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Forewords

These notes are intended as some supporting material for a General Relativity course in the CCP/As-
tro MSc program at the University of Montpellier. They are not meant to be entirely covered during
the course as they are much more comprehensive than what we can study in 24 hours. Instead, I
intend them to be a set of reference notes that students can use in their future endeavours. Some of
the material included here will be covered in class as it is essential, while some applications will be
selected depending, in part, from the students’ interests and response to the course.

Chapter 2 is a summary of Special Relativity cast in a format and language that suits a smooth tran-
sition to General Relativity. It is not a Special Relativity course. In particular, it does not study
physical situations in great details and does not cover relativistic electrodynamics. Rather, it con-
centrates on relativistic kinematics, to prepare the stage for the generalisations necessary to include
gravitation in a relativistic theory. This means that it should contain only notions already encoun-
tered by most students, albeit in a language and form that might be unfamiliar to many.

Chapter 3 is the heart of these notes. First, it describes in some details the technical, mathemat-
ical tools of differentiable manifolds and calculus on such manifolds. Attempt has been made to
keep this introduction ’rigorous’ and, at the same time, easy to follow for physicists and focussed
on the material directly related to the development of General Relativity. This has meant some
compromise on the generality of discussions, in particular when it comes to the concept of affine
connections. Gradually, the general material blends with the developments of General Relativity,
taking the equivalence principle and special relativistic kinematics and dynamics as guiding prin-

ciples. Finally, in its last part, this chapter explains how sources generate the gravitational field,



ii

with a heuristic derivation of Einstein field equations. Chapters 2 and 3 contain a fair amount of
mathematical statements. I have put in appendix A some necessary concepts that students might
want to refer to when necessary. This is not a mathematics course and therefore, the stress will not
be set on mathematics here. Classes will provide students with heuristic ways to continuation to
navigate this material without command of higher mathematics. As we will see, a lot of the concept
we need from differential geometry and the theory of manifolds are actually just usual concepts of
calculus in R cast in a new language, more appropriate to the problems at hand. This is actually
baked into what a manifold truly is, so that calculus on manifolds can be roughly summarised as
standard calculus applied locally, with some tricks to glue the local calculii together. But I think it
is important for more mathematically inclined students to be provided with some consistent story
here, even if it is, of necessity, a truncated and simplified one.

The remaining 3 chapters explore the physics in configurations of the gravitational field applicable
in particular contexts. Chapter 4 studies the properties of spacetime around isolated objects like
stars and black holes. The discussion is limited to the Schwarzschild spacetime, although more
realistic situations ought to be formulated in a Kerr setting. Unfortunately, this falls outside of what
we can reasonably hope to study here. We start by obtaining the Schwarzschild solution from first
principle. Then we study the trajectories of massive particles and photons around a spherical star,
concentrating on the historical tests of General Relativity: deviation of light, gravitational redshift,
advance of the perihelion of planets. Finally, we see how to extend the Schwarzschild geometry
past the event horizon to construct the eternal Schwarzschild black hole.

Chapter 5 concentrates on the definition and study of gravitational waves. It starts with a general in-
troduction to relativistic perturbation theory, a topic that will be central to the Cosmology course, in
the second year of the master’s programme. This discussion is fairly technical but students should
make use of appendix B when necessary and concentrate here on the ’storyline’ rather than the
technical details. Then, this framework is applied to the free gravitational field in vacuum, i.e. grav-
itational plane waves. We also discuss what it means to detect gravitational waves by attempting to
clarify what exactly happens when such a wave encounters matter. The chapter ends on a derivation
of the quadrupole formula that explains how a weak, slowly varying source generates gravitational
waves.

Finally, chapter 6 addresses the problem of cosmological solutions. In contrast with what usually

appears in General Relativity courses, i.e. a study of various solutions to Einstein field equations
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that are, in some loose or often historical sense, 'of cosmological interest’, it is explicitly focussed
on introducing, in the context of General Relativity, the first building block of our modern cosmo-
logical model. As such it differs from the previous chapters of these notes and aims at preparing
the readers to the Cosmology course that is the continuation of this one in the second year of the
programme.

There are countless books on Special and General Relativity. I can recommend here, a few of them
in no particular order. For Special Relativity, [12] is a wonderful book, extremely well adapted to
a General Relativity course, as it is written in the ’correct’, modern language used here. For Gen-
eral Relativity, there is now a host of very good references, among which I particularly recommend
[7, 13, 15, 19]. All of these have different, complementary takes on the topic. Such a diversity
of viewpoints is important in a rich field such as General Relativity, which contains developments
ranging from highly abstract and mathematical studies to applications is astrophysics. For the his-
torical texts, [16] remains a remarkable reference with a lot of insight on many aspects of the theory.
It is however, difficult to read as a course and should be used more as a pointed reference when one
knows what one is looking for. [21] will please mathematically inclined readers and is very good

for advanced topics. For very advanced topics, [14] is a compulsory reference.

I wish to thank Théo Paret and Lucas Maret, from the 2022/2023 MSc programme, for pointing

out numerous typos in the original version those notes.
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Notations and conventions

Lorentzian metrics in 4 dimensions will be written in the (—, +, +, +) signature. Physically,
this means that positive spacetime intervals, ds? will be spacelike and proper times will be

dr? = —ds?.
4-vectors will be denoted with boldface letters, capital or not, e.g.: u, X etc.

The same convention will apply to linear maps such as tensor fields but not to (scalar) func-

tions.
3-vectors, i.e. the spatial part of 4-vectors will be denoted with an arrow, e.g.: V or V.

The notes are written in units with the speed of light equal to unity: ¢ = 1. In some instances,
we put the appropriate powers of ¢ back into important formula. Students are encouraged to

do that systematically using dimensional analysis. This is a very good exercise.
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We list some useful numerical values that one may find useful when working on the content of
these notes, especially on chapters 4, 5 and 6. Some of these values are approximate and the values

adopted here will suffice to obtain results that are precise enough for our purposes.

1. Fundamental Constants:

Speed of light: ¢ =299792458m -s~! ~3x108m-s~!

Planck Mass: M,, ~ 1.67 x 107 kg

Boltzmann constant: kg ~ 1.38 x 10723J . K~!

Newton constant: G =~ 6.67 x 10~'' N - m? - kg 2.

2. Conversion factors:

1AU ~ 1.5%x 10" m

leV=1.6x%x10"17]

e Ipc=3x10%m

2
1 sterad = 1rad” = (@) deg®

/g

lyr=~3.16x 107s.
3. Sun’s characteristics:

o My ~2x10"kg

e Ro =7x108m
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1.1 Why study General Relativity?

For a very long time after its formulation by Einstein in 1916, General Relativity remained a fringe
subject in physical science. Although it was regarded as an elegant theory of gravitation that passed
with remarkable success its first empirical tests, deviations from Newtonian physics in the observ-
able physical world remained very small and largely unattainable by experiments and observations.
Besides, its incompatibility with quantum mechanics, which was shaping the rest of physics, made
it an awkward subject from a formal point of view. Until the late 1960s, there was no cosmological
observations precise enough to test the relativistic model built in the 1930s to 1950s. Black holes
where considered a mathematical curiosity and potentially a sign of failure for the theory and grav-
itational waves a natural prediction that was so faint that it could not be probed in any conceivable
way. At the same time, particle and nuclear physics were developing hand-in-hand with remarkable
experimental leaps. This context explains why most physicists turned to particle physics while Gen-
eral Relativity was mostly studied in mathematics departments. All this has changed dramatically
over the last 40 years.

Cosmology has become a precision science which cannot be understood without General Relativ-
ity. Although the local dynamics of matter is everywhere quasi-Newtonian on cosmological scales,
our understandings of the early Universe, the formation of structure and the dynamics of the largest
scales cannot be understood in a Newtonian context. Black Holes have been observed, both small
and (very) big, albeit indirectly, i.e. by the effect they have on surrounding matter. But this means
that the most extreme objects predicted by General Relativity are now becoming part of astrophysics
so that General Relativity is finding its way into astrophysics. And finally, gravitational waves have
been detected and measured, vindicating yet again General Relativity, while opening a new window
on the Universe; in a few decades, gravitational wave astrophysics will be part of the way we probe
our Universe.

Clearly, it is now a wonderful time for young physicists to study General Relativity.

1.2 Structure of the course

This course takes a clear physical approach the General Relativity by choosing to present the theory

through its manifestations in three iconic regimes:

e The gravitational field around stars and black holes; chapter 4. This is the occasion to develop
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the tools to understand the standard tests of General Relativity: deviation of light by the
Sun, advance of the perihelion of Mercury and gravitational spectral shift. Unfortunately,
lack of time means that we cannot approach other important effects, e.g. the frame-dragging
due to rotation or the technology of the GPS. Black holes are also studied in their simplest,
unrealistic form i.e. without any rotation. It is an example where introducing rotation and
going from the Schwarzschild to the Kerr metric requires significant technical and conceptual
jumps. General Relativity is so complex that this is often the case: straying from the simplest,

idealised situation might prove terribly difficult.

e Gravitational waves; chapter 5. These are the analogue in General Relativity of electromag-
netic waves in electrodynamics. We will see that they are produced by quadrupolar motions
at least and that they propagate into two polarisation modes. We will also characterise their
physical effects, something that is often the occasion for some confusions that we will try to

clarify.

e Cosmology and the dynamics of the Universe on very large scales; chapter 6. This chapter is a
preparation for the advanced course on cosmology that is given in the second year of the MSc
program. It introduces the homogeneous and isotropic description we use when dealing with
the large scale dynamics of the Universe. It is the occasion to understand what distances are
in relativistic cosmology and to understand the importance of past lightcones. It also allows

us to introduce the matter-energy content of the Universe and discuss its thermal history.

In addition, we try not to completely sacrifice the mathematical elegance of the theory and we go to
some length presenting this material in chapter 2 and in appendix B. This will be presented much
more briefly in class than it is done here in the notes, the goal being to be ready to attack the physics
chapter. Students are thus encouraged to read chapter 2 while focusing on what is discussed in class,
and skipping the unnecessary digressions. However, the interested and/or mathematically inclined
reader is welcome to pay more attention to the details and to ask for more explanation and resources
when needed. Finally, the notes contain a chapter on Special Relativity, chapter 1. Once again, this
chapter contains much more than what we will talk about in class. It is an attempt at reformulating
Special Relativity in a way that makes it easy to jump to General Relativity and that is what inter-
ests us here. So it may differ in places from the way things were presented to you in L3, when the

emphasis is usually on the electrodynamical side of things.
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To work on this course and prepare for the exam, in addition to understanding the concepts and
being able to explain them, you need to be able to reproduce some parts of this notes that will be
indicated to you in class. Some calculations and developments will also be ’left to the students’.
This is meant seriously and is examinable. Finally, you will also receive regular problem sheets
with exercises and problems that will require you to apply what you’ve learnt and , hopefully, help

you learn.
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2.1 Relativity in Newtonian physics

2.1.1 The concept of relativity through history

The concept of relativity has been central to our pictures of the natural world for a very long time,
at least since the work of Aristotle (384 BCE-322 BCE) but certainly well before that, including
in other traditions. It grew from attempts at formalising the concept of motion, when addressing
the rather mundane question: ”motion relative to what?” It should not be confused with relativism,
which, in its various guises, is usually a statement about the ontology of our discourse rather than an
attempt at formulating a theory of space and time, which is what will be at the centre of these notes.
Of course, these questions are not independent, but their intertwining is subtle and relativism as to
motion does not necessarily or simply correlate with ontological relativism (or any other derived
form of it).

Mostly, we can distinguish two broad classes of attitudes in the description of motion. Either the
concepts of space and time are absolute and motion must always, in fine be referred to these absolute
yardsticks; or they are relational concepts bereft of an absolute reference. In the first class we find
Plato, Kant and Newton; in the second we have Aristotle, Descartes and Leibniz but also, of course,
Einstein. In this section, I would like to spend some time reviewing what are space, time and motion
in Newtonian mechanics with a modern viewpoint on these concepts in order to contrast them with
their formulation in special and general relativity. It would be interesting to expand on the concept
of relativity of motion prior to the Newtonian revolution and this might be included here in a future
iteration of these notes.

For now, let us begin our story with Newtonian mechanics.

2.1.2 Newtonian spacetime

The fundamental laws of Newtonian mechanics, Newton’s three laws, are formulated in a very spe-
cific setting for spacetime, one which allows to use vector analysis and simple calculus and place
these formalisms at the heart of mechanics. The central notions are absolute space and time as

presented by Newton in his Philosophice Naturalis Principia Mathematica (1687) [17]:
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e Absolute space, in its own nature, without regard to anything external, remains always
similar and immovable. Relative space is some movable dimension or measure of the
absolute spaces; which our senses determine by its position to bodies: and which is
vulgarly taken for immovable space [...] Absolute motion is the translation of a body
from one absolute place into another: and relative motion, the translation from one

relative place into another.

o Absolute, true and mathematical time, of itself, and from its own nature flows equably
without regard to anything external, and by another name is called duration: relative,
apparent and common time, is some sensible and external (whether accurate or un-
equable) measure of duration by the means of motion, which is commonly used instead

of true time.

We will return later to the notion of relative space. What matters here is that Newton postulates
the existence of absolute space and time, which remain identical to themselves without regard to
anything external. Such entities, rooted in Newton’s religious beliefs, were quite revolutionary at
the time. In any case and in practise, what it means is that the theatre of nature unfolds in a fixed

set-up that fits quite naturally in basic mathematical structures:

e Space, E, is Euclidean, i.e. that it is such that the shortest distance between two points is
given along the straight line connecting those points, and the sum of the angles of a triangle
always equals 7. It is also infinite and without boundary. Once an origin has been chosen,
vectors and couples of points can be identified and E can be represented by a vector space
of dimension 3. The Euclidean nature of space means that it can be provided with a scalar
product (-, -), which takes two vectors as inputs and returns a real number. As a scalar product,

it has a few important properties:
1. itis bilinear: V(X,Y,Z) € E3, V(A u) € R%, (AX + uY,Z) = A(X,Z) + u(Y,Z) and
(X, AY +pZ) = X, Y) + p(X, Z);
2. itis symmetric: V(X,Y) € E?, (X,Y) = (Y, X);

3. itis positive: VX € E, (X, X) > 0;
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4. itis definite: VX € E, (X, X)=0= X =0.

We say that a vector X € E has length || X|| = 4/{X, X) and that two non-zero vectors (X,Y) €

E? form an angle y given by:
(X,Y)

Xy

Once given a basis of E, it is linearly isomorphic to R3. Let us call {e}, e, e3} such a basis

cosy = (2.1)

that, without loss of generality, we will assume orthonormal, that is we will assume:
(eisej) =0ij » (2.2)

where ¢;; is the Kronecker symbol, equal to 1 if i = j and O otherwise. Such a basis is often

called Cartesian. Any vector X € E can then be uniquely represented by its components:
VX € E, 3! (Xl,XZ,X3) eR’ X=X'ey +X%er + X3es . (2.3)

The length of a vector is then simply:

1X) = (X1 + (X2)% + (X3)°, 2.4)

which is nothing but the Pythagorean theorem in 3 dimensions, and the scalar product of two
vectors is:
(X,7) = X'v' + x2r2 + X373 = Z 51 X'y . 2.5)
i.j
This can be written:
XN =06 X' X7, (2.6)

using Einstein’s summation convention, which consists in assuming that an index repeated
as subscript and superscript in an expression is a dummy index that we have to sum over all
its possible values. The object ¢;; is called the representation fo the Euclidean merric on E
in the Cartesian basis {eq, ¢», ¢3}. when convenient, we will denote (-, -} as usual as the dot
product:

X, Y)=X-Y. 2.7

or using the Kroneker symbol when using indices:

(X,Y) =6;;X'Y7 . (2.8)
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Moreover, we will use arrows to denote 3 dimensional vectors. Beware that Euclidean space
can have a metric whose components are not simply 6, if we use a basis that is not Cartesian.
Think of the spherical basis, for example. Let us now imagine two points P € E and Q € E
that are infinitesimally close, i.e. such that P_Q) = dx’e; with |dx’| < 1, then we can construct

the quadratic quantity called the line element associated with the Euclidean metric:
ds® = 6;;dx’dx/ | (2.9)

such that ds is the infinitesimal length of P_Q> It will prove a very useful object in what

follows.

e Time is simply a coordinate on the Euclidean line L: ¢ € R. It is fixed by choosing an origin
on the line and a basis vector. Equivalently, we need a single function 7 : R — L such that

T(t) = P € L which is continuous and bijective (hence necessarily monotonous).

In this framework, one can formulate Newton’s three laws of mechanics, the principle of inertia, the

second law that links acceleration and forces and the law of action and reaction.

2.1.3 Newtonian relativity

What I call here Newtonian relativity emerged slowly from a set of ideas to interpret a certain number
of facts and principle usually subsumed in physics under the term of ”Galilean invariance” as it was
first formulated in a 'modern’ way in Galileo’s Dialogue Concerning the Two Chief World Systems
(1632).

