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QCD sum rule approach

* Construct relativistic glueball currents using:

G,y and Gy,

e Perform QCD sum rule calculations

 Compare with Lattice QCD calculations



Non-relativistic operators
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Relativistic currents

wy and Gy,
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Non-relativistic operators

Relativistic currents
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Non-relativistic operators Relativistic currents
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Non-relativistic operators

Relativistic currents
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Non-relativistic operators

Relativistic currents
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QCD Sum Rules

- In sum rule analyses, we consider two-point correlation functions:
I1(g?) & i [ d*xe'™(0|Tn(x)n*(0) |0)
~ 2n{0MIn)Xnn*|0)

where n is the current which can couple to hadronic states.
- By using the dispersion relation, we can obtain the spectral density

1 (q2) _ /_ JO(D'J ds

s — q% —ic

« In QCD sum rule, we can calculate these matrix elements from QCD (OPE) and
relate them to observables by using dispersion relation.

Hadron Level
Observables: Low energy
spectral densities

Quark and Gluon Level Quark-Hadron Duality

Operator Product Expension




| SVZ sum rule
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I Nielsen et al, Phys. Rept. 497, 41 (2010); Albuquerque et al, JPG46, 093002 (2019).
SVZ sum rule
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QCD Sum Rules

- Borel transformation to suppress the higher order terms:

2 72 0 AT R
M(ME) = f2e M /Mp = / e=5/Mg p(s)ds

8

- Two free parameters
Mg, Sg

We need to choose certain region of (Mg, s,).

- Criteria
1. Stability
2. Convergence of OPE
3. Positivity of spectral density

4. Sufficient amount of pole contribution



QCD sum rule results
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QCD sum rule results
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QCD sum rule results
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QCD sum rule results
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QCD sum rule results
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QCD sum rule results
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(a,GG) = (6.35+0.35) x 1072 GeV*,
(g2G3) = (a;GG) x (8.24+1.0) GeV*.

| S. Narison, Int. J. Mod. Phys. A 33, 1850045 (2018) |




QCD sum rule results: Two- and three-gluon glueballs

Working Regions

Glueball Current sg''" [GeV?] Pole [%] | Mass [GeV]
so [GeV?] | Mg [GeV?]

IGG; 0" T) Jo 7.8 9.0 + 1.0 3.70-4.19 4048 1.7870 17

IGG;27F) | Jgrezfile 8.5 10.0+£1.0 | 3.99-4.60 40-50 1.8610 17

|GG;0™T) Jo 8.2 9.0+ 1.0 3.28-3.70 40-47 2171011

IGG;27F) | Jgreise 8.1 10.0+£1.0 | 3.27-4.20 40-55 2247011
|GGG;0™) 0 31.6 33.0+£3.0 | 7.25-7.61 4044 1.461017
IGGG;2Hh) | pgrez il 16.0 35.0+£3.0 | 4.77-9.04 40-90 4187059
IGGG;07T) 7o 17.0 33.0+£3.0 | 4.48-8.13 40-88 4134018
IGGG;27F)|  ggraze 33.1 35.0+3.0 | 8.10-8.53 40-44 1.29+0-20
IGGG;177) 3% 9.0 34.04+4.0 | 3.16-9.09 40-99 4.01%538
IGGG; 2ty | ggraziie 32.7 35.04+4.0 | 7.53-8.09 4046 4.427028
[GGG; 317)| ggrazas e 30.2 33.0£4.0 | 7.69-8.40 4047 4.30%933
[GGG:177) & 31.2 34.04£4.0 | 581-6.77 | 40-51 4.91+0-20
IGGG;277)|  &roxh 19.7 36.0+£4.0 | 5.80-9.47 40-81 4.2570733
[GGG;377) | ggrazas il 35.8 38.0+£4.0 | 6.15-7.22 40-49 5597075




QCD sum rule results

Lattice QCD results

Glueball QCD sum rules Ref. [11] Ref. [12] Ref. [13] Ref. [14]
|IGG;0™T) 1.7870 17 1.71+0.054+0.08 | 1.734+0.05+0.08 | 1.48 +0.03 +0.07 | 1.80 +0.06
|GG;21T) 1.8610 17 2.39+0.03+0.12 | 2.40+0.03+0.12 | 2.15+0.03+0.10 | 2.62+0.05
|GG;0™T) 2177011 2.56 +£0.044+0.12 | 2.59+0.04 4+ 0.13 | 2.254 0.06 & 0.10 -
|GG;27 1) 2.2470-11 3.04+0.04+0.15 | 3.10+0.03+0.15 | 2.78 +0.05+ 0.13 | 3.46 +0.32

|IGGG;0TT) 4.467018 - 2.674+0.184+0.13 | 2.76 +£0.03+0.12 | 3.76 +0.24
|GGG;2+7) 4.18%0 15 - ~ 2.88 +0.10 & 0.13 =
|IGGG; 0™ T) 4.1310:3% - 3.64+0.06 £0.18 | 3.37+£0.15+0.15 | 4.49 +0.59
|IGGG;27T) 4.297029 - - 3.48 +0.14 £+ 0.16 -
|IGGG;177) 4.017038 298 +0.03+0.14 | 2.94+0.03+0.14 | 2.67+0.07+0.12 | 3.27+0.34
|IGGG;277) 4.427923 4.23+0.05+020 | 4.1440.05 £ 0.20 - -
|IGGG;317) 4.307028 3.60 £ 0.04+0.17 | 3.55+0.04 +£0.17 | 3.27+0.09+0.15 | 3.85+0.35
|IGGG;177) 4.9179-29 3.83+£0.044+0.19 | 3.85+£0.05+£0.19 | 3.244+0.334+0.15 -~
|IGGG;277) 4.2579-22 4.014+0.05+£0.20 | 3.93+£0.04£0.19 | 3.66+0.13£0.17 | 4.59 £0.74
|IGGG;377) 5.5910-33 420+ 0.054+0.20 | 4.13+0.09+0.20 | 4.33 4 0.26 + 0.20 -




