J"), one gets
C 1/ C
ai(o, Ao) = *677-0/407 az(0, Ao) = ) <6T0A% - > , az(o,A)) =0.

. C= 4%2 (chiral anomaly): [Son, Surowka *09], [Erdmenger et al ’09], . . .
where:
. [Landsteiner, EM, Pena-Benitez *11]
@ Coefficients related to chiral magnetic and vortical conductivities:
1
o =Cu, oV = 50/12—1— , [u=€e"7Ay, T=e"Ty.
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The chiral anomaly

@ Theory of a chiral fermion:
»CYM = i@v“(&u — Ita.Ai)w
@ Under a general shift A% — A% 4 0.A%:

STA] = / A2X A% L (X)eons (1)

@ The chiral anomaly is given by the

Ay — UAUT —ig,UUT",  U=exp (iN™t,) ,

@ Particularizing (1) to 6.42 = (D, A*¥)a =
= (non)-conservation law for the consistent current:

L
[ D, (X )cons = GalA(X)] ]
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The non-abelian anomaly

o for the symmetry
group U(Nf). x U(Nf)g  [W.A. Bardeen, PR184, ’69]:

Lym = i) " (O — AL )L+ gy (O — itaAR L)Y -
iNe
1672
+ éI(A/lAl/V/)(T + A/IV/)(TAIJ + V/)UA;IAI/)} } °

Ga[V A] HupaTr{ta [V;vao + AMVAPU -

where Vv =0, Vo — 0V, — iV, V] — i[Au, AL,
Ay = 0 Ay — By Ay — iV, Al — i[AL, V.
@ This includes triangle, square and one-loop diagrams.

@ The anomaly arises from the breaking of gauge invariance under
‘axial’ gauge transformations of the effective action o[V, AJ:

Ya(X)o[V, A =0, . (2)

(7a(x), ) = Local generator of (vector, ) transform.
@ Computation of I'h[V, A] from a solution of (2) by frial and error.
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The anomalous functional

@ Solution of the local functional o[V, A, G] [Mafies,EM,Valle, MAVZ’18]:

Mo[V,A G] = /dtd3xvg3(’/kTr{3/VOAAAk

327 2
Ag(AoA/ + AiAo) Ak + 4(VoA; + AiVo) Vi

8 :
Ag(Aé + 3v02)A,-z)jak} +

@ V, and A, are KK inv fields: Ay = Ap, A; = A; — a; Ao, etc.

@ [( can be determined also from differential geometry methods:
Chern-Simons effective action = dimensional reduction
[Jensen, Laganayagam, Yarom ’14; Maries, EM, Valle, MAVZ *18 '19].

) related to the
~ Tr{ty} P R,M,MRM Ar = One should take into account the
Riemann tensor contribution in the anomaly polynomial
~ TrFaR*,R”, [Nair,Ray,Roy PRD86 '12].
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Currents in equilibrium and constitutive relations
@ The are defined by adding to the consistent
currents the Bardeen-Zumino (BZ) polynomials:
Jéi)v - Jéfms + Jg7 ’

N )
with J .\ = 78—7:25“”P"Tr{ta(¢4yv,m + Voo + 31 A A A) b,

N vpo
J]?ZA = 724;2 P Tr{ta (AVApa' +Apau4u)}~
@ Background for (N; = 3):
Vﬂ()?) = Voﬂ()?)to aF Vsu()?)tg + Vgu()?’)tg, o= %15(27 t, = %)\a
Ay =Asolo, A =0, Aj = ajAso t .

@ Equilibrium velocity field u, = —e?(1, &).
@ Equil. baryonic, , strangeness and axial chemical pot.:

po =Yoo e 7, , pg=VYgoe€e 7, ps=As0€ 7.

s controls chiral imbalance [Gatto, Ruggieri *12; Espriu et al, *13].
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Constitutive relations (N; = 3)

@ Non-abelian magnetic field:
1 N,
w .  _praf n _ c o _
Ba = 26/ UUV(XBEH = <Jav>cov - 4\/67T2M56a 5 (a = 073, 8) o

@ Change of basis (b, t3,3) — (B, Q, S):
V,.(X) = Z Vau(X)ta= Vg, (X)B+ V3,(X)Q+ Vs,(X)S; Ay = Asoly = AgB.
a=0,3,8

@ The electromagnetic field V, is the only (physical) propagating
gauge field. Assuming also ug = pug = 0:

Vgﬂzevﬂ VO,LL:O
Vg, =0 } = Vs, =V3Vs, =€V, }
VSM:O B{;ZO, Bg:\/ng:eB#

@ Constitutive relation for the electromagnetic current:

(/S —.— & 62 153" =+ 3 CVE in vector current for U(3)y xU(3)a .