Newton, starting from Galileo’s principles of equivalence and of inertia, postulated his famous law
of inertia: if an object is not subject to any force, then the object will remain at rest (velocity v = 6)
or in constant, straight line motion (velocity v constant but non-zero). But there is something we
left *under the rug’ here: the law of inertia mentions that objects will remain at rest or move with
constant velocity, in absence of any force acting upon them. But what is to be understood as ’rest’
and constant motion? These concepts are, after all, relative: one is at rest or in constant motion
relatively to something else. Think about a car on a straight road, and a cow standing in a field next
to the road: for the cow, certainly the poles along the field are at rest, and the car moves relative
to them, but for the driver inside the car, all the parts of the car are at rest, while the cow and the

poles move. In a nutshell, that means that the new mechanics formulated by Galileo and Newton
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introduces a high degree of relativism; the notions of motion and rest have to be defined relative
to reference frames. In which reference frames do objects not subjected to any force remain at rest
or in uniform translation? These are known as inertial frames. Their nature can be enshrined in

a:

Physical laws are identical when expressed in inertial frames.
In other words, identical physical experiments carried out in different inertial frames lead to

identical results.

However, none of this tells us how to find or construct inertial frames. At the time of Newton, it
had been known for a very long time (at least since the ancient Egyptians), that some stars visible in
the sky did not apparently move with respect to our Sun. They were called the fixed stars. The idea
of Newton was thus to define inertia with respect to his absolute space and to anchor this one by
choosing the centre of the Sun as origin!, and by picking three fixed stars. The three lines through
the centre of the Sun passing through each of these three fixed stars thus defined a frame that could
be used as a reference: the motion of objects with respect to this frame could determine whether
or not the motions were inertial. Indeed, if the object is at rest or moving along a straight line at
constant speed with respect to this absolute space, the motion can be said to be inertial. If it is not
the case, then it is the sign that a force (or the combination of several forces) is acting on the object
and makes its trajectory deviate from an inertial motion.

It is important to realize that, for Newton, absolute space was really absolute: the fixed stars were
just practical means of identifying this space with a given physical reference frame. Nevertheless,
for all practical purposes, this subtlety does not matter. The only relevant idea here is that inertia is
only defined with respect to a reference frame.

Absolute space is an inertial frame by construction but what are the other ones? To define a reference
frame, we pick up a point O € E that we call the origin. Through that point, we draw three infinite
lines perpendicular to each other that we call the axes, D1, D, and D3. Any point M in E can then
be described uniquely by a triplet of real numbers (x, y, z) corresponding to the distances of the
orthogonal projections of M on each axis to the origin O. (x,y, z) are then called the coordinates

of M in the frame R. The set (O, Dy, D;, D3) is a (Cartesian) frame of reference. Let us call it

IActually the centre of mass of the Solar System which differs slightly from the centre of the Sun.
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R. If we change the origin and consider a new point, O" as the origin, we can still define three
perpendicular lines D’l, D'2 and D; through O’ parallel to D1, D, and D3 respectively. Hence, we
obtain a new frame of reference, R’ If the coordinates of O in R are (a, b, ¢), and the coordinates

of M in R are (x, y, z), it is easy to show that the coordinates of M in R are given by:

X = X—a
Yy = y—b (2.10)
ZI = I—cC.

—
Of course, we can change from R to R’ using the vector 00" = (a, b, c) simply by writing the

standard vectorial relation:
’ —_— 7
VM eE,OM=0M-00 . (2.11)
This is a particular transformation called translation. If we consider a vector that is not a position
vector, for example, a force F acting on a point X, with a certain amplitude, the end point and the
starting point of F will be translated by the same amount, so that the force itself remains unaffected

by the translation.

One can also alter the axes of the frame while keeping the origin fixed. Consider the origin
0. Instead of choosing D, D, and D3 as axes, we could choose three other lines Aj, A, and Az,
perpendicular to each other. To go from D;, D, and D3 to A;, A, and Az, we need to apply a
rotation, which is fully characterised by three real numbers, 6, ¢ and &, called the Euler angles. We
have (0, &) €] -, n[%, and ¢ € [—7/2, 7/2]. This can be represented by a matrix R(6, ¢, £) acting
on vectors in E. If we denote by (x,y, z) the coordinates of a point M € E in the frame R, and

(x’,¥’,7") the coordinates of M in the rotated frame R, we have:

’

X X
y |=R6,0,8)] y |. (2.12)
! Z

where the matrix R(6, ¢, £) is given by:

cos(¢) cos(£) —cos(0) sin(€) + sin(0) sin(p) cos(£)  sin(O) sin(€) + cos(0) sin(¢p) cos(&)
R(0,¢,¢) = | cos(p)sin(€)  cos(O) cos(€) +sin(0) sin(¢p) sin(€)  —sin(@) cos(&) + cos() sin(¢) sin(&)

—sin(¢) sin(6) cos(¢) cos(6) cos(¢)
(2.13)
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Actually, the set of all matrices R(6, ¢, &) for all the possible values of 8, ¢ and &, together with
the standard matrix multiplication forms a group (the group of rotations in three dimensions), and

the matrices are orthogonal:

Y0, $,¢) €] —m,n[x[-n/2,7/2]x] — n,7[,R(0,,&) =R(0,$,8)7" . (2.14)

The principle of relativity states that Newtonian physics is invariant (i.e. to remain the same)
when going from one inertial frame to another. Mathematically, one can show that the equations
governing mechanics (Newton’s second law) keep the same form if we translate and rotate the spatial
coordinate system, as long as the rotations are independent on time and translations uniform. We
already saw that by construction, objects free of forces were in uniform translation with respect to
absolute space by definition. Thus, any of these objects and a set of three axes rotated with respect
to the fixed stars define an inertial frame in which Newton;’s law can be applied.

The transformations between inertial frames are given the name of Galilean transformations.

Consider a reference frame R = (0, x,y, z,t) associated to an observer O. Let vV be the
constant velocity of an observer O’ in motion with respect to O. Suppose that O and O’
coincide at ¢ = 0. Then, the position (X¥’,¢’) of a point particle in the reference frame R’ =
(0’,x',y',7/,t") associated with O’ can be deduced from position (X, ¢) of the same particle

in R by the Galilean transformation:
, (2.15)
where R is an arbitrary time-independent rotation.

If R is inertial, then so is R’.

The last statement follows from the fact that Newton’s second law is invariant under Galilean
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transformations. Let us start with Newton’s second law is R’:

R dd . .
:mm = mEE(RX—tV) (216)
d | di
= me (Rd—);—ﬁ) (2.17)
23
- de—t’;:RF. (2.18)

Note that the set of Galilean transformations is actually a group:

The set of Galilean transformations G, together with the standard composition of linear func-
tions, form a group, called the Galilean group. An element of this group will be denoted

(R,V), where R € O(3),and v € E

Frames that are linked via Galilean transformations are called sometimes called preferred in-
stead of inertial frames. They are very important, since they form the set of frames in which the
laws of mechanics keep an invariant form. As is well-known, in non-inertial frames, inertial forces
appear, which in Newtonian mechanics, are a trace of the motion of the frame relative to absolute

space, as argued by Newton in his famous bucket experiment.

2.2 Enters electrodynamics

This picture of mechanics, now known as Newtonian mechanics, remains a beautiful achievement,
certainly one of the most perfect scientific theory ever written, both for its aesthetic characteristics
and its observational successes; after all, most of the phenomena that occur around us at human
scales are accounted for in the framework of Newtonian mechanics with extremely high precision.
Therefore, the downfall of this theory did not come from a failure of it to account for one or several
observations and/or experiments; it came from the emergence of theoretical problems in the process
of unification of mechanics with electromagnetism. Unification, even though it existed before, is an
idea that has been central to physics since the beginning of the twentieth century and continue to be
one of the main motivation behind the work of most theoretical and mathematical physicists. It is
thus worth a few sentences in this course. Unification can roughly be described as the tentative to rid

science from the emergence of separate theories describing seemingly separate natural phenomena.
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Therefore, it relies on the idea that Nature is unique and should therefore obey a unified set of laws:
subsuming the motions of stones on earth and of planets in the sky by postulating that they are all
subject to a unique force, as Newton did, is clearly a process of unification. In a way unification as
always been a guiding principle for scientists, but in the past, only very religious and/or mystical
minds have made it a central ingredient of their approach to research; most scientists adopted a
more pragmatic approach based on a principle of efficiency. The work of Einstein on relativity
changed that. Suddenly, unification appeared as a very important guiding principle that could lead
to deep changes in the way to do science: according to that idea, a disparity in the theoretical ways
to treat separate physical phenomena is the sign that our theories must be amended to account for
all the phenomena at a time, in a single coherent framework. The biggest success of this approach
is clearly to be found in modern particle physics that accounts for the behaviour of all the matter
around us with simply 12 elementary particles, and three different interactions: particle physicists
have successfully unified the electromagnetic and weak interactions and work hard on integrating
the strong nuclear force in this unification. The unification of gravity with other forces seems more
out of reach for now, but string theorists, among others, have sought this dream for over four decades.
This should show that a principle of unification, whatever its philosophical justifications might be
for each individual adopting it, is indeed a powerful guideline for research. Special Relativity is the
first unambiguous situation in which such a principle has been applied with success, and this should

be an additional motivation to study its structure.

2.2.1 Maxwell’s theory

In the late 1860s, J.C. Maxwell formulated a final version of his theory of electromagnetism phe-
nomena. Electricity and magnetism had been studied for some time, but Maxwell’s theory was the
first complete theory to account for all the phenomenology of the time. In this setting, electricity
and magnetism are unified in the electromagnetic field, consisting of two vectors, E and B, such

that, in vacuum:

. . (o OB
div (E) = 0 (Gauss’s law)  curl (E) =~ (Faraday’s law) (2.19)
. . o 1 O
div (B) -0 curl (B) = =2 (Ampere’s law). (2.20)
c? Ot
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The operators divergence (div.) and curl (cﬁrl) are defined, for a vector f = (fx, fy-fz)- Ina

Cartesian coordinate system (x, y, z) by:

-7 afx afy afz
d — 4+ ==+ == 2.21
wf ox dy 0z @2.21)
of _ Ofy
L. dy 0z
curlf = % - oL | (2.22)
Oy _ dfx
ox dy

These equations are known as Maxwell’s equations in vacuum. They can be generalized to
equations in a medium by introducing appropriate source terms. In vacuum, they lead to a system

of two, independent but second order equations for each field:

. 1 0%
. 10%B

One recognizes wave equations, and the description of standard electromagnetic waves, the state of

the electromagnetic field in vacuum (A is the usual vector Laplacian operator).

Finally, the electromagnetic force on a point particle of electric charge ¢ and velocity v, due to

the electromagnetic field is given by Lorentz’s law:

ﬁ:q(EwAé). (2.25)
Lorentz’s law and Maxwell’s equations are the only five laws necessary to describe the behaviour
and the influence of the electromagnetic field. Maxwell’s theory and Newton’s mechanics together

allowed to describe the whole of physics at the time. So where did the problem was?

2.2.2 Incompatibility with Galilean invariance

The problem was actually in the compatibility of both systems of laws. We have seen that Newton’s
mechanics is deeply rooted in its invariance under Galilean transformations: the laws of Newtonian
mechanics keep identical forms in any two reference frames related by a Galilean transformation (i.e.
the composition of a translation and a rotation). This isn’t true of Maxwell’s laws: their form changes

between the two frames. Indeed, consider the equation for E.LetR = (0,7,X) and R = (0, f, )%) be
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two frames such that R moves, relative to R with a constant velocity ¥. Then, if we postulate that

the law of invariance between frames is Galilean, we have that:

X—1tv (2.26)

=]
|

~>
Il

t, (2.27)

where we assumed that the axes in both frames are aligned, for simplicity. Then, since it is a vector,

the electromagnetic field is invariant when going from one frame to the other:
£ (f, E) —E@3) . (2.28)

Finally, for any function F : R* — R, noting as well £ (f, )_é) = F (t,X), we can write the differential

in two ways:
oF 3 OF
dF = —df _dgf 2.29
ER +;axl (2.29)
3
OF oF .
= —dt —dx' . 2.30
ar T L gy (2.30)

Then, using the Galilean laws of invariance, we get:

82 62 3 . 62 3 o 82

Z . = . i . Iy — . 2.31
a2 T o ;v oz Z:: "V oxioxd 30
62 62

—. = — | 2.32
axzz a£z2 ( )

We see that the wave equation in the frame R reads:

30 i 2
viv) 0 2 S
—— | E #0. 2.33
l:] + l;] CZ ax,\lax,\] 7& ( )

It is therefore not invariant under the group of Galilean transformations. This means that, in princi-
ple, by carrying experiments on the electromagnetic field, two observers in relative uniform motion
could tell which one is in which frame. In other words, electromagnetic phenomena would single
out preferred observers among the inertial ones. That is in gross contradiction with the principle

of inertial frames. Another, equivalent, way of formulating this problem is to consider the speed
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of electromagnetic waves. In Maxwell’s theory, it is ¢ in any frame, since Maxwell’s equations
can be written with respect to any coordinate system. If it were a true Newtonian velocity, then
it should follow the standard law of transformation of velocities. But it doesn’t. And repeated ex-
periments to check the effect have led to negative results: the speed of light remains the same in
any reference frame. The fact that the laws of electromagnetism are not invariant under Galilean
transformations thus introduced a big tension in the formulation of 19th century theoretical physics:
mechanical phenomena had, associated to them, inertial, preferred frames in which the laws of me-
chanics remained invariant, whereas electromagnetic phenomena could tell the difference between
rest and uniform motion. Special Relativity was invented to circumvent this particular, un-@sthetic,
situation. Einstein solved the problem by identifying a new law to go from one inertial frame to
another one, a law that, in particular *'mixes’ space and time coordinates. Since this is not a course
on Special Relativity, we will simply remind the reader of the main properties and results of special

relativity, in a language adapted to the jump to General Relativity.

2.3 Minkowski spacetime

2.3.1 Constructing Minkowski spacetime

The basic building block of the theory is the concept of event: it is a physical occurrence that has no
spatial extension and no duration in time. The permanence of a material particle, in this framework
is then simply the existence of a continuous sequence of events called the worldline of the particle.
We will denote by M the (abstract) set of all the events, called Minkowski spacetime and in the
following, we will give a certain number of physical principles that will be used in the remainder
of the text to provide a mathematical structure to M.

The correct way to begin is to postulate that events are observables. In particular, we will select a

particular class of observers that we will call admissible:

To each admissible observer, on can attach a 3-dimensional, right-handed, Cartesian spatial
coordinate system based on an agreed unit of space relative to which photons propagate rec-

tilinearly in any direction.

The key point here is the isotropy of the light propagation. Notice that the rectilinearity of the
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propagation is relative to a Cartesian coordinate system: in a rotating coordinate system, light might
not follow straight lines.
This first definition gives a notion of space around each observer. We can now introduce a notion

of time:

Each admissible observer is given an ideal standard clock based on an agreed unit of time
according to which one can provide a quantitative temporal order to the events along the

observer’s worldline.

Here, the main point is that temporal order is only given along the observer’s worldline: observer’s
cannot, yet, decide of the temporal order of events that are spatially separated from their own po-
sition. In order for them to do that, we will need a procedure to allow observers to compare their
respective clocks; this is often called synchronisation. It turns out that this is a real problem, and
that most of the effects of Special Relativity come from there. The idea to establish a way to syn-
chronise clocks is to find a way for observers to communicate the results of reading their respective
clocks. Light signals are most reliable communication signals because of the following experimen-

tal result:

For an arbitrary admissible observer, the speed of light in vacuum as determined by the Fizeau
procedure is independent of when the experiment is performed, the arrangement of the appa-

ratus, the frequency of the signal and has the same numerical value ¢ for all such observers.

The Fizeau procedure is a specific way of measuring the speed of light. It is described in any good
physics book on Special Relativity. For the purpose of this course, we will only retain the fact
that there exists a phenomenon that is characterised by its constant speed in any admissible frame
of reference. As a matter of fact, in the remainder of this course, unless necessary for numerical
evaluations, we will choose units of space and time such that ¢ = 1 (geometrised units). In its own
Cartesian spatial frame, an (admissible) observer determines time by synchronizing clocks using

the following procedure:

e It has its own clock at the centre O of its frame.
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e At each point P of its spatial coordinate system, it places a clock identical to the one at the

origin.
e Atagiventime t € R as read at O, it emits a spherical light signal.

—
e As the wave front encounters P, the clock placed at P is set at the time ¢ + ||OP|| and set

—
ticking, where ||OP]|| is the Euclidean distance between O and P in the 3-dimensional space.

Let us consider an observer O with its coordinate frame (xo,xl,xz,x3), where x° is the time

as measured by the observer using his clock (procedure above), and (x1 x2, x3) are the Cartesian,

0 b %2, ) be another observer. Consider an

spatial coordinates. Let O with coordinate frame (£,
event &. It has coordinates in both frames. How are they related? In other words, what can we say

about the mapping:

F ® ~ R ? (2.34)
' (x%xLx%,x3) > F (20, x X2 x%) = (£0, 21,22, 29) . .
First it must be bijective, so that one can go unambiguously from any admissible observer to the

other one. Moreover, we will require an additional causality condition:

Any two (admissible) observers agree on the temporal order of any two events on the worldline
of a photon. In other words, if two events along the worldline of a photons have coordinates

(x%,x!,x%,x%) and (y°,y',y% y?) for O and (2%, %!, %%,%) and (3% ', $2,9%) for O, then

39 — x% and $° — £ have the same sign.

We have not assumed which sign it should be, just that it should remain invariant by a transformation
from one admissible coordinate system to another one. This means that F preserves order in the
temporal coordinate.