QCD sum rule results

Lattice QCD results

quenched | unguenched
Glueball QCD sum rules Ref. [11] Ref. [12] Ref. [13] Ref. [14]
|IGG;0™T) 1.7870 17 1.714+0.054+0.08 | 1.734+0.05+0.08 | 1.48 +0.03 +0.07 [ 1.80 +0.06
|GG;21T) 1.8610 17 2.39+0.03+0.12 | 2.40+0.03+0.12 | 2.15+0.03+0.10 §2.62+0.05
|GG;0™T) 2177011 2.56 +£0.044+0.12 | 2.59+0.04 4+ 0.13 | 2.254 0.06 & 0.10 -
|GG;27 1) 2.2470-11 3.04+0.04+0.15 | 3.10+0.03+0.15 | 2.78 +0.05+ 0.13 | 3.46 +0.32
|IGGG;0TT) 4.467018 - 2.674+0.184+0.13 | 2.76 £ 0.03+0.12 {3.76 +0.24
[GGG;27) 4187519 . . -
|IGGG; 0™ T) 4.1310:3% - 3.64 £0.06 £ 0.18 | 3.37 £0.15+ 0.1% {4.49 +0.59
|IGGG;27T) 4.297029 - - 3.48 +0.14 £+ 0.16 -
|IGGG;177) 4.017038 298 +0.03+0.14 | 2.94+0.03+0.14 | 2.67+0.07+0.12 §3.27+0.34
|IGGG;277) 4.427923 4.23+0.05+020 | 4.1440.05 £ 0.20 - -
|IGGG;317) 4.307028 3.60 £ 0.04+0.17 | 3.55+0.04 £0.17 | 3.27+0.09+0.15 | 3.85+0.35
|IGGG;177) 4.9179-29 3.83+£0.044+0.19 | 3.85+£0.05+£0.19 | 3.244+0.334+0.15 -~
|IGGG;277) 4.2579-22 4.014+0.05+£0.20 | 3.93+£0.04£0.19 | 3.66+0.13£0.17 |4.59£0.74
|IGGG;377) 5.5910-33 420+ 0.054+0.20 | 4.13+0.09+0.20 | 4.33 4 0.26 + 0.20 -




QCD sum rule results: Double-gluon hybrid states

0947 sp " Working Regions Pole %] | Mass [GeV]
[GeV?] | Mz [GeV?] | s [GeV?]
0~ | 244 5.34-5.78 | 27+5.0 4048 4.25%0 50
0"+ | 349 6.12-6.92 38 £8.0 40-50 5.6170 5
1=~ | 200 4.60-4.91 | 22440 | 40-47 3.7410:30
1t | 321 5.51-6.31 | 35+7.0 40-50 5.4675 55
277 | 16.8 4.39-4.81 | 19£4.0 | 40-49 3.5170 %
2%~ 6.4 1.61-1.78 7+2.0 40-48 2.267) 50
2-F | 16.8 4.39-4.81 | 19=+4.0 40-49 3.5170 50
2t 1 200 5.39-5.76 | 22+4.0 | 40-46 3.7470 50




QCD sum rule results: Double-gluon hybrid states

Working Regions

99499 Pole [%] | Mass [GeV]
[GeV?] | Mz [GeV?] | s [GeV?]

0~ | 244 5.34-5.78 | 27+5.0 4048 4.25%0 50

0"+ | 349 6.12-6.92 38 £8.0 40-50 5.6170 5

1=~ | 200 4.60-4.91 | 22440 | 40-47 3.7410:30

17— | 321 5.51-6.31 35 + 7.0 40-50 5.4675 55

2-~ | 168 4.39-4.81 | 194+4.0 | 40-49 3.51102

4.39-4.81

5.39-5.76




Decay analyses

Meson — A
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Decay analyses

|GG)

Meson — A

Meson — B

Meson — A

Meson — B

Meson — C

¥ ¥ % v v v A

VVP,VVV (S-wave)
VPP, VVP,VVV  (P-wave)
VPP, VVP,VVV  (S-wave)

PPP,VPP,VVP,VVV (P-wave)

VVPVVV (S-wave)

VPP, VVP,VVV  (P-wave)
447 (S-wave)
VVP,VVV (P-wave)



Decay analyses

Meson — A
|GG) 0=t — VVP,VVV (S-wave)
0f* -  VPP,VVP,VVV  (P-wave)
Meson — B
1=~ -  VPP,VVP,VVV  (S-wave)
1t~ — PPP,VPP,VVP,VVV (P-wave)
= & VVP,VVV (S-wave)
2t —» VPPVVPVVV _ (Pwave)
Meson — A L
3 — 1747474 (S-wave)
Meson — B 3+_ — VVP, VvV ( —Wave)

Meson — C



Summary

* We study mass spectra of two- and three-gluon glueballs as
well as double-gluon hybrid states through QCD sum rules.

* Our QCD sum rule results for the glueballs are generally
consistent with the lattice QCD calculations.

* Honestly speaking, we still know little about glueballs and
hybrid states.

Thank you very much!