Tl
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Wess-Zumino-Witten partition function

[Kaiser '01], [Son, Stephanov ’08], [Fukushima, Mameda ’12], [Brauner, Kadam ’17], . . .
@ Effects of the anomaly when
@ The WZW action describes the interactions of the Goldstone
bosons among them and with the background fields.
@ Application to QCD in the confined phase =+ Hadronic fluids =

Fluid of pions, kaons, ... interacting with external EM fields.
@ WZW action:
| P2, A] = Fol] — FolA_d ]

o = anomalous functional in absence of symmetry breaking
(computed above).
A_¢ = gauge field transformed with gauge parameters A; = —&a.
[Wess, Zumino ’71; Witten ’83; Manes ’85; Chu, Ho, Zumino ’96].

9@ ¢, = Goldstone bosons

U(€) = exp <2IZ §ata> 0
a
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Goldstone bosons

@ Spontaneous breaking of axial symmetry:
U(2)L X U(Z)/:{ = U(2)\/.

@ The matrix of Goldstone bosons (GB)
3

U(e) = exp(2i Y &ata)

a=1
includes three GBs from the broken SU(2)4 symmetry. The fourth
GB & is absent, as the U(1)4 sym is violated by non-pert effects.
@ In terms of conventionally normalized GB fields 70, 7+:

8 V2 (=0 mt
2Z€ata:f<\/7§ —17r0) 3
a=1 4 V2

where £, ~ 92 MeV is the pion decay constant.
@ Lagrangian to zeroth order

2
£ = —%G‘“’Tr{DMU(DI,U)T} ; D,U=0,U—iVs,t3,U].
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Wess-Zumino-Witten partition function

@ Spontaneous breaking of axial symmetry:
U(2)L X U(2)/:{ — U(2)\/
Suitable gauge transformation is an axial transformation with
parameters ASXa(x) = —&4(x).
@ WZW partition function:

N, i .
Tow"=c— / d®xy/g Voo [—%Tr{ai('qj + L)t} Vak + %/Tr{L,L]-Lk}}

N y

+ 167:’2 /dSX ge’/kTr{(R,-+L,)t3}

X (Voo 0jVak + Va0 0jVok + Voo Vao djax)
42’ ——Aso [ dPx\/g e [Tr{(L — Rt} +2Tr {5 — Utsu—‘ts}vs,-]
(8/‘ Vak + Vgoajak)

where Lj=igUU~", R;=iU""9;U.
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Constitutive relations at first order in derivatives

@ We define:
Eua) = Vuval” = T0, (na/T) (non-abelian electric field) .
@ Constitutive relations are expressed in terms of physical
quantities of the fluid: fluid velocity, external fields, etc.

= No dependence in a;.
@ Chiral electric effect (CEE) in vector current [Neiman,0z, JHEP09 *11]

2
eN .
C[ (’/k<)~ £

5 ;2 .
1272 T Ck + §u5B’ = fz,u,u57r+7rw’] + -

@ Chiral electric effect in axial currents:
[/e( (7 —omT fﬁJri)-ﬁ*)Sk —|—261u77+71-*[)”'_2u§w’} A ooq

<5Jém > cov —

; N,
<5J(I)A>cov = 24 2f2

@ Explicit values for the transport coefficients of the CEE derived
from an equilibrium partition function =+ CEE is time-reversal
even by construction = CEE cannot lead to entropy production
= CEE is non-dissipative.
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Conclusions

@ We have studied non-dissipative transport effects up to 1st order
in the hydrodynamic expansion in
@ Effects are induced by external electromagnetic fields, vort/ces
and curvature in a relativistic fluid =
)
: time reversal properties.
@ Dissipative effects (shear viscosity, electric conductivity, ...) =
other methods: Kubo formulae, Fluid/gravity correspondence, ...
@ Anomalous effects in presence of Spontaneous Breaking of
non-abelian gauge symmetries:
@ Interactions of Goldstone bosons among them and with external

electromagnetic fields.
@ Application to QCD in confined phase: Fluid of pions, kaons, etc.

@ Application to other sectors of the SM == ElectroWeak sector.
@ Application to condensed matter systems == Superfluids, Weyl
semi-metals [Basar, Kharzeev, Yee "14], [Landsteiner *14].
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Thank You!
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