Since photons propagate rectilinearly with constant speed 1, according to the principles stated above,

two events on the worldline of a photon have coordinates with respect to O which satisfy:
Vie{1,2,3), yl —xl = v (yo—xo), (2.35)
for some constants v’ such that (vl)2 + (vz)2 + (\)3)2 = 1. This results in the following equation:

S Iy ST
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This is the equation of a cone in R* with vertex at (xo, x!, x2, x3). Of course, this short calculation

must be valid in any admissible frame of reference, so that ¥ must preserve the cone defined by

Eq.(2.36), and map it into the cone:
2 2 2 2
(yl - )21) + (yz —;22) + (y3 - )e3) - (yo - ;20) - 0. (2.37)

Remarkably, this is all that is needed in order to fully characterise all the possible transforma-

tions ¥, and the geometric structure of Special Relativity.

2.3.2 Metric structure on Minkowski spacetime

The few principles listed above and the conical structure of the set of photon paths are enough to

formalise the structure of spacetime in Special Relativity.

Mikowski spacetime M is a set of points called events. It can be given the structure of a
4-dimensional vector space over R whose vectors are the directed pairs of events« On this
vector space, is defined an inner product i of index 1, i.e. with signature (-1, 1,1, 1).

and 7 is usually called a Lorentzian inner product on M.

There exists an (7-)orthonormal basis {e (9), € (1), €(2), €(3)} of M such that, for any (v,w) €

M2, with v = vie ) and w = whe (,y:

nv,w) = =0 +vlw! +v2w? #0303 (2.38)

aStrictly speaking, this would give us an affine space. It would be a vector space only after identifying arrows

with the same direction and length. We will not worry about this subtleties here.

The basis{e (), € (1), €(2), €(3) } is to be regarded as a frame of reference, and the coordinates of
the vectors, v = v¥e ) are then identified with the time (v%) and spatial position (v!,v2,v3) of the
events corresponding to the vector v, according to the principles above, i.e. they have to be attached
to an observer carrying the frame of reference. This identification will become clear as we proceed

further. Given the orthonormal basis {e ), (1), €(2), €(3)}, we know that, by definition:

V(i v) € {0,1,2,3}%, 1 (e (uy> € (v)) = v » (2.39)
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where:
-1 ifu=v=0;
Nuww =9 1 ifu=v+0 (2.40)
0 otherwise .
The 7,,’s can be seen as the components of the (0, 2) tensor associated with 7, in the basis {e ()},

and we have:
Y(v,w) € M,v =vfey,w =whey = nv,w) =, vHw” . (2.41)

Moreover, for any v € M, the function (v,-) : M — R belongs to the dual of M, M*. In
particular, for any u € {0, 1,2, 3}, we have that eH) = n(e),.) € M*, and, by definition of the

orthonormal basis {e(9), € (1), €(2), €(3)}, this leads to:

-1 ifu=v=0
Vip,v) €{0,1,2,3}%, e®™ (e()) =4 1 ifu=v#0 (2.42)

0 otherwise.

Therefore, if we define w(®) = -n(e),),and Vi € {1,2,3},(»(") =n(e),-), then {w(o),w(l),w(z),w(3)}

is exactly the dual basis of {e (), e(1), €(2), €(3) }. In that case, we can write:
n=nn0"ew® . (2.43)

Since M* is in bijection with M, the structure present on M via the inner product # is inherited
by the dual M*: there is an inner product on the space of linear functions that is exactly like the one
on the space M. Actually, physicists give it the same name, 1 in our case. But it is now seen as a
(2,0) tensor acting on linear functions with components 7*" on the basis {e( u) ® e(,,)} of doubly
contravariant tensors: Y(a,b) € M* x M*, a = a,uw(”), b = b,ua)(”), n(a,b) = n""a,b,. The
components 7" are exactly the same as the components 7,,,. All this justifies the "lowering’ and
’raising’ of indices practised by physicists: to any vector v € M with components v#’s such that
v = vHe (), we can associate a linear function, let us say ¥ € M™ with components v,,’s on the dual
basis: ¥ = v ﬂw("), and one has that the ’covariant components’ of the vector are given, in terms of
the ’contravariant ones’ by: v;, = n,,v".

Very often, the coordinates (xo, x!, x2, x3) associated to an orthonormal basis are renamed (¢, x, y, z).

Let us consider an infinitesimal displacement in Minkowski spacetime, defined by the vector:

dp = dx'”e(,,) =dte() +dxe(1) +dye(z) +dze) . (2.44)
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We can define the infinitesimal ’length’ of this vector as the spacetime interval ds such that:

ds? =i (dp, dp) (2.45)
=—d? +dx? +dy? +dz? . (2.46)

2.3.3 Non-orthonormal bases

So far, we have defined orthonormal basis {e () } canonically associated with Cartesian coordinates
{x*} = {t,x,y, z}, but there are other sets of coordinates one can use, e.g. spherical coordinates

{t,r,0, ¢}. In this coordinate system, we have:

x =rsin 6 cos ¢ (2.47)
y =rsin @ sin ¢ (2.48)
z=rcosé . (2.49)

The canonical vectors associated with these coordinates {e(o), 1), €2, ¢ (3)} are such that an

infinitesimal displacement reads:
dp = dreg +dxeq + dyez + dze3) = dteg + dréy + d6é; +dgé 3y . (2.50)
Therefore, using the relationship between coordinates, we get the interval:
ds? = —dr* + dr? + r2d6?* + r? sin® 0d¢? | (2.51)

Thus, although the basis remains orthogonal, we have that:

n(é@)é@)=r*#0 (2.52)
7 (é@3),é@3)) =r*sin*6 0, (2.53)

so the coordinate basis associated to spherical coordinates is not orthonormal. It can be turned into
an orthonormal basis by normalising each vector, giving the usual spherical basis, but this is not a
coordinate basis; see subsection 2.5.1. Of course, we can also construct non-orthogonal bases in

which the metric is not diagonal any more.
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2.3.4 Classes of vectors in Minkowski spacetime

In the following, we will denote by ¢ the quadratic form associated with 5 to simplify notations:
Vv e M, q(v) = n(v,v) € R. The fact that 5 is not positive definite implies that there are non-zero
vectors n € M such that g(n) = 0.

Lightlike vectors

n € M is called a non-zero null, or lightlike vector iff n # 0 and ¢(n) = n(n,n) = 0. ]

Lightlike vectors are often called null. For example, the vector v = e(g) + € (1) is null:
q(v)=¢q (8(0)) +2n (e(o),e(l)) +q(eq)) =-1+0+1=0. (2.54)

Let us recall an important result of the standard dot product in R3:

Cauchy-Schwartz inequality

Consider the vector space R3 and the standard dot product on R?. Let i and ¥ be two non-zero

vectors of R3. Then:
(i -9) < (iF-d)F-7), (2.55)

where the equality holds iff i and V are linearly dependent.

The proof goes as follows. Consider:

7=ii- 205 (2.56)
Vv

Then:

7-v=0, (2.57)
and therefore, by writing:
i=8V5.3, (2.58)
VAR

we get:

ﬁ~ﬁ:(ﬁ;:f)2+z.22(”z’z)2. (2.59)
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Multiplying by ¥ - ¥, we get the result. Besides, if 3¢ € R, ii = v, we clearly have: (ii-V)? = > -7 =

(u - u)(v - v). Conversely, if we have equality, then, we get:

ﬁ-(f'vv):;i-ﬁ, (2.60)

agﬁ, because the dot product is non-degenerate.

S

and therefore i =

Let us now consider two lightlike vectors v € M and w € M that are also n-orthogonal:
n(v,w) =0. Then:

(v0)2 - (v1)2 + (v2)2 + (v3)2 2.61)
W = e o)
This means that:
O 0 = () (2 () () + () () o
On the other hand, because (v, w) = 0, we have:
(v0w0)2 = (V0)2 (w0)2 = (viw! +vil v3w3)2 . (2.64)

This proves that the Cauchy-Schwartz inequality in the subspace R orthogonal to e (0y and spanned

by {e(l), €(2), e(3)} is saturated, and therefore: Jr € R, vle(1)+v2e(2)+v3e(3) =t (wle(l) + wze(z) + w3e(3)),
or, equivalently, Vi € {1, 2, 3}, v = twh.

Finally, that leads to:

= o o)

t (WO)2 : (2.65)

so that we have: v0 = tw®. This shows that, necessarily, v = tw for some ¢ € R. Thus, we see that
orthogonal lightlike vectors are also parallel: if v € M and w € M are non-zero null vectors, then
v and w are orthogonal & Fr e R, v = tw.

What is the link between this inner product and Special Relativity? Events in spacetime are

points but since M is a vector space, once an observer has been chosen in the form of an origin O
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for the frame {e ( ﬂ)}, two events x and x( define a vector v = Ox — Oxg € M. In the following, we
will often identify points and vectors starting at the origin. We will even omit to mention the origin

when necessary and write x = Ox. If we write: Ox = x"e,) and Oxg = xh

o €u- then v is lightlike

if we have:
0_ .0\ 1 1)? 2 2\’ 3 3)?
qgv)=—- (x —xo) + (x —xo) + (x —xo) + (x‘ —xo) =0. (2.66)
We know this equation. It is the condition for two events to be on the worldline of the same photon,
and it is the equation of a cone in R*. We also saw that this implied that this condition must be
invariant when changing the inertial frame. In our context, that means that the inner product of two
vectors must be invariant by changing orthonormal bases. We will see the importance of that later.

For the moment, we will therefore define the nullcone (or lightcone) at x¢ in M by:

C(xg)={xeM,q(x—x9) =0} . (2.67)

Physically, it consists of all the events in M that can be connected to x¢ via a light ray. For any

to such events x and x¢ we can therefore further define a light ray, or null worldline:
Ryyx={veMIteRv=xo+t(x—x0)} . (2.68)

We see that, clearly, Ry, x = Rx x,- Moreover, we also clearly have that C (x¢) is the (infinite) union
of all the light rays through x¢. So far, we have centred our attention on null vectors, i.e. vectors

v € M for which g(v) = 0. We can also define two other type of vectors:

Letv € M. We say that:
(i) v is timelike iff g(v) = n(v,v) < 0;

(ii) v is spacelike iff g(v) = n(v,v) > 0.

Note that, forv € M, if v is timelike, we have that: (v! )2+(vz)2+(v3)2 < (vo)z, this corresponds
to vectors inside the lightcone. Physically, that means that the distance (in R?) covered along the
vector is less than the distance covered by a light ray in the same time lapse.

In the same way, for a spacelike vector, we have: (v! )2 + (vz)2 + (v3)2 > (vo)z, and this corresponds

to vectors outside the lightcone. In that case, the distance (in R3) covered along the vector is more
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than the distance covered by a light ray in the same period of time.

Now, we have to show the following important result:

Time components of timelike and lightlike vectors

Let (v,w) € M?, both non-zero, with v timelike, and w timelike or lightlike. Let {e )} be

an orthonormal basis of M, such that: v = v¥e(,) and w = w”e ). Then:
(i) vow? > 0, and we have n(v,w) <0, or

(i) v'w? < 0, and we have (v, w) > 0.

Indeed, by definition:
n(v,v) = (v0)2 + (v1)2 + v2)2 + (v3)2 < 0 (2.69)
nw,w) =— (wo)2 + (w1)2 + (w2)2 + (w3)2 < 0. (2.70)

(2 (1) (62 () () () ()') - El)

Or, using the Cauchy-Schwartz inequality in R3:

Hence:

2 2
(VOWO) > (vlw1 +v2w? + v3w3) , 2.72)
which implies that:
|v0w0| > |v1w1 +12w? + v3w3| . 2.73)
Therefore, we clearly have: v'w® # 0, and (v, w) # 0.
If vOw? > 0, then:

VoWl = O] > plw! +v2w? + v w3 > vliw! 02w 4 (2.74)

This leads to p(v,w) = —vw? + viw! +v2w? 13

w? < 0. Similarly, if vw? < 0, one finds that:
n(v,w) > 0.

We have a simple corollary to this result: if a non-zero vector of M is orthogonal to a timelike
vector, then it must be spacelike.

This result tells us that if two vectors, one timelike, v, and the other timelike or null, w, point
in the same direction along the ’time axis’, then we have (v,w) < 0. Then we can define an

equivalence relation ~ as follow:
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e Wecall T = {v € M, q(v) < 0} the set of all the timelike vectors of M.
o Let (v,w) € 72, Then: n(v,w) <0 = v ~ w.
You can check, as an exercise that ~ is an equivalence relation on 7, i.e. that ~ is:
o reflexive: Vv € 7,v ~ v;
e symmetric: V(v,w) € T2y ~w = W ~ v;
e transitive: V(v,w,x) e 7°,(v ~wandw ~x) = v ~ x.

Moreover, this equivalence relation has exactly two classes, called 7" and 7~, where t* = {v er, 0> 0}
and 77 = {v et < 0}. We clearly have: 7 = ¥ U 7~. Elements of 7" all have the same time-
orientation, and points toward positive values of the time coordinate. They are thus called future-
directed. Elements of 7~ point toward negative values of the time coordinate and are therefore
called past-directed. For each event xg € M, we can define the time cone, Cr (xg), the future time

cone, C7. (x9) and the the past time cone, C;. (xg) by:

Cr(xg) = {xeM,q(x—-x9) <0} (2.75)
Ci(xo) = {xeMx-xget*} (2.76)
Cr(xg) = {xeM,x—-xpe17}. 2.77)

Clearly, Cr (xy) is the interior of the null cone C (xy). It is made of two disjoint parts, C- (xg)
and C;. (x¢) representing the timelike future and past of xy, respectively.
Now, we would like to extend these notions of future and past to lighlike vectors as well. Let us

pick a non-zero lightlike vector n € C (xg). We have that:
Vv e t¥,p(n,v) > 0orp(n,v) <0. (2.78)
Indeed, let us suppose that we have two timelike vectors (v1,v3) € 7" such that:
7 (vi,n) <0and gy (v2,n) >0. (2.79)

Then, we have seen that, necessarily, v(l)no > (0 and vgno < 0. But, we also have that v{ ~ v,, and

therefore, v(l)vg > 0. This trivially leads to a contradiction. Therefore, we can say that a lightlike

vector n is future-directed ift Vv € v+, p(n,v) < 0 and past-directed iff Vv € v, 59(n,v) > 0.
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One can then prove that two non-zero lightlike vectors n1 and n; have the same time orientation iff

n(l)ng > (. This allows us to define the future and past null cones at xog € M as the sets:

C™ (xp)
C (x9) = {x€C(x9),x —x¢past-directed }. (2.81)

{x € C (x9) ,x — x¢ future-directed } (2.80)

These sets define the causal structure of spacetime around xg. The cone itself is the set of event
connected to xg by light rays as we have seen, We will understand its interior as the set of events
connected to xo by massive particles a bit later. The overall geometry formalised here is summarised

and depicted on Fig. 2.1.

2.4 Lorentz transformations

In Special Relativity, the principle of relativity that we quoted in Newtonian physics still holds and
inertial frames have not changed their nature: they are still frames in which an object free of forces
is at rest on in uniform motion. Since the laws of physics must not change when we go from one
inertial frame to another, the geometry of spacetime must not be altered by a transformation between
inertial frame. In Special Relativity, these transformations are known as Lorentz transformations.
Because we work on a vector space, we will also look for transformations between frames that are
linear. Therefore, Lorentz transformations are linear mappings of M onto itself that preserve the
metric (or inner product) 7, i.e. they are the p-isometries of Minkowski spacetime. In particular,
this implies that they preserve the causal structure described in the previous section and depicted
in Fig. 2.1. From the passive viewpoint, they are the transformations that allow one to go from one

inertial frame to another in Special Relativity, as we will see later.
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€(1)

(\J:F (zo)

Figure 2.1: Minkowski spacetime in the orthogonal reference frame {e( ”)} of an observer 0. One

spatial dimension has been suppressed. The causal structure around an event xy has been represented
by its lightcone in green. It represents the events connected to xo by light rays. xj is in the future
of xpsince it is connected to it by a future-directed null vector, vi. On the other hand, xé is in the
past of xo and the null vector v} is past-directed. Timelike vectors are also separated into future
directed (like v1) and past-directed (like v,) connecting xg to events that lie in its causal, timelike
future (like x;) or past (like x,). Events like x3 are connected to xg by spacelike vectors, like v3 and

are not causally connected to xg.
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2.4.1 Characterisation of the Lorentz group

First, we need to characterise Lorentz transformations in a few equivalent ways.

Isometries of Minkowski spacetime

Let L : M — M be alinear mapping. Then, the following propositions are equivalent:

(i) L preserves the inner product 7, i.e.:
V(v,w) € M2 (L(v), L(w)) = (v, w) . (2.82)
(ii) L preserves the quadratic form ¢ associated with 5:

YWweM,q(L(y))=q). (2.83)

(iii) For any {e(o), €(1),€(2), e(3)} orthonormal basis of M, there exists another orthonor-

mal basis of M, {6(0), €(1), €(2)> 6(3)} such that:

V/J € {0, 1,2,3},L (e(ﬂ)) =€) - (2.84)

We will prove each equivalence separately.

(i)=(i) Let (v,w) € M?. Let us suppose that we have: 5 (L(v), L(w)) = n(v,w) for all v and w.
Then, of course, because g(v) = (v, v), we have: g (L(v)) = q(v).

(i1))=(i) Here, we use the fact that:

1
Vv, w) e M2 (v, w) = S (g +w) —q(v) —q(w)] . (2.85)
The invariance of ¢ then implies the invariance of 7.

(1)=(i1) We know that:
V(i v) €{0,1,2,3}%, 9 (e u)> €v)) = My - (2.86)
Now:

n(L(ew).L(ew)))=mn(ew ew)) =mu - (2.87)



31 Special Relativity

This proves that that set {L (e(u) )} is orthonormal. We just have to prove that it is

ue{0,1,2,3}
linearly independent to prove that it is an orthonormal basis.

{e(”)} being a basis, we have that:

viey=0=Vue{0,1,2,3},v"=0. (2.88)

Thus:
VML (e(uy)) =0 = L (vWe()) =0 (2.89)
= vfe(,) =0 (injectivity of L) (2.90)

= VYu € {0, 1,2,3}, v¥ = 0 (linear independence of {e(,)}). (2.91)

The set {L(e( ,,))} = {6( ,,)} is therefore linearly independent.
(iii)=(i) We have:
V(v,w) e M*, 5 (L(v), L(w)) =1 (v€u), wWer)) =1 (€u), €0y) vV WY, (2.92)
which is exactly  (L(v), L(w)) = np(v,w).

Consider two orthonormal bases of M, {e,)} and {€(,)} and a linear mapping L : M — M
such that Vi € {0,1,2,3}, L (eu)) = é(u).- We know that there exists constants A¥, € R for any
(u,v) €{0,1,2,3}?, such that:

Vv € {0,1,2,3}, e(r) = A8y - (2.93)

These are, by definition, the components of the linear mapping L~' in the basis {é ( #)}2. If the
coordinates of a vector v € M are such that: v = vFe(,) = P#€(,), then we have the law of

transformation for vector components under Lorentz transformations:

Vi € {0,1,2,3}, 0¥ = A ,v¥ (2.94)

?The fact that we study the matrix representation of L~! instead of L is of course irrelevant and one could have
studied the matrix representation of L instead, but we stick here to the usual notations that one finds in standard physics
and applied mathematics books. Note that, strictly speaking we have not even proved the existence of an inverse for a
mapping L but it should be clear that such an inverse must exist if the orthonormal bases are to be treated on an equal

ground.



Special Relativity 32

Using the orthonormality of {e(ﬂ)}, Y(p,v) € {0,1,2,3}%, 7 (e(4), €(v)) = Muv» We have:

n (Appé(p), A/lvé(v)) =Nuv » (2.95)
which leads to:
NN 80y, €0) = Ty - (2.96)
Using the orthonormality of {é( ,,)}, we thus have:
npAAppA/lv =Nuv - 2.97)

This relation must be satisfied by any linear mapping that preserves the inner product 7. Therefore,

it defines such mappings. If we define the matrix:

-1 0 00
1 00
n= , (2.98)
010
0 0 1
then Eq.(2.97) takes the simple form:
ATpA =1, (2.99)

where the superscript 7 denotes the usual matrix transposition. This can be taken as an operational
definition of Lorentz transformations.

The matrix 1 has components 7, or n*¥, depending on the summation required. This is rem-
iniscent of the equivalence between M and M* introduced by the inner product. For example, we

see that ! = 1 becomes simply: 1y, = 6.

Note that we could have used the matrix £ associated with the transformation L instead of L™,
It obeys the same relation:

np/li:py-z/lv =Nuv > (2.100)

and we have: £ = A~!. These matrices are related by the relation:

L=A"'=pAp, (2.101)

where we have used the fact that n” = ~! = 5. Usually, the components of £ are denoted

A
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Lorentz transformations

Any linear mapping L : M — M which preserves the inner product 7 is such that:

Npal? WL, =y (2.102)

It is called a general, homogeneous Lorentz transformation.

This set actually forms a group called the general (homogeneous) Lorentz group and denoted
LcH.
In fact, the Lorentz group we usually study in physics is the one we looked at first here, and it

is a special representation of Lgp:

Lorentz transformations: Matrix representation

Let {e(4)} be an orthonormal basis of M. Given L € LG a Lorentz transformation, we

have a second orthonormal basis {é(ﬂ)} such that: Vu € {0,1,2,3}, L (e(y)) = éu). We
define an associated matrix A with components A*, with respect to the basis {e( ﬂ)} such
thatVu € {0,1,2,3}, e(u) = A" ,€(y); AV, is actually the matrix associated with the Lorentz
transformation £~
It verifies:

A Ao = Ny - (2.103)

These matrices have 16 components.

The set Ly of all these matrices, given a specific basis {e( ”)}, forms a group, called the
general homogeneous Lorentz group. It has the same name as the group of transformations,
even though, strictly speaking, it is just a representation of it. In the rest of these lecture notes,
the Lorentz group will denote this set of matrices, with a fixed basis {e (1) }, rather than the set
of transformations themselves. The results would be unchanged, but a bit more complicated

to obtain.

The Lorentz group Ly as defined here is the group of passive Lorentz transformations, i.e. of
transformations that leave vectors invariant but change the orthonormal basis of M. The linear
mapping L whose inverse is represented by a matrix of L g, on the contrary, is an active transfor-

mation that keeps the coordinates of vectors fixed in both basis. Indeed, consider two orthonormal
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bases, {e(ﬂ)} and {é‘ (ﬂ)} and an active Lorentz transformation L : M — M such that:
Yu € {0, 1,2, 3}, L (e('u)) = é(ll) , (2.104)
ie.:
€(u) = Avllé\(y) . (2.105)

where we denote by A the matrix associated to L in the basis {é (1) } Then, for any vector v € M,
we can write:

Vv = v“e,, = \A/Vé(v) = \A/VAV'ue(”) s (2.106)

and indeed, keeping v fixed and changing {e( y)} into {é‘(,,)} via A, we get the old coordinates of

v, in {e(y)}, in terms of the new ones, in {&(,) }:
Vu € {0,1,2,3}, vi = A KDV . (2.107)
On the other hand, we have that:
L) = L (#8(u)) = 1L (&) = P A L (ery) = P A. 80y = 7"y - (2.108)

Therefore, the new vector L(v) has the same coordinates in {é ( ,,)} than the old vector v in {e( ,,)}.
These two types of transformations are completely equivalent; they only correspond to two different
viewpoints.

Consider now a general Lorentz transformation A#,,. It must verify:

AP Npa = 1y (2.109)

Putting ¢ = v = 0 in this expression, we find that:

0 \2 L \2 5 \2 3 \2
(A 0) =1+(A 0) +(A 0) +(A 0) . (2.110)
In particular, we must have:

2

(A%) > 1, 2.111)

sothat A% > 1 or A% < —1. A A with A% > 1 is said to be orthochronous while it is said to be
non-orthochronous if A% < —1.
These names are justified by the following result. Let A be a Lorentz transformation and {e () }

an orthonormal basis of M. Then, the following propositions are equivalent:
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(1) A is orthochronous;

(ii) A preserves the time orientation of null vectors, i.e., for any v € M with v = v¥e () such

that (v, v) = 0, we have that: v9 and Aoﬂv” have the same sign;
(ii1)) A preserves the time orientation of timelike vectors.

Indeed, consider a non-zero vector v = vHe(,) € M that is either null or timelike. Using the

Cauchy-Schwartz inequality of R3, we can write that:
2 2 2 2 2 2 2
(Wit 0 80%) s ((80) " (%) o (%)) () + () + (7)) - @)
Now, we have seen that A° yA/lvnp A = Nuv, Which can be rewritten:
AFLAY Pt =t (2.113)

This is a simple consequence of the fact that this expression is equivalent to AyA” = 7. Therefore,

we have:
2 2 2 2
—(A%) +(A°1) +(A02) +(A03) 1. 2.114)

This implies that: (A%)” > (A%) + (A%)” + (A%)®. Now, since v # 0 and it is timelike or null:
2 2 2 2
() = () + () + () 2.115)
so that, using the inequalities, we get:
2 . 5 2
(AOOVO) > (Aolv + A% 4 A03v3) . (2.116)
Let w € M such that w = Aooe(o) + Aole(l) + Aoze(z) + A038(3). We know, because:
2 2 2 2
- (A%) + (AOI) + (AOZ) + (A03) -1, 2.117)
that w is timelike. In addition,
2 2
(AOQVO) > (A01v1 +A%02 ¢ A03v3) 2.118)

can be rewritten:
nw,w)A’ " <0, (2.119)
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which shows that 57(v, w) and A° uVH have opposite signs.

Now, suppose that w? = A% > 1. Then, if v° > 0, we have vOw? > 0, and therefore, we know that
n(v,w) < 0. But, then, necessarily, Al v > 0. On the other hand, if v0 < 0, we have vOw? < 0.
which implies (v, w) > 0, so that A° uvH < 0. Thus, we see that v0 and A° uVH have the same sign.
Following the same line of reasoning, if A’y < —1, we can show that v and A° uVH have opposite
sign.

This shows that non-orthochronous Lorentz transformation have the unpleasant property of re-
versing the time orientation of all timelike and non-zero null vectors. This means that they transform
"forward clocks’ into “backward clocks’. Physically, this is not very attractive, and that is the reason
why we choose to restrict the Lorentz group further. In the following, the Lorentz group will be the
sub-group of Ly made of orthochronous transformations only.

Finally, we need to introduce a further restriction. Consider the matrix relation:
ATpA =7 . (2.120)
By taking its determinant and remembering that det AT = det A, we get, straightforwardly:
(detA)? =1, (2.121)

and therefore, det A = +1. A Lorentz transformation A is said to be proper iff det A = 1. Oth-
erwise, it is improper. If we restrict our attention to orthochronous transformations, an improper
orthochronous transformation is simply the composition of a proper orthochronous one with a trans-
formation that changes the orientation of the spatial basis, from right-handed to left-handed and
vice-versa (Can you prove it?). Such a change is quite arbitrary and does not contain any physical
meaning whatsoever. Therefore, we choose to consider only orthochronous proper transformations,

and we restrict ourselves to admissible orthonormal bases such that:
(i) e(o) is timelike and future oriented;
(ii) {e(l), e2), e(3)} is right-handed.

Then, the set L of orthochronous proper Lorentz transformation forms a subgroup of Lgy. We
will call it the Lorentz group in the remainder of this course.

This Lorentz group contains a very important subgroup, R, consisting of all the matrices of the
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form: ) -
1 0 0 O

) (2.122)

0
0 o
0

where O is an orthogonal matrix of determinant 1.
R is called the rotation subgroup of L, and its elements are called rotations. For A € L, the

following propositions are equivalent:
(1) A 1is arotation;
(i) Alg =A% =A% =0;
(iii) A% =A% =A% =0;
@iv) A% =1.

In the literature, £ is often denoted LI. This comes from the classification of Lorentz trans-
formations hinted at above. Indeed, depending on the signs of det A and of whether A% > 1

or A% < -1, we have four different subsets of Ly, as illustrated in Table 2.1. Of course

A% > 1 A% <1
L£=1! Lt
detA=1 " "
Proper orthochronous Proper non-orthochronous
Ll L
det A =-1 - N
Improper orthochronous Improper non-orthochronous

Table 2.1: The four different subsets of LsgH.

LcH = LI ULl U Li U L', and these subsets are disjoint from each other.

Consider the following three mappings:
T=n,P=-nandY =TP =PT = —-1.

Clearly, Te L', P e LT andY € Li, showing that all the subsets previously defined are non-empty.

Geometrically, T corresponds to a time-reversal, P to an inversion of the orientation of space (called
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parity), and Y is the combination of both transformations, i.e. an inversion of spacetime. Note
that, among these four sets, only LI forms a group, since the other three are not stable by matrix
multiplications: 72 = P> = Y2 = I € LI.

Consider A € LI = L. Each of the transformations 7', P and Y induces a mapping of £ into one of

the other subsets of Ly via the composition of linear applications. Indeed, for example, we have:

det (TA)
(TA)) = TN, =-AJ<-1. (2.124)

det Tdet A = —1 (2.123)

Therefore, TA € L' . Conversely, for any U € L, TU € Ll. Hence, the time reversal, T induces a
mapping between LI and L ; it is easily checked that this mapping is bijective. Similarly, P indices
a bijective mapping between LI and LT and Y induces a bijective mapping between Ll and Li.
Therefore, the study of the entire Lorentz group Ly can be reduced to the study of £ = LI: it is
the only one which has the nice group structure, and the elements of the other parts of L5y can be
deduced from the ones of LI. Nevertheless, one must not forget the other parts of the group: the
time reversal and parity symmetries, as well as their composition do not play any role in classical
physics where all the phenomena are invariant under these symmetries, but they are essential in
Quantum Mechanics since some aspects of the theory turn out to be affected by the change in time

orientation and/or space orientation.

2.4.2 Back to physics: interpretation of the components of a Lorentz transformation

Elements of £ have 4 x 4 = 16 components. Nevertheless, because of Eq. (2.97) they are not all
independent, and the orthochronous and proper characters also restrict the number of free parame-
ters. Some of the remaining components have interesting physical interpretations that we will try
to investigate now.
Let us start with two admissible bases {e( ﬂ)} and {é (V)} corresponding, physically, to two frames
of reference, F and F,. Consider the Lorentz transformation A such that: Yu € {0, 1,2,3}, &) =
A e (y); it corresponds to the change of frame F, — Fj, in which the components of a vector v
change as:

v =AY 0 (2.125)

Be careful that the role of the hatted and non-hatted coordinates are reversed compared to the

previous section. First, let us consider a given worldline on which two events, x and x + dx are at
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rest in F,. This means that the spatial point represented by x and x + dx is a single spatial point, at
rest with respect to F,. This could be the worldline of a particle at rest in F,. Write, in each basis:
0x = oxHe(,) = 0%V & (y), the separation vector between the two events. The fact that the two events
are at rest in F, simply means that: 65! = 6£? = 63 = 0. 64° then is the time separation between

the two events, as measured in F>. We have that:

6x” = Nox° . (2.126)
Therefore: ) .
ox' Al()
Vie{l,2,3}, — = —. 2.127
e (12,3 55 = (2.127)

These ratios are constant and independent on the particular point at rest in F;, that we consider.

Physically, they correspond to the components of the standard 3—velocity of F, with respect to Fi:

U= ule(l) + uze(z) + u3e(3) , (2.128)
with: .
. Alo
Vie{1,2,3}ul = . (2.129)
A%

Conversely, if we consider two events at rest in F, we find that the 3-velocity of F| w.r.t. F, is given

by:

152 ﬁlé(1) + ﬁzé(z) + 123(3(3) , (2.130)
where: .
S (ATY! AY;
Vi€ {1,2,3), =%:——0’. 2.131)
(A1) A

To carry on a bit further, let us observe that:
300 30
Do) = () (2.132)
i=1 i=1

= 2 = (2.133)

This shows that: ||i]| = il = B, i.e. that the magnitude of the 3-velocity of one frame relative to

the other is the same in both cases, and is equal to3:

3Remember that we restrict our analysis to orthochronous transformations, for which A% > 1.
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(2.134)

Equivalently:
1

is known as the Lorentz factor of the transformation. Note that we have: 0 < 8% < 1. Since A% =1

A% = v, (2.135)

iff A is a rotation, we have that, for a rotation, 8 = 0, as expected physically. If we concentrate on

Lorentz transformations A that are not rotations, 8 # 0, and we can write:
ii=pd, (2.136)

with d = d'ey and Vi € {1,2,3}, d' = u'/B. Since B = i, d is the direction 3-vector of F»
relative to F, and its components, d i are the direction cosines of the line along which an observer

in F sees the fixed events in >, moving. Similarly, we can write:

—Bd, (2.137)

S YA

with d = cfie(i) and Vi € {1,2,3}, d' = 4'/B. The d'’s are the direction cosines of the line along

which an observer in F; sees the fixed events in F; moving. Using all these relations, we find that:

Ay =B g :IB,},di
Vie{l,23L,4 V;‘ﬁﬁ_ o (2.138)
A = d'=-pyd" .

Vi-p2
We have fixed 7 components of the Lorentz transformation by using physically measurable quanti-
ties. This allows us to get some insight on the physics, already. Indeed, since for an event at rest
in F, we have: 6x* = AHy6%°, we see that the time interval between the two events in Fj, 6x°, is

given, in terms of the time interval in F, 559, by:

6x0 = 659 = y61° . (2.139)
Therefore, 5x° > 6£°, because 1/4/1 — % > 1, which means that, considered in Fy, there is a time
dilation between the two events, as compared to the same events considered in F;: for an observer

in F,, the clocks in F| are running slow. Please note that in the limit 8 — 1, the effect becomes
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infinite: this is reminiscent of the fact that the speed of light (chosen equal to 1 in these lecture
notes) is an unattainable limit for massive particles (such as clocks) in the theory.

Now that we have seen what happens to two events at rest in F»>, we can analyse the complementary
situation of two events that are simultaneous in F,, such that 6£° = 0 and a priori, 5% # 0 for

i € {1,2,3} (they are not at the same spatial location). Then:
5x0 = A%5% = —By (4215)21 + 2682+ 335)23) . (2.140)

This means that, when the Lorentz transformation is not a rotation (8 # 0), the time difference be-
tween two events in F; will not be zero in general: the two events will not be considered simultaneous

in F. This illustrates the relativity of simultaneity. The two events will be seen as simultaneous iff:
d'si' +d*63* +d*6%° =0, (2.141)

which means iff the line joining the two events is perpendicular to the direction of relative motion
between F| and F,. It is not hard to see that the previous equation characterises a plane in F,, known

as the plane of simultaneity of x.

We see that the Lorentz group is vast. In particular, because it contains all the spatial rotations,
the spatial axes {e(l), €(2), e(3)} and {é(l), €2, é(3)} can have any relative position as long as the
orientation is preserved. This is reassuring because it is in line with the isotropy of space that we
would like for physics, but it cloaks a lot of simple relations that appear much clearer if we restrain
our study to a smaller subset of Lorentz transformations. Specifically, we will concentrate of bases
that are such that their spatial axes have a definite, simple relationship: for any i € {1, 2,3}, we will
align e ;) and é ;). This is what we called a translation in the Galilean context. To start this process,
let us first suppose that: d' =1 = -d' and d®> = d°> =0 = d? = d3. Then the direction vector is

d=eq)= —d. That means that F> moves, relative to Fi along the axis e (1), with a velocity in the

direction of the positive values of x!. The form of the Lorentz transformation is then:

y By 0 O

Al Al Al
A=| P R (2.142)
A1 A A3

A A A
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Further, using the condition Eq. (2.97), we get:

y By 0 O

0 0
A=|PY Y , (2.143)

0 0 A% A%
0 0 A3 A

and the matrix:
A2, A%
Ay A

(2.144)

is an orthogonal transformation of R? with determinant 1: it is a rotation of R?. Its effect is to rotate
the axes e (2) and e (3), keeping e (1) fixed. We will therefore define the standard configuration to be

the one in which é(2) = e(2) and é(3) = e(3), i.e. with this rotation of R? being simply the identity

map:
y By 00
0 0
Al P Y (2.145)
0 0 10
0 0 01

The transformation of coordinates of an event x = x e (,) = £#é,), with x* = A# %" is therefore

simply:
x% =950 + Bys! (2.146)
x! =yl + Bys° (2.147)
x? =? (2.148)
x® =% (2.149)

The inverse transformation is then given by:

y By 00
- 0 0

Al = gy Z Dol (2.150)
0O 0 01
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so that we have also:

£0 =yx0 — Byx! (2.151)
£ =yx! — pyx® (2.152)
£2=x2 (2.153)
£ =23 (2.154)

Such transformations are called special Lorentz transformations. Strictly speaking, the velocity
is positive or zero, but because a special Lorentz transformation and its inverse only differ by a sign
in front of B, it is customary to allow 8 €] — 1, 1[. Then, by choosing 8 > 0 when the motion is
positive along the e (1) axis and § < 0 when it occurs in the negative direction, we can write any

special Lorentz transformation as:

y By O 0]
-y vy 00
v ~11[, A(B) = , 2.155
B €l [, A(B) 0 o 10 ( )
0 0 0 1

with y(B8) = 1/4/1 — 2. Usually, such a matrix A(p) is called a boost in the e 1y-direction. Then
the set of special Lorentz transformations is a subgroup of £. The composition of two boosts in the
e 1)-direction, A (B1) and A (3>) is a boost A(f), with:

_Bith
1+B1B2

One should note that the composition of boosts along different directions is generally not a boost

B (2.156)

in any specific direction. The composition of boosts has a simple physical interpretation. Consider
three frames, F, F> and F3 related by boosts along the e (1) direction. If the speed of F> relative to
F is B, and the speed of F3 relative to F» is >, then the speed of F3 relative to F| is not 81 + 2,

as one would have expected from Galilean invariance, but:

_ Bit+B

= . 2.157
1+ 8182 ( )

B

This law is the relativistic addition of velocities. 1t is actually a law of non-additivity of the

velocities. One can notice that if 8 and B, have the same sign, i.e. if the motions of F relative to
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F and Fj; relative to F; happens in the same direction, then S is always smaller than 8 + 3>. Also,
one sees that when 8 — 1 and 8, — 1, 8 — 1: the speed of light indeed acts as a limit speed.

The non-additivity of velocities is quite an inconvenient fact. We would like to define a ’velocity
parameter’, 6, that is additive when we compose special Lorentz transformations. Let us therefore
suppose that we have two special Lorentz transformations with speeds 81 and 3, along the e (1) direc-
tion. We associate 6] and 8, respectively to each transformation, and we must have relations of the
form: 81 = f(01), B> = f(62), where f : R — Ris a function. Now, 8 = (81 + 82) /(1 + B8152),
and we must have an associated 6 with 8 = f(0) and 6 = 6, + 0, (additivity). This means that the

function f must verify:
J(61) + 1 (62)
1+ f(61) f(62)

This functional equation as at least one solution: f = tanh. Therefore, we can choose our parameter

f01+6) =

(2.158)

0 to be: 6 = atanh (B). Because the function atanh is bijective from | — 1, 1[ onto R, the speed of
light, 8 = =1 corresponds to 6 = *co.

Using this velocity parameter, 6, the hyperbolic form of a special Lorentz transformation is, for
any 0 € R:
[ cosh(f) —sinh(6)

0
A9) = —sinh(6) cosh(6) (1) (2.159)
0

0 0
0 0

- O O O

Using this form of the special Lorentz transformations, we can get a very important result, namely
the fact that any proper, orthochronous Lorentz transformation can be written as the composition of

two rotations and a boost:

Let A € L. Then, there exists a real number 6 and two rotations Ry and R, in R such that:

A=RiAO)R, . (2.160)

2.4.3 Spacetime diagrams

Thanks to the decomposition (2.160), we know that by applying the correct spatial rotations, we

can always bring a physical situation to its description in terms of boosts only; that means that the
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Figure 2.2: A spacetime diagram. The lightcone is represented by the two red lines, x” = +x .

physical content of special relativity is almost entirely contained in the properties of special Lorentz
transformations. This is very convenient, since when considering these transformations, two spatial
coordinates are left unchanged. Therefore, we can easily picture the effects of a boost on a piece of
paper by simply suppressing the two dimensions that are not affected by the boost. Then, we have
a 2-dimensional space spanned by {e(o), e(l)} that we can represent on paper. This leads to the

construction of spacetime diagrams; see Fig. 2.2. The procedure is as follow:

e We draw two perpendicular axes along two unit vectors e (o) and e 1y that we label x° and x'.
Note that the perpendicularity is just convenient, it does not, in principle, correspond to the
orthogonality in M. The labels x° and x! are then the coordinates of the event x in the frame

{e(0). €(1)}- The intersection of the two axes is the origin of the frame, O.

e When there is a boost with parameter 3 (or equivalently, § = atanh (3)) relating {e(o), e (1)}
to another orthonormal basis {é (0), € (1)}, in which an event x = £#&,), the axis labelled
%0 is to be understood as the set corresponding to events with £! = 0, i.e., x! = Bx°, with
B €] — 1, 1[; in other words, this is a line passing through O with a slope 1/4. Similarly, the

axis labelled £! is taken to be at £° = 0, and therefore, xX’ = Bx!. This is therefore the line
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0 1

through O with slope 8. The lightcone corresponds to the two lines x* = +x".

The set of unit timelike (resp. spacelike) vectors corresponds then to the branches of hyperbola
- (xo)1 + (xl)2 = —1 (resp. — (xo)1 + (xl)2 = 1). Since a boost leave the quadratic form ¢ invariant,
these hyperbolz also correspond to the *hyperbola’ — (£9)' + (#1)* = =1 and — (£°)" + (&) = 1.
This shows that by plotting the axes £° and %! as lines, we have distorted figures in the ()20,321)

. NSRRIV . . ol oo o
coordinate system. Indeed — (£°)" + (£!)” = +1 should intersect the axes £ and £! at£! = +1 and

£9 = +1 respectively. But they don’t on the graph; rather, because we have:

0 = Byl 4920 (2.161)
xb o= gt - B0, (2.162)
the points of intersection between the hyperbola — (xo)l + ()cl)2 = —1 and the axis £°, which should
be at £ = +1, are actually, in the un-hatted coordinate system, at: xX = +y and x' = —(+)8y, i.e.,

at a distance from the origin O given by: ym . A similar factor applies on the other hyperbola.
That means that the ’true’ coordinates in the ()?0,)%1) basis can be obtained by projecting parallely
along each axis and applying the scaling factor ym .

The ’lines of simultaneity’ in F, appear with a slope, parallel to the axis £! on this graph. We see
immediately that they do not correspond to the line of simultaneity in F, which are horizontal. That
illustrates clearly the relativity of simultaneity. Of course, since we have suppressed 2 dimensions
here, in fact these lines of simultaneity are 3-D spaces, and they intersect, not at a point, like on
the diagram, but on a plane: two observers in relative inertial motion agree on the simultaneity of
events in a single plane: we have proven that previously.

Finally, let us analyse a striking consequence of this relativity of simultaneity: the ’contraction of
length’. Consider two reference frames F; and F, with orthonormal bases {e ;) } and {é )} respec-
tively, in relative inertial motion and whose spatial axes are in standard configuration, so that the
Lorentz transformation between them is a boost of velocity 8: Yu € {0,1,2,3},e(u) = A (B)” ué()-
The situation is represented on a spacetime diagram on Fig. 2.3. Let us consider a rigid rod at rest
in F», and put along the £! axis, whose end points are located at £' = 0 and &' = 1. The length of
the rod has measured in F; is therefore equal to 1. On the spacetime diagram, at any time £° in F>,
it corresponds to the line segment [A, B], parallel to the axis £!: the worldlines of each extremity of
the rod are the lines £! = 0 and #' = 1, respectively. On the other hand, in F, the length of the rod

is the Euclidean length of the line segment joining these two worldlines at the same time coordinate
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Figure 2.3: A spacetime diagram for the contraction of length. See description in the text.

in Fy, x9, which corresponds to an horizontal line segment like [A’, B]: this is the value of the x!
coordinate of P on the diagram. By construction, this is less than 1 and therefore, the rod appears
shorter in F) than in F,. We can make that more precise via a calculation. Let us consider a rod
lying at rest along the %'-axis of F, between ﬁ(l) and )?%, with ﬁ(l) < )?i The length of that rod in F>
is therefore A%! = )%i - )2(1). Consider first the left-hand end point of the rod. Its coordinates in F,
are ()20,)2(1), 0,0) with %9 € R. Similarly, the right-hand end point has coordinates ()20,32}, 0,0) with
the same £° € R (simultaneity in F>).

In F}, the length of the rod will be determined by considering the position of its endpoints simul-
taneously, that is at the same value of x° (and not £, as in F»). But, for any fixed x°, the Lorentz

transformation reads:
25 =yxp — Byx° (2.163)
£ =yx] - gy (2.164)

Hence, we see that the length of the rod in Fj, Ax' is linked to this length in F, by: A%! = yAx!.
Since vy > 1, that means that the length in F| appears smaller than in F,: this is the relativistic
contraction of lengths. Note that all these relativistic effects, contraction of lengths, dilation of time

etc., are entirely symmetrical.
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2.5 Particles in Minkowski spacetime

2.5.1 Curves in spacetime

In this section, we are going to analyse the description of particles in Special Relativity. We will
start with photons and other massless particles and then turn to massive particles. First we need to

introduce the concept of parametrised curve:

A parametrised curve isamap ¢ : I € R — M which to any value of a real parameter 4 in
the interval I associates an event ¢(A) in M.
The image c¢(I) = C is the (geometric) curve and does not depend on the specific parameter

A used to describe it.

Given a parametrised curve c(1), we can define its tangent vector as follows:

XQ) = 61}1111 c(A+82) —c(Q) ,

2.165

i.e. as the limit of the separation vector between events infinitely closed along the curve.
Let us consider a specific reference frame {e( ) } An event x(1) along a curve C has compo-
nents (coordinates as a point) x* (1) and another event x(A + §1) has components (coordinates as a

point) x* (A + 61) so that, at first order in §A:
dxH
XM (A+62) =xt + %51 . (2.166)

Therefore, at the limit, the tangent vector has components:

XH(2) = %u) . (2.167)

Tangent vectors have a very useful interpretation in terms of directional derivatives along curves
that will be very useful in General Relativity. Let us consider a map f : M — R; then, we get, at

first order in 0A:
dx¥ df

f G (U 80) = f (@) + T 2%

(Doa . (2.168)
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Therefore, we see that we can write:

df af
— ) =Xt =—= 2.1
L) =X L) (2.169)
Therefore, we can formally write: 5
d
— =Xt 2.170
da OxH ( )

This looks exactly like X = X*e () provided we identify the basis vectors e (,) with the partial

[ ) . A
derivative operators 37 . This leads us to:

Tangent vectors as derivative operators

The tangent vector to a curve parametrised by 4 € R is a differential operator acting on
functions f: M — Ras:
df
X(f)=—". 2.171
(H=3 @.171)
Given a frame {e(,)} and the associated coordinates, x*, we have:
0
=—, 2.172
e = 3 4 (2.172)
and:
0
X=Xt—17. 2.173
Fpm ( )

We will say that a curve in M is timelike iff its tangent vector v is timelike, (v, v) < 0, at every
event along the curve. Similarly, we will say that a curve in M is lightlike or null iff its tangent
vector k is lightlike, (k, k) = 0, at every event along the curve. Timelike and lightlike curves are

often called worldlines of the associated particles travelling along them.

As we have seen in subsection 2.3.3, we can construct non-orthonormal coordinate bases such

as the one for spherical coordinates, {X#} = {t, r, 6, #} which we now know that we can write:

0o 0
ew) = FTh ea) = a (2.174)
. o . 0
€)= %, €3) = % . (2.175)
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Clearly, since, for any function f, we have:

of 0x/ of
T T 2.176
oxt  Ox' OxJ ( )
we can express the new basis in terms of the old one:
0 0 0 0
é) =% =sint9cos¢a+sin65in¢55+cost9a—Z (2.177)
0 0 0 0
é2) =g :rcochos¢>a+rcos9sin¢5$—rsin@a—Z (2.178)
0 0 0
é@3) :% = —rsin 6 sin ¢6_x + rsin 6 cos ¢@ . (2.179)

Again we see immediately that the vectors are not unit vectors. We can of course define an

orthonormal basis:

€a) =€) (2.180)

- 1,

€(2) 2;8(2) (2.181)
1

€(3) = 2 (3) , 2.182

€3 rsin@e(S) ( )

but there is no coordinate system {)%’} such that & ;) = %. Therefore, this orthonormal basis
(the usual moving basis of spherical coordinates) is not a coordinate basis. An easy way to
see that is to realise that partial derivatives ought to commute on smooth functions. Clearly,

these € ;) do not commute.

2.5.2 Massless particles

Massless particles such as photons move along lightlike curves. Let us pick up such a curve with

parameter A and the associated tangent vector k such that, in a frame {e )}, with k = k¥e,):
n(k,k)=0 = k" =«|k|, (2.183)

where we defined k = kle(l) + kze(z) + k3e(3) the 3-vector corresponding to the direction of
propagation of the photon at A. k is called the 4-momentum of the photon.
In classical field theory, the propagation of light is actually described by electromagnetism, which is

a theory of waves. However, we are interested in the geometric optics limit of this theory, for which
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the wavelengths of the waves are much smaller than other typical scales involved in the problems
and for which it can be shown that the vector k is actually the wavevector, so that k, = (;%’, is the

variation of the wave’s phase. In that case, if we choose k, it can be shown that (see [6] for details):
k' = thw = +E , (2.184)

where E () is the energy of the photon measured by the observer attached to the frame {e( .u)} and
+ stands for future and past directed vectors respectively. Thus, we see that: ||§|| = E, so we can

write:

k=E|+eq+ Z] , (2.185)

where l? is the instantaneous direction of propagation of the photon and is orthogonal to e ). It is
thus a unit spacelike vector. k=E I_é is the 3-momentum of the photon. If the photons propagate
freely (which in the geometric optics limit means that they do not encounter mirrors or a dioptre),
according to the principle of inertia, they propagate in straight lines, i.e. that l_é(/l) is a constant and,
then E is also a constant.

To illustrate how Lorentz boosts act on photons consider a source S emitting photons of energy E
isotropically in all directions in its rest frame (reference frame in which it is at rest) {e (1) } associated
with coordinates x*. The photons have 4-momentum k = E [ie(o) + Ii] An observer O moves at
constant speed 8 along the x!-axis and carries its own rest frame {é (1) } The components of the

4-momentum of the photons transform under a Lorentz boost as#:

kM =AM kY, (2.186)
so that we get:
E=k"=y [k’ -Bk'] =yE [1 - Bcos @] (2.187)
Ecosa = k' =y [k' - Bk°] = yE [cos @ - ] (2.188)
k? =k? (2.189)
kK =k, (2.190)

where we have introduced the angle a between the direction of propagation of the photons and the

x! axis in the frame of the source, the energy of the photons measured by O in its rest frame, E and

4Remember that components of vectors change with the inverse matrix, compared to the basis vectors.
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the angle & between the direction of propagation of the photons and the x'-axis as measured by O.

Using the pulsation w = E/h instead of the energy, we get immediately:

AT

5= 2.191

Y 1" Beosa 2.191)

cosd =SBath (2.192)
1+ Bcosa

Eq. (2.191) shows that the frequency of photons observed by O is shifted with respect to its value

in the source frame. This is the relativistic Doppler shift. For small velocities, 8 < 1, we have:
O ~w(l+pBcosa) . (2.193)

Photons emitted in the same direction that the source is moving (& = 0) are blueshifted by an amount
A® = Bw, while those emitted in the opposite direction (& = ) are redshifted by A® = —Bw. Note
that, contrary to the usual Doppler effect, photons emitted in the direction transverse to the motion
of the source (@ = m/2) are redshifted; for small velocities, this transverse shift is of higher order
though as it is given by:

1
AD, ~ —Eﬁ%} . (2.194)

Eq. (2.192) describes the aberration effect. photons emitted in the source rest frame within a cone
of opening angle @ < 7/2 are seen by the observer to form a cone with opening angle @’ < a: the
beam is collimated in the direction of motion of the source relative to the observer. The effect is
plotted on Fig. 2.4 for a few values of the velocity 5. We see that, at the limit of ultrarelativistic

motion, § — 1, the beam is completely closed.

2.5.3 Massive particles

Massive particles move along timelike worldlines, i.e. curves in spacetime that are everywhere
timelike. Let us consider such a particle of mass m and whose worldline, parametrised by a pa-
rameter A, has a tangent vector U, with  (U,U) < 0. In a given frame {e(ﬂ)} with coordinates
{xt} = {t,xl,xz,x3} where we used 1 = x°, the curve is given parametrically by x#(1) and we
have U¥ = %. At each event x € M along the curve, the tangent vector U points inside the local
lightcone. For timelike curves, there is a favoured choice of parameter, namely, the proper time T

measured by the observer attached to the massive particle, and given by:

de = —d52 = d[2 - (Sde‘dx’ . (2195)
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Figure 2.4: The relativistic aberration effect changes the observed emission angle o’ with respect

to the one in the source frame.

One can check straightforwardly that it is invariant by a change of inertial frames: it is a true scalar
and only depends on the particle’s motion, not on the frame in which it is evaluated. It is related to

the time coordinate by:

dr = dey1 - ||9||> =y~ dr , (2.196)
where we introduced the 3-velocity of the particle in the coordinate frame:

Loodxt
V= Ee(i) , (2.197)

and the (time dependent) Lorentz factor of the particle with respect to the frame:

1
y=— (2.198)

NSTES
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The 4-velocity the particle is then defined as:
dx*
= 2.199
=€) ( )
dx#
—y— 2.200
Y ¢w (2.200)
=y [eq) +7] - (2.201)
One sees immediately that:
n(u,u) =nuutu’ =uut =-1. (2.202)
Note that, according to our previous discussion, for any function f, we can always write:
df af
= _ =yt =L 2.203
Fig. 2.5 shows a typical timelike worldline with a spacelike dimension suppressed.
We can also define the particle’s 4-momentum:
p =mu (2.204)
=mye (o) + ﬁ (2.205)
=Fe o)+ ﬁ , (2.206)

with E the energy of the particle in the given frame, and p = myV the 3-momentum in the same

frame. Note that:

U(Pel’) =_m2’

E = m*+||p|*.

so that we get:

(2.207)

(2.208)

If the particle is not submitted to a net force, according to the principle of relativity, it should move

along a straight line:

—=0.

dr
Clearly, this is satisfied if:

du 0

dr
or equivalently:

dp

(2.209)

(2.210)

(2.211)
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Figure 2.5: A timelike worldline (red) with 4-velocity u. Some local lightcones along the worldline

are represented in green.

Finally, we can define the 4-acceleration:

d
A= (2.212)
dr
which, in components, becomes:
d 5 -
A :yd—;’ (e) +7) +7%a 2.213)
dy 22
=—u+ , 2.214
gLt ( )
where we have defined the 3-acceleration:
L dvt d%x?
a= Ee(i) = ?e(i) . (2215)

Let us note that Eq. (2.202) implies that:

n(A,u)=0, (2.216)
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which is equivalent to:

dy 3> o
_ = qa- . 2217
dr Y Y ( )

and implies that the 4-acceleration is always a spacelike vector.

What would be the equivalent to Newton’s second law? We need a law that transforms correctly
when going from one inertial frame to another, which means that it must only involve 4-vectors and
proper scalars (invariant under a change of of inertial frame). We can write:

dp _

i S (2.218)

where f is the 4-force. Note that Eq. (2.218) sums up 4 scalar equations, but they are not all

independent because of Eq.(2.216) which adds a scalar constraint on the components of the 4-force:

n(f,u)=0. (2.219)
In order to get Newton’s law:
dp -
—=F, 2.220
o ( )

where F = Fie(,-) is the usual force, we need:

f =1 +vF . (2.221)
Then, using Eq. (2.219), we get:
fO=yF 7. (2.222)
Thus:
f=v(F-5)+yF, (2.223)
and Eq. (2.218) is equivalent to:
dE -
— =F.% 2.224
m v ( )
dp -
— =F. 2.225
” ( )

The first equation is simply the equation giving the rate of variation of energy in terms of the power

of the force and the second equation is Newton’s law (be careful that p contains a Lorentz factor?).

5Since p = myV, one finds in many old textbooks (and a few modern ones too, unfortunately), a notion of relativistic

varying mass my. This is misguided. The mass of a particle is a scalar invariant. Technically, together with the spin,
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We can obtain the free motion of a massive particle from a variational principle by imposing
that the worldline of a free particle travelling between two events separated by a timelike
interval extremises the proper time taken by the particle to connect them.

Indeed, let us work in a given inertial frame and consider two events A and B and all possible

timelike worldlines connecting them. Along each curve, we will have a proper time elapsed:

B B o
TABz/ d‘r:/ [di? = 6;;dx'dx/| " . (2.226)
A A

We cannot use 7 as a parameter along the curves since this is the parameter we want to extrem-
ise on. Let us therefore introduce another parameter o~ with x* (o) the parametric equation

of the worldline and such that o = 0 corresponds to A and o = 1 for B. Then:

1/2

1 2 o)

dt dx' dx/
= d —| —0ij——— . 2.227
AB /0 v (do-) Ydo do ( )

Along a path with 7 + 6¢ and x’ + 5x’, we get:
U [rdeeor\?  d(xd+ox)d (@ +6xd) |7
TAB + 0T = / do ( d ) - 6ij . (2228)
0 o do do

Expanding at first order, integrating by parts and setting 67 = O for every possible variation,

we get, after a bit of work, that:
d2x@
dr?

which is exactly Eq. (2.210), as claimed.

=0. (2.229)

This variational principle to determine the equations of force-free motion will be very impor-

tant in General Relativity.

it labels irreducible representations of the Poincaré group. It has absolutely no reason to depend on the instantaneous
velocity of the particle in a frame. In this course, the mass is m, period. the Lorentz factor enters the definition of the
relativistic momentum when expressed in terms of the coordinate velocity v, in the same way it enters the relativistic

velocity, because we use ¢ as a parameter along worldlines instead of 7.
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2.6 Electrodynamics: classical field theory

As mentioned in Section 2.2, special relativity was built to try and reconcile Maxwell’s formulation
of electrodynamics with mechanics, in other words, the description of electromagnetic fields and in-
teractions with the framework of Newtonian mechanics. How does electrodynamics look like in the
framework of special relativity? This section will be a good preparation to the relativistic treatment
of gravitation that will be the main focus of these notes. Indeed, as a classical relativistic, linear
theory of a vector field, it is the simpler prototype of the classical, relativistic, non-linear theory of

a tensor field that is general relativity.

2.6.1 Maxwell’s equations

Let us start with Maxwell’s equations written in some coordinate system {x*} associated to an
admissible observer, in presence of some charge density p (x*) and some charge current f(x”) =
J ke(k). The electric field E = E° e (i) and the magnetic field B= B'e ;) obey two sets of equations,

the source-less constraints:

{cﬁﬂi +3B=0 & /%9,E, +8,B' =0 (2.230)

divB=0 & §;B' =0, (2.231)
and the sourced equations:

dvE=¢'p & GE =¢€lp (2.232)

CGI'IE - ,Ll()E()B[E = #Of = EijkajBk - /J()e()atEi = /J()ji . (2.233)

The constants €y and p are called the vacuum permittivity and the vacuum permeability respectively.
They quantify how electric and magnetic fields react to the presence of charges and currents. We
%, and we introduced the totally antisymmetric tensor €; i,

which changes sign under the permutation of any two indices, with €123 = 1. A simple calculation

used the convenient notation: 0, =

shows that:
p0€02E — AE = —€5'Vp — 1100, ] (2.234)
po€0d>B — AB = poeurl] . (2.235)
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Thus E and B follow wave equations with a speed ( ,uoeo)_z, and we can conclude that:
woey = ¢ 2. (2.236)

From Eq. (2.231), we can directly see that the field Bis divergence-less and is thus a pure curl; there

exists a vector potential A such that:
B=culA & B'=¢7%9;A; . (2.237)
Hence, we can rewrite Eq. (2.230):
€79, [Ex + 0, Ax] =0, (2.238)

so that the field E + 6,;{ is curl-free and is thus a pure gradient. There exists a scalar potential ¢

such that:
E+0,A=-V¢ © Ep=—-0rd— 0, Ax . (2.239)

2.6.2 Covariant formulation of Maxwell’s equations

Let us now try and make this theory manifestly compatible with special relativity? In this section,

we keep ¢ # 1 and, in order to retain all the formalism developed so far, this amounts to writing
0

x° =ct.

First, let us introduce the 4-potential A = A¥e ), also called the electromagnetic field:

¢

AH = ;5% + ARSsH, | (2.240)

as well as the Maxwell tensor F = F,,,,a)(/‘) ® 0™, with:
Fiy = 0uA, —0yA, =20,A . (2.241)

Clearly, F is antisymmetric and is introduced because Eqs. (2.237)-(2.239) imply that:

E.
Foi =— ? (2.242)

Fi2=B3, Fi3=-B; (2.243)
Fy3 =B . (2.244)
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Equivalently, for F*V = n#fn”7 F, ., the components of the tensor F* = F*e(u) ® e(y) dual to

Maxwell’s tensor F, we get:

FO% =n®p' Fpy = = (2.245)
' c
F? =By, F¥=-B, (2.246)
F? =B. (2.247)
If we introduce the charge 4-current, j = jHe,):

= —cpstl 4+ jisH (2.248)

then Maxwell’s equations can be unified into two simple 4-dimensional equations:
O0uFyp + 0pFyy + 0y Fpy =0 (2.249)
O F* == poj* . (2.250)

Note that, by antisymmetry of F: 9,0, FF” = 0, so that Eq. (2.250) implies conservation of the
charge 4-current:
Ouj* =0. (2.251)

This form of Maxwell’s equations is called covariant because it is invariant under Lorentz trans-
formations: all admissible observers will write these equations in the same way in their respective
reference frame. In that sense, we recover that Maxwell’s electrodynamics is invariant under the
symmetries of special relativity. Indeed, let us consider a Lorentz transformation connecting the

coordinates x* used above to another set of admissible coordinates X*:
i =AMxY . (2.252)

Since 0, = e(,) = AV €y = N ,u[f,, (with a slightly ridiculous but clear notation), we get for the
dual basis:
0™ =AM (2.253)

Hence, some short calculations lead to the components on Maxwell’s tensor in the new coordinate
system:

Fuy = NPATF e . (2.254)

Similarly, for the dual tensor F*:

FHY = AH, N PO (2.255)
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Plugging these into Eqs (2.249)-(2.250) and remembering that Lorentz transformations are invert-

ible with constant matrix elements, we get, in the new coordinate system:
8, Fyp + 8oy + 0, Fpy =0 (2.256)
OuF* == poj* (2.257)

confirming their invariance under Lorentz transformations.

Note that in terms of the vector potential, Eq. (2.249) is trivially satisfied, while Eq. (2.250)

gives the wave equation:
OA” =P8, (0,A*) = —poj” . (2.258)

As is well known, this theory of the electromagnetic field is actually redundant as it presents

some gauge freedom. Indeed, given a vector 4-potential A#, any other 4-vector A* related to it via:
AF = AF 4 P,y (2.259)

for an arbitrary function ¥ : M — R, is itself a 4-potential satisfying Maxwell’s equations, since:

A ~

F/JV = a,uAv - avAA,u = F,uv . (2.260)

This gauge invariance means that we have some freedom in choosing the vector 4-potential. Since it
can always be changed by a scalar function, we can impose any scalar constraint on it. For example,
we could choose the Lorenz gauge:

0, A" =0, (2.261)

for which the wave equation (2.258) is standard:
gAY = —ugj” . (2.262)

Finally, let us emphasize the importance of using the 4-potential as the fundamental relativistic ob-
ject to describe the electromagnetic field. Since it is a true 4-vector, under a Lorentz transformation

e) = N ,€(y), its components become:
AH = AH LAY, (2.263)

so that, if an admissible observer measures A = 0, so will any other. One the other hand, if any

one of them measures a non-zero 4-potential, others may measure different components but they
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will all agree that it is non-zero (because Lorentz transformations are invertible). As is well known,
this is not the case for the electric and magnetic field. Indeed, Maxwell’s dual tensor components
transform as in Eq. (2.255), so that the electric field measured in the ¥# coordinate system will be

given by:

Ei=cF% = cA° N, FP (2.264)

and thus for a boost, given by Eq. (2.145):

E, =E, (2.265)
E> =y (E2 — BcBs3) (2.266)
E3 =y (E3 +ﬁCBz) . (2267)

Similarly, the magnetic field measured in the ¥ coordinate system is obtained from the F/ compo-

nents:
B| =B, (2.268)
3 E;
By =y (32 +ﬂy7) (2.269)
3 E
By =y (33 - ,8772) : (2.270)

Therefore, if the first observer sees no magnetic field, the second one generally will: magnetic and
electric fields are not covariant objects. This is best seen if we consider the case of a point charge q.
An observer at rest with respect to this charge will measure a spherically symmetric, static electric
field centred on the charge, and no magnetic field. Another observer, moving with respect to the
charge at constant velocity v will however measure both an electric and a magnetic field.

As for the point particle, it is possible to arrive at an action principle for the electromagnetic field.
Since the field equations are linear in F, ,,,,, the action ought to be quadratic in this tensor. It must

also contain a term that is linear in the charge current. The only possibility is thus:
s=-1 [daxpr Ay jrdt 2.271
=" X v + witd’x . (2.271)

Varying this action with respect to A, and integrating by part, one recovers Eq. (2.250).
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2.7 Accelerated frames

2.7.1 Local rest frame

So far, we have used inertial frames to study the motion of particles. However, as we have seen,
massive particles subjected to external forces will not generally remain at constant speed in a given
inertial frame:

du

A=—=#0. (2.272)
dr

An observer O attached to such a worldline will not be inertial, but we might still be interested in
knowing how she sees the world, i.e. how she makes measurements. This means that we would
like to know how to construct its orthonormal rest frame {é(g), é(1), é (2, é(3)}. For the timelike
direction, we must use its 4-velocity:

eoy=u. (2.273)

This ensures that the time coordinate in this frame is the proper time 7 as measured by the observer
O along her worldline, i.e. that the observer is indeed at rest in this frame. For the spacelike part of

the frame, the observer can pick any 3 orthonormal spacelike vectors € ;), as long as they satisfy:
Vie{l,2,3}, n(u,éu4) =0, (2.274)

so they remain orthogonal to the timelike direction at every point along the observer’s worldline.
Clearly, {é(o), €1).€02).€(3) } is not an inertial frame so it is not related to {e(o), e(1).€(2),€(3) }
via a Lorentz transformation. Generically however, at fixed 7, we can write that the original inertial

frame is given in terms of the non-inertial one at x*(7) via:
ey =N (1)) , (2.275)

where A” () are the components of the map between frames at the specific point x# (1) along the
accelerated observer’s worldline. It is a Lorentz transformation at fixed T but varies from point to

point. Imposing that € 9y = u implies:
No(r) = w(7) = y(r) | 60 + /6% 2276)

where y(7) = dt/dr is the instantaneaous Lorentz factor of O with respect to the inertial frame.

The other components of the transformation are fixed by determining how the spacelike vectors
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change from one event to another along the worldline of the observer. Since the frames at T and
7 +dr are both locally inertial, they must be related by a Lorentz transformation that maps € ) (7)
into €9y (7 + 67). Such an infinitesimal Lorentz transformation is fully charaterised by a matrix
A u(7) such that:

A WA pe = Ny - (2.277)
By developing at first order in dr:
N (1) =6}, + QY dr (2.278)
we find that:
QH = —QHY (2.279)

Thus, the infinitesimal Lorentz transformation is fully characterised by an antisymmetric rank two
tensor:

Q=0M8¢3,)®8éy). (2.280)

This tensor is arbitrary since it is a prescription the observer gives herself to transport her coordinate
system along her trajectory in spacetime. If we demand that spatial vectors of the frames do not

rotate (mix with each other), so that the transformation only affects the plane spanned by u and A:

de
—O _4 (2.281)
dr
dé
O R—— (2.282)
dr
for some constant a;, we see that the only possibility for Q" is:
{QOi =-00=q; = A’ (2.283)
QY =0l =0. (2.284)
In an arbitrary coordinate system, this gives:
QHY =yt AY — AHu” | (2.285)

i.e.:

Q=u®A-AQu. (2.286)
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The basis {é (ﬂ)} thus defined is called a Fermi-Walker transported basis. The associated coordi-
nates, {##} are called Fermi coordinates. Physically, it amounts to fixing spatial directions using
gyroscopes so as to cancel the Coriolis forces in the local frame while keeping the other non-inertial
forces: the spatial frames are in relative translation but not in relative rotation.

Let us now consider a particle £, of mass m and proper time 7, in motion under the influence of
some forces. Let us call its trajectory XH(T) in the inertial frame In the inertial frame. Then, its
4-velocity has components U* = dT in that frame and since Newton’s law apply, we get:

= f*, 2.287
m—r =/ ( )
where f = fHe(y) is the 4-force acting on #. If we now examine the motion of # as seen by the

accelerated observer O, we must write:

dU dU” . ,dé,
T H— 2.2
de ar e(,,) +mU ar ( 88)
do” dr ~,
= |m—+ md—;Q"MU" éw) (2.289)
=f"éq) - (2.290)
Therefore, the dynamics obeys:
dUV oy
f f;nertlal ’ (2291)
where:
ﬁgertial = —mffzv“ U” (2.292)

represents the inertial forces in the Fermi-Walker accelerated frame. Here I' = dT is the instan-
taneous Lorentz factor between the inertial frame of O and the one of #. Clearly, as expected,
Newton’s law is not invariant when going from an admissible observer to a non-admissible, accel-
erating one. The lack of invariance is manifested by the appearance of non-intertial forces, as is the
case in Newtonian physics when going from Galilean to non-Galilean frames.

Note that Maxwell’s equations (2.249)-(2.250) are also affected by going to an accelerated frame.
For example, Eq. (2.250) becomes:

<~ 1 dAg?
o0, F* + —
K u?® dr

[AYAF P + A" FPY| = —poj” (2.293)

Therefore, the laws of electrodynamics would have to be modified to remain covariant in general

frames.
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2.7.2 Example: Rindler observers

To illustrate this, let us imagine that an observer O travels in an inertial frame {e(o)} with coordi-
nates (t, x, y, z), along the x-axis, and with the norm of the 4-acceleration constant equal to g. Thus,
we have:

n(AA) =g, (2.294)

and using the normalisation of the 4-velocity and Eq. (2.216), we get:

2 2
- (uo) + (ul) -1 (2.295)
—u®A° +u'Al =0 (2.296)
2 2
_ (AO) + (Al) —g? . (2.297)
This implies that:
{AO =+ gu! (2.298)
Al =+ gu°. (2.299)
This leads to:
dZu! 21
F =gu , (2300)

Solving this equation and plugging the solution back in A® = +gu!, we get the solution:

{uO(T) =cosh(gT) (2.301)
u' (1) =sinh(g7) . (2.302)

Choosing #(0) = 0 and x(0) = xq, we get:

t(7) =— sinh(gT) (2.303)

1

8
1

x(1) =x9 + — cosh(g7) . (2.304)
8

The worldline is a branch of the hyperbola given by:

1
(x—x0)*—1*=—. (2.305)
8
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I~ g7 <« 1 and we recover the Newtonian parabola. The trajectory is

For small velocities, u
represented on a spacetime diagram in the inertial frame on Fig. 2.6. Notice that observer’s velocity
asymptotically tends to ¢ = 1 both in the past and future. This is a particle coming from infinity at
a speed close to the speed of light, approaching the origin before turning back and going to infinity

at a speed approaching the speed of light.

0.0 0.5 1.0 1.5 2.0 2.5
gz

Figure 2.6: Spacetime diagram in the inertial frame of the motion of an observer with constant
4-acceleration. The dashed grey lines are the lightcone of the observer at the origin of the inertial

frame.

Now, to build the orthonormal rest frame of the observer, we set:
é(0) = u = cosh(g7)e o) +sinh(gr)e) . (2.306)

Then, we pick &2y = e(2) and €3y = e(3). This choice is completely arbitrary; any other pairs



Special Relativity 68

of orthonormal spacelike vectors, even if they rotate with respect to the inertial frame as 7 changes

would have been acceptable. To fix é 1), we require that it remains orthogonal to all the other ones.

Clearly:
éay =a(r)ew) +b(r)eq) (2.307)
will work provided:
{—a(T) cosh(gt) + b sinh(gr) =0 [q (e, e(o)) = 0] (2.308)
—a* () + b3 (1) =1 |n(éy.e(n) =1] . (2.309)
We can thus set:
a(t) = sinh(g7) and b(7) = cosh(g7) , (2.310)
and we get:
é(1) = sinh(g7)e (9) + cosh(gr)e (1) (2.311)

{é(u)} constructed this way provides a local rest frame for the observer along her worldline. A

cursory look at the various expressions give the frame rotation tensor:
QY = xg6'! | (2.312)

as well as the inertial forces present in that frame:

{ o iy =xmlgl! (2.313)
fertiar == mIg0° . (2.314)

For example, a particle at rest in the accelerated frame experiences the inertial force along the & 1)
axis only:
fl = +mg , (2.315)

nertial,rest

as expected.

Let us assume that the observer starts at = 0 at the surface of the Earth and travels out with the
acceleration g = 10 m - s72. After 40 years elapsed on its ship (7 = 40 years, so that g7/c =~ 42),
3 x 10° years will have elapsed in the inertial frame ( = 3 x 10° years)! This is the twin paradox,
which is not a paradox at all. After that much time, it will be infinitesimally close to the speed of

light (in the inertial frame): v ~ tanh(42).
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To conclude, let us imagine that a physicist is at rest in the inertial frame at the origin and emits
light isotropically with pulsation w* in the direction k*. The wavevector of the photons reaching

the observer at proper time 7 is thus:
k = ho'* [e(o) + 13*(7)] , (2.316)
with (straight line between emitter and observer in the inertial frame):
kK“(T) = ey - (2.317)

In its rest frame, the observer receiving the photons would project this wavevector on its attached

basis to get its observed pulsation w(t) and observed direction of arrival k:

hw(t) = -1 (k,é)) (2.318)
ho(1)k' =67 (k, é()) - (2.319)
Here this gives simply:
{w(r) =w*e 87 (2.320)
ki=-¢". (2.321)

Photons arrive to the observer in its direction of motion, with spectral shift corresponding to a

blueshift when the observer approaches the source and a redshift when it goes away; see Fig 2.7.

2.8 Gravitation: the equivalence principle

So far, Special Relativity sets a generic framework to formulate the kinematics of particles and fields
like the electromagnetic field in inertial frames. We have seen how to include accelerated observers
in this framework but, for those observers, like in Newtonian mechanics, the laws of physics need
to be amended by the introduction of inertial forces. As the classical exercise about zero gravity in
the space station orbiting Earth at constant height shows, as long as a gravitational field is constant,
it can always be compensated by applying a constant acceleration and defining a local accelerated
frame in which gravitation is absent. This is a manifestation of the equivalence principle, the first
step in establishing General Relativity by noticing the tight relationship between accelerations and

gravitational fields.
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Figure 2.7: Spacetime diagram in the inertial frame of the motion of an observer with constant

4-acceleration. The color along the trajectory represent the spectral shift (in a log scale).

2.8.1 Einstein’s equivalence principle

The notion of equivalence is intimately related to the universality of free fall for massive bodies. This
universality was ’discovered’ by Galileo and set as a fundamental principle by Newton in casting
his law of gravitation. Let us consider a body of inertial mass m;, in free fall in a gravitational field

@, In Newtonian mechanics, in an inertial frame, its trajectory obeys:
mid = -mg V@, (2.322)

where mg is the gravitational mass of the body. While the inertial mass tells us how the object

opposes the impulse received by a given arbitrary force F, the gravitational mass tells us how the



71 Special Relativity

object reacts to a gravitational field; it is the gravitational charge. There is no a priori reason for
these two numbers to coincide. However, it is an empirical fact that for any object, independently

of its internal constituents, its shape and any other intrinsic properties, the two masses coincide:
m; ~mg . (2.323)

Nowadays, this is one of the best empirically tested statement about the physical world. Using
torsion balances to measure the differential of accelerations between two masses of different com-

position, one can form the E6tvos parameter:

a, —a ma.g[my; —miy g/my;
p=22— Lo 28l T sl (2.324)
a+ai ma.g[my;+myg/my;

If the equivalence principle is valid, we must have 7 = 0. The most recent precision measurement
of this parameter was made by the MICROSCOPE satellite and returned [20]:

me Mg
my g my,;

=[-1 +9 (stat) +9 (sys)] x 1071 (2.325)

between a pair of masses in titanium and platinum. This equivalence has now been extensively
tested between different types of materials, but also for big objects such as the Moon and Earth in
the field of the Sun and it is now also being tested for antimatter at CERN.

Given this level of accuracy it is thus reasonable to assume, with Newton and Einstein, that, at least

up to the precision currently necessary to describe gravitational phenomena:
m; =mg . (2.326)

As a direct consequence of this equivalence, we obtain:

i = -V (2.327)

for any object i, irrespective of its mass, internal composition etc.

In other words, everything ’falls the same way in a given gravitational field.” This leads to:
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It is not possible to distinguish, locally, between a uniform gravitational field g and a uniform

acceleration @ = —g in absence of gravitation.

The situation is best illustrated in the thought experiment of the lift; see Fig. 2.8. We are in an

A A A A

{;

driyr F 3

Y

R/ R’

Y
Y

(a) (b)

Figure 2.8: (a) The lift, materialised by the red box and to which we attach a reference frame R’, is
at rest in the inertial frame R. In that inertial frame, a uniform gravitational field g is present and
A and B are in free fall in R and in R’. (b) The lift is now uniformly accelerated with acceleration
d = —g with respect to the inertial frame R in which gravitation has been turned off. A and B are
now free in R’ and therefore uniformly accelerated in the frame of the lift R’. An observer in the

lift cannot distinguish between the two situations.

inertial frame R, in which we consider two massive objects A and B contained in a lift. An observer
is attached to the lift in the form of a reference frame R’. In the first instance, (a) on Fig. 2.8, a
uniform gravitational field g = —V is present in R and R’ is at rest with respect to R and is thus

itself inertial. Then, Newton’s law applies and:

dajge =dg/g = § (2.328)
so that both objects are in free fall in the lift.

In the other set-up, (b) on Fig. 2.8, there is no gravitational field or any other force acting on A
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and B. They are at rest (or in uniform translation but it is irrelevant here) in R. But now, the lift
accelerates in R, with an acceleration exactly equal to —g, where g is the gravitational field present

in setting (a). Then, once again:
dpjR = dpjRr = —Ag R = § - (2.329)

Therefore, from the point of view of the observer in the lift, there is absolutely nothing distinguishing
the two situations, from a dynamical point of view. By conducting experiments with objects free of
forces, she cannot say if she is at rest in a uniform gravitational field or accelerated in an environment
free of gravitation. Note that this could be formulated in a slightly different way by saying that one
can always cancel a gravitational field g applied in an inertial frame locally by choosing the local
non-inertial frame with acceleration g with respect to the inertial frame. Then, the inertial forces
generated by this acceleration exactly cancel the gravitational field, and in the accelerated frame, free
falling particles actually appear free of force. This is zero-gravity. Why did we insist on the local
restriction to the equivalence principle? Because it is absolutely crucial that the gravitational field
be uniform. Indeed, if the field varies appreciably over the scales involved, e.g. the distance between
A and B in the lift, then we cannot define a unique accelerated frame in which both masses accelerate
the same way; see Fig. 2.9. In other words, acceleration can cancel the value of the gravitational
field at a point but it cannot get rid of tidal effects at that point. This will have a striking implication
in General Relativity. Einstein’s decisive step was to generalise the equivalence principle to any

experiment an observer could carry, not just free-fall ones:

No physics experiment can distinguish, locally, between a uniform gravitational field acting
in the local inertial frame and a uniform acceleration with respect to that local inertial frame.

The local inertial frame is the frame in which the laws of Special Relativity must hold.

In other words, the equivalence principle as understood by Einstein tells us that locally, spacetime
ought to be Minkowski spacetime and the laws of physics ought to be written as the ones of Special
Relativity. However, as the example in Fig. 2.9 illustrates, because of tidal effects, these local inertial
frames will in general vary from point to point and one will have to find ways to ”glue” them together
if one wants a more global picture of spacetime. This is why the concept of manifold introduced in

chapter 3 will become crucial in General Relativity.
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g(B)

g/ /R (A)

Figure 2.9: The gravitational field generated by a spherical distribution of mass is inhomogeneous
in space. If two points A and B are separated by a distance large compared to the typical distance of
variation of the field, then one cannot cancel the effects of the field by choosing a single appropriate

accelerated frame. Rather, one needs to define accelerated frames around both points.

2.8.2 Gravitational redshift

We can already obtain a genuine physical effect from Einstein’s equivalence principle, even in ab-
sence of a full theory: the gravitational spectral shift.

Consider two observers P and Q sitting respectively at the top and bottom of a tall building at the
surface of the Earth, at rest in the terrestrial reference frame R assumed inertial. We will assume
that the height of the building, 4, is much smaller than the Earth radius, R, so that the gravitational
field of the Earth can be considered uniform on the scales of the problem. Each observer has an
atomic clock allowing them to measure their own proper time; see panel (a) on Fig. 2.10. At regular
intervals of their proper time d7p, P sends light pulses towards Q. Can we determine the interval
of their own proper time 67 at which observer Q receives the signals? According to Einstein’s

equivalence principle, this situation is equivalent to the one represented on panel (b) of Fig. 2.10:
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D
Q

Rt >y Rr >y

Figure 2.10: (a) P sends light signals towards Q, in a tower at rest in the terrestrial rest frame Rr.
The Earth’s gravitational field g is uniform on the scales involved. (b) P and Q are embarked in
a rocket moving with a uniform acceleration —g with respect to Ry in which gravitation has been

turned off. According to the equivalence principle, both situations are equivalent.

the gravitational field is turned off and P and Q are at rest in a rocket moving with respect to Ry
with a constant acceleration —g. This means that the reference frame R of the rocket is not inertial.
Note that Einstein’s version of the equivalence principle is required here to asssume that everything
can be translated in this equivalence, including the trajectory of light signals which do not follows
from Newton’s law. In any case, this means that we should be able to do calculations in configu-
ration (b) and translate the results to configuration (a). In order to simplify calculations, we will
assume that the speed of the rocket is much smaller than the speed of light, v < 1, and that the
gravitational field/acceleration is also weak, gh/c? = gh < 1. This allows us to work at first order
in these quantities and neglect Lorentz factors. In particular, we can write that proper times along

the worldlines of P and Q are simply given by the time coordinate in Rr. In Ry, the trajectories of
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P and Q are given by:

1

xp(t) =h + 5gtz (2.330)
1 s

xo(r) =581 . (2.331)

They are depicted on Fig. 2.11. Along light rays, we can write At = +Ax, so that along the ray

4.0

0.5 A

0.0 T A— T t T T T
0.00 / 0.25 TOASO 0.75 1.00 1.25 1.50 1.75 2.00
zo(ti/h)/h  xq ((ti + A1) /h) /b @/ Zp(ATp/h)/h

Figure 2.11: Trajectories of P and Q in Ry for gh = 0.1 for illustration purposes. The red dashed

lines are the light signals emitted at t = 0 and ¢ = §7p by P.

emitted at r = 0 and the one emitted at r = 7p we have:

xp(0) —xg(t1) =t (2.332)
xp(Atp) —xo(t1 +019) =t1 + A9 — ATp . (2.333)

At first order in Atp and A7, this gives:

1
5gtf +1 —h=0 (2.334)

1
h— Egtf — g At =t; + Atg — Atp . (2.335)
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Solving for #; and keeping only leading terms in gh, we get:

ty=h, (2.336)
as expected, which then gives:
Atg = (1 —gh)Atp . (2.337)
——

<1

Therefore, Atg < Atp and light signals are received at shorter intervals at Q than they are emitted
at P.
According to the equivalence principle, this result must apply to the pair of observers at rest in the

gravitational field of the earth. Noting that, in that case, the field @ is given by:
Vb =3 = —géy, (2.338)

we get @ (xp) — @(xg) = —gh, so that choosing ® (xp) = 0 as the reference, we get —gh = @ (h).
Thus:
Atg = (1+D(h)) Atp . (2.339)

The gravitational field affects local measurements of time: if Q knows the emission period by P,
Atp, and measures their reception period, Atg, they will conclude that they have measured fewer
ticks of their own clock than their were on P’s clock between the two emissions. If the two clocks
had been synchronised initially, they will then conclude that time slows down at the bottom of the
tower compared to its top. If Atp and Atg are the periods of an electromagnetic wave as emitted
by P and received by Q, then the result implies that the wave is received at Q with a frequency
vo > vp, i.e. that it is blueshifted. Of course, if the signal is sent from Q to P , by symmetry of
light paths, the signal is redshifted. This was the first prediction Einstein made using his version
of the equivalence principle, before having obtained the full theory of General Relativity. It was
actually instrumental in his thoughts to arrive at this theory, although it was only experimentally

checked many years later [18].

2.8.3 Incompatibility of gravitation and Special Relativity

However, this picture is problematic, as it leads to some inconsistency with Special Relativity. A
way to see it is an argument originally due to Schild. Consider the set-up (a) in Fig. 2.10. P and

Q are at rest in the inertial frame Ry. Therefore, their worldlines are straight, vertical lines; see
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Fig. 2.12 that shows a spacetime diagram drawns in Ry. Light rays emitted by P towards Q ought
to be straight lines with a slope of —7/4 (red dashed lines in Fig. 2.12). The problem is that the

()’s worldline

2 \ .
P’s worldline

/

Q(tl + AT, Q)
A
ATQ \\s\\

| P(arp)

Y \Q(h)

\\\\\ ATP
\\\ ' )
P(0) .

Figure 2.12: Spacetime diagram of situation (a) of Fig. 2.10, in Rr.

parallelogram P(0)P (Atp) Q (¢ + Atp) Q(#) has opposite sides of different lengths: Atp # Atg.
This is completely impossible in Special Relativity and signals that in presence of gravitational

fields, it is impossible to extend an inertial frame over and arbitrarily extended regions of spacetime.
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3.1 Introduction

This chapter is the central part of these notes. It sets the general stage in which the applications of
the next chapters will unfold. First, we define the concept of differentiable manifold and we formu-
late the concept of spacetime in this setting. We will see that the equivalence principle is naturally
embedded in the manifold framework. Then, we define vectors, forms and tensors on manifolds
and emphasize the link between vectors and derivatives. Via the introduction of a metric tensor, we
start to do geometry.

Then, limiting our discussion to the 4-dimensional spacetime manifold of General Relativity from
now on, we introduce parallel transport and geodesics and we show that geodesics are the worldlines
of free-falling particles in spacetime. This leads us to consider where gravitational manifests itself
and we see that it shows up in how neighbouring geodesics move relative to each other; this is the
concept of geodesic deviation which will lead us to Riemann curvature.

Finally, we see how this Riemann curvature is linked to the sources of the gravitational field via the

Einstein field equations.

The first section of this chapter contains some technical points that can be overlooked by the
reader with a physicist’s mind. Such a reader can concentrate on the big picture and assume that
all the technical, especially topological properties that objects need to satisfy for definitions and
results to make sense are satisfied in physics. Appendix A contains some definitions of many of
these concepts for a reader more inclined to follow the mathematics. From the section on calculus,

though, the concepts and methods presented are essential for the understanding of the course.

3.2 The concept of manifold

3.2.1 The basic ideas

Manifolds are an abstract generalisation to objects of arbitrary whole dimensions (this notion of
dimension will be made more precise later) of intuitive notions about curves and surfaces. Gener-
ically, a curve in the three dimensional Euclidean space E° is a set of points that can be locally
parametrised by a single real number ¢, via a triplet of real-valued functions (x(z), y(¢), z(¢)), and

a surface can be locally parametrised by a pair of real numbers (u, v) via the parametric equations
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(x(u,v), y(u,v), z(u,v)). This means that, by continuous deformations, a curve and a surface can
respectively be locally mapped into R and R?: they are locally homeomorphic to R and R?!. A (real)
manifold is simply a topological space that is locally homeomorphic to R" for n € N. Here, the
subtle concept is locality: the homeomorphism that allows to parametrise a curve or a surface in
terms of coordinates usually depends on the point of the curve or the surface considered, it varies
from point to point. Therefore, manifolds, although locally homeomorphic to R", generally differ
from it globally. If this is the case, one may have to introduce several local coordinate systems.
Moreover, the same point of the manifold be described by different coordinate systems that are all
acceptable. These coordinate systems are inessential; they are just convenient ways to describe lo-
cally the manifold itself. Nevertheless, in these lecture notes we will focus on manifolds for which
the change of coordinates can be done smoothly; this will allow for the development of differential
calculus on manifolds.

In order to grasp the main ideas, let us focus on one of the simplest (for our every day life intuition)

manifold: the unit 2-sphere S> embedded in E>. As an object embedded in R, this is defined by:
S?={(x,y,2) eR, X’ +y*+2 =1} . (3.1)

Of course, one can also introduce spherical coordinates (r, 8, ¢) € R, x [0, 7] x [0,2x[ in E3. In
these coordinates, the 2-sphere is simply characterised by » = 1; a very simple equation indeed.
That means that points on the sphere can be labelled by two real numbers (6, ¢) € [0, 7] X [0, 2x],
in agreement with the intuition that a sphere is two-dimensional. Can any point be labelled like
that though? No! These coordinates cover the entire sphere except the poles (6 = 0 and 6 = n),
where ¢ is not even defined?! In essence, this is therefore a local mapping between the sphere and
R?, because it excludes two points. Besides this problem, spherical coordinates on the sphere also
suffer from another pitfall: imagine a point that describes a circle at 6 = cst, starting from ¢ = 0.
The value of ¢ for this point increases gradually until it approaches 2, getting closer and closer
to the position where it started. That means that in a neighbourhood of the great circle ¢ = 0, the
coordinate system is discontinuous. Since we want to develop calculus on objects like the sphere,

and since calculus is essentially based on smoothness, this is a problem. To alleviate this problem,

Amap f : X; — X, between two topological spaces X; and X; is an homeomorphism if it is continuous and
its inverse f -1. X, — X exists and is itself continuous. In these notes, all maps that need to be homeomorphic for

definitions to work, in particular charts, will be homeomorphic.
2Convince yourself of that by writing the transition from Cartesian coordinates to spherical coordinates
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we could decide to let ¢ run in R,, but then the same point on the sphere would correspond to an
infinite number of pairs of coordinates, (8, ¢ + 2kx), for k € Z,.

Of course, there exists many ways (an infinite number actually) to label points on S2. Another
example are stereographic coordinates (X,Y) € R?, projected from the North pole N, for example:

oy (3.2)

X = :
1-z 1-z2

with z2 = 1 — x2 — y2. These coordinates are continuous and even smooth everywhere on S?\{N},
but they are not defined at N. So again, they can only represent the sphere locally, in the sense that
they cannot be extended to every point of the sphere. Therefore, one sees that, in order to label all
the points of the sphere by a set of two real numbers, one necessarily has to use several maps from
S? onto R?. This is a key idea that results from the locality condition mentioned earlier.

The arbitrariness in the coordinate system that allows one to describe the same point of a manifold
like S? by different sets of coordinates is actually one of the reasons why manifolds are so important
in physics, since it is very similar to the principle of relativity of physics that states that the behaviour
of a physical system is independent from the frame used to describe it.

So, what is the key idea to remember? We have hinted at the fact that it is impossible to label all
the points of §? with a single set of two real numbers such that both of the following conditions are

satisfied simultaneously:

(1) ’Close’ points on S? have *close’ values of their coordinates. Rigorously that means that any

neighbourhood of any point of S? is mapped continuously to a connected open set of R.

(2) Each point of S? is represented by a unique set of coordinates.

Nevertheless, we can certainly require that these conditions (1) and (2) be satisfied locally, i.e. that,
around every point p € S?, we define an open set U p» that is mapped continuously onto an open set
of R?. But then, what happens if two open sets U pand U, for p € S%and g € §2, p # q intersect?
Then, in order to define a proper differential structure, we will impose a condition that requires that,
in the intersection U,, N Uy, the coordinate systems attached to U, and U, are linked by a smooth
transformation, ensuring that, on that part of the sphere, the two descriptions of the sphere in terms

of coordinates are compatible and can be interchanged smoothly.

3.2.2 Differential manifolds

We define differential manifolds as follows:
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M is a differentiable manifold (also hereafter manifold) of dimension n € N* iff:
(1) M is a Hausdorff topological space;

(2) there exists a family of open sets {U;}, with i € I (set of indices) which covers M, i.e.
such that | J;c; U; = M;

(3) forany i € I, there exists an homeomorphism ¢; : U; — Ulf C R, Ulf being open,;

(4) given U; and U, such that U; NU; # 0, the map y;; = ¢ o ¢; ' from ¢; (U; N U;) into
¢ (U; N U;) is infinitely differentiable.

The pair (U;, ¢;) is called a chart, and the collection {(U;, ¢;)} an atlas. An open set U; is called
a coordinate neighbourhood and ¢; a coordinate function, or coordinates in short. In R", ¢; is
represented by the set of functions (x] (p),....x"(p)) € R" for any p € U;. This n-uples is also
called the coordinates of p relative to ¢;. This is all illustrated on Fig. 3.1. Anticipating a bit on
our definition of curves on manifolds, we can also understand a local chart as the “knitting” of the
manifold by “threads” (curves) of constant values of the local coordinates; see Fig. 3.2. This image

is at the origin of the name “curvilinear coordinates” that we find in old textbooks.

Let us emphasise that a point p € M exists independently of any coordinate system used to
described the manifold locally around p. The choice of coordinates is arbitrary and is usually deter-
mined by convenience in a specific development. Note that, out of convenience, we will sometimes
use the incorrect notation x = (xl( p),....x"(p)) € R" to denote the point p € M when a coordi-
nate system has been fixed and there is no ambiguity. Conditions (2) and (3) in the definition of a
manifold ensure that M is locally Euclidean, i.e. in any local chart, M looks like an open set of R".

But, we do not require this to be true globally.

If two neighbourhoods U; and U; have a non-empty intersection, then each point of U; N U
is assigned two coordinate systems, ¢; and ¢ ;. The fourth condition in the definition then ensures
that the transition between one coordinate system and the other be smooth (infinitely differentiable).

If ¢;(p) = (x"(p),....x"(p)) = x and ¢;(p) = (y'(p),....y"(p)) =y, the transition function
¥i;(x) = y and we have explicitly that, for any j € {1,2,..,n}, y/(x) is a smooth function of
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Figure 3.1: Schematic representation of local charts on a manifold.
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Figure 3.2: A local chart and the “’knitting” on the manifold by “threads” at constant values of the
coordinates. The piece of surface U is given local coordinates {x!, x>} by the chart (U, ¢). Each
point p on the surface is at the intersection of two curves that are the pre-image of the line at constant
x! (blue dashed) and constant x? (red dashed).
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(xl( p),....x"(p)), that is, each y/ is infinitely differentiable with respect to any x‘3. Of course,
because both ¢; and ¢; are homeomorphism, y;; is also an homeomorphism, and therefore ;bl.‘jl is
continuous; this ensures that the change from x to y and the change from y to x are equally possible
and infinitely differentiable.

Given two atlases {(U;, ¢;)} and {(Vj, W j)} of the same manifold M, if their union is still an atlas of
M, we say that the two atlases are compatible. Compatibility in that sense is an equivalence relation
and its the equivalence classes are called differentiable structures on M. Whether or not a given
manifold M has more than one differentiable structure is a very difficult question. For example, S’
has 28 inequivalent differential structures! Even more strikingly, a space like R* turns out to have
a infinite number of differential structures!

We can now illustrate this definition by a few examples.

The vector space R" for n € N* is the most trivial example of a manifold. In that case, it is
enough to use a single chart covering the whole manifold, whose coordinate function is the identity.
Of course, one can rely on more complicated charts, according to the principle that a manifold is

independent on the chart used to describe it.

In one dimension, there are only two connected differential manifolds: a line (formally identical
to R; see diffeomorphism later) and the circle S'. R is a trivial sub-case of the previous example,
and we can concentrate on S!. If we want to satisfy our axioms, we need several charts, otherwise
we would have discontinuous maps at one point at least (remember our discussion on $?), which

would not be homeomorphisms. S' is defined via: S! = {(x, y) € R, x? +y% = 1}. Let:

U, = {(x,V1—x2),x €] - 1,1[} - ]-11]

, 3.3
¢] p= (X,”l _x2) - X ( )
b Us={(.—VI=D)x el - 11| — ]-L1[ , (34)
p= (V-2 -
— 2 — - -
. Us {(le y%¥),y €] 1,1[} =110 , (3.5)

p=H1-y%y) > y

3The differentiability here is with respect to the usual partial differentiation of calculus on R"
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Figure 3.3: Schematic representation of the atlas (3.3)-(3.6).

and:
Us={(-T= .y el =111} = 1-1L1]
o4 : 5 . (3.6)
p=(=v1-y%y) [ y
The atlas is depicted on Fig. 3.3.
Then, ¢, ¢2, ¢3 and ¢4 are continuous and invertible, and their inverses are also continuous.
Moreover, all the transition functions are infinitely differentiable homeomorphisms. For example:

U, and Uj; intersect and 13 = ¢3 o q)l‘l .10, 1[—]0, 1] reads:
Vx €]0, 1], v13(x) = ¢3 ((x, Vi —x2)) -V1-22, 3.7)

which is indeed infinitely differentiable. You can check the other transition functions as an exercise.



The geometry of spacetime 88

Can you find another atlas for S'?

As another example, we can consider the n-dimensional sphere:

s = {(xo,xl, ") e R, i (') = 1} . (3.8)

i=0

We define 2(n + 1) coordinate neighbourhoods U; as follows: for any i € {0, ..., n},

U = {(xo,xl,...,x")es2,x">0} (3.9)

U = {(xo,xl,...,x")eSz,xi<0}. (3.10)

The corresponding coordinate maps, Vi € {0, 1, ...,n}, ¢y : Uy — R"and ¢, : U;—- — R™ are

defined via:

¢,~+((x0,...,x”)) = (0T

bi_ ((xo,...,x”)) = (0, XX,

Geometrically, ¢;. are the projections of the hemispheres U, onto the plane x’ = 0. Obtaining the
transition functions to verify that they are smooth is a bit cumbersome, but it can easily be done in

low dimensions (ex.: n = 2).

Using stereographic projections, obtain an atlas for S%. Generalise to S™.

As a last example, consider the torus:
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The torus is the set:

2
T? = {(x,y,z) e R’ (./x2 +y2 - 1) +72 = %} : (3.11)

Show that one can define (6, ¢) € [0, 27[* such that:
) 1 1 . 1 .
(x,y,2) €T & x=(1+ Ecosgo)cose ,y=x=(1+ Ecosgo) sinf , z = 3 sing. (3.12)

Represent T2. Often T2 is presented as the Cartesian product S x S!, why?

Why can’t the induced map T2 — (6, ¢) be an atlas? Propose an atlas.

3.2.3 The spacetime manifold of General Relativity

These general considerations on manifolds are quire useful, especially because in General Relativity
we often have to deal with parts of spacetime that are themselves manifolds, or with symmetry
Lie groups, so knowing about manifolds in general is quite useful. But the central feature of the
theory is that spacetime itself needs to be described as a generic 4 dimensional manifold equipped
with a metric tensor. As we saw in the previous chapter, the equivalence principle teaches us that
gravitation is geometry, and that it is a naturally local concept: we can always cancel a gravitational
field locally by choosing an appropriately accelerated reference frame, i.e. an appropriate coordinate
system in which physics is described by Special Relativity. In particular, this means that locally,
spacetime is homeomorphic to Minkowski spacetime: R* equipped with the metric 5; we will see
that it is not sufficient and that an extra condition needs to be imposed on the metric derivatives.
But, if we forget for a moment about the metric, this is exactly what a 4 dimensional manifold is: a

set of points locally homeomorphic to R*. So here it is.

The spacetime of General Relativity is a 4 dimensional differentiable manifold M. A point

of M is called an event.

What of the metric? It turns out to be the important part since it encodes the gravitational field.

But before we can make sense of it, we need to define vectors. Everything that will be defined
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afterwards will make sense for general manifolds. However, from now on, unless otherwise stated,
we will restrict our presentation to the 4 dimensional manifold of General Relativity. When the
word manifold is used without any further details, it will be assumed to be differentiable and 4
dimensional.

Finally, as we have seen, a striking feature of manifolds is that locally, their properties do not depend
on the coordinate systems chosen to cover them. Thus, if we formulate the laws of physics on a
manifold, we should expect them to be invariant under any permissible coordinate change. This is
known as general covariance and we will get back to it later.

Let us fix some notations. Given a point p € M and an open set U around p, local charts (U, ¢)
will define local coordinate systems which will be denoted ¢(p) = (xo,xl, x2,x3) = (x*). In other
words, spacetime indices will run from 0 to 3, like in the special relativistic case, and be referred to

by Greek letters. When restraining the range to {1, 2, 3}, we will use Latin indices instead, usually

from the second part of the alphabet.

3.3 Calculus on manifolds

In this section, we are going to introduce on manifolds the usual notions of calculus and geometry.
The tactics will essentially consists in “localising” everything and, using charts to ’bring down”
objects in R*, where we can rely on our usual techniques. There is one conceptual exceptions
though. As we have seen in the context of Special Relativity, it is possible to think of vectors in R*
as derivative operators, associated with derivatives along curves. This is certainly a bit cuambersome
inR*. But on a generic manifold, this is the only possible way to make sense of the concept of vector!
In a sense, calculus on manifolds ties together geometric concepts like vectors to analysis concepts
like derivatives. As it turns out, this is a deep connection that does not stop with vectors (although

we will only talk about these here).

3.3.1 Functions

A function on a manifold M is a smooth map f : M — R, i.e. that to each point p € M, it

associates a real number f(p) € R. In physics, it is often dubbed a scalar field.
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It is the simplest type of map we can define on a manifold. You can think of it as, for example,
the map that associates a temperature to a point at the surface of the Earth. Such an example is
displayed on Fig. 3.4 in colour: each point is coloured according to its temperature and the function
T : S — R maps points on the sphere to points on the real line, here represented by the colour bar

at the bottom. If we introduce coordinate charts then such functions on manifolds can be viewed,

o
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o
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=
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42 48

Figure 3.4: A function associating temperature to the surface of a sphere.

locally, as usual functions on R*. Let (U, ¢) be a chart around p € M and f : M — R a function.
Then fog¢~! : R* — Risausual function on R*. If we call x* the coordinates of p in the chart, then
f(p)=f (7' (x#)) = f (x%x',x%,x3), where we used the usual physicists’ abuse of notations to
write the last equality. Thus f o ¢~! is just a regular function on R* for which we can define partial
derivatives etc. The adjective “smooth” in the definition above refers to the fact that in any local
chart, f o ¢~! is smooth in the usual calculus sense (at least twice continuously differentiable for
us, more usually just infinitely differentiable). This will be the case throughout from now on.

Often, when the chart is not ambiguous, physicists tend yo forget about ¢! and simply write f(p) =
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f(x#). This is confusing and horrible but permitted as long as we keep in mind what we really mean!
We will denote by 7 (M) the set of all smooth functions on the manifold M. One can check, as an

exercise, that functions are invariant under coordinate transformations.

3.3.2 Curves

The objects we need to understand next are, in a way the inverse of functions: curves.

A parametrised curve on a manifold M is a smooth map ¢ : I € R — M which, to any real
number A € [, called a parameter, associates a point on M, ¢(1) = p.

The image c([) is called the unparametrised curve or simply curve described by c.

The situation is represented on Fig. 3.5.

There is a bit of ambiguity here as we called the map ¢ between R and M the parametrised
curve while ¢(7) is simply the curve or unparametrised curve. This is simply because one can
always choose a different parameter o € J C R via a change of parameter, i.e. a bijective map
W : I — Jsuchthat o = (1). Then, we obtain a new parametrised curve ¢’ = ¢ o ¢~! with
¢’(J) = c¢(I): both maps describe the same unparametrised, geometrical curve on M. This ability
to reparametrise curves will be important later.

Given a local chart (U, ¢) assumed to cover the whole curve# for each point on the curve, we have
coordinates: ¢ [c(1)] = x*(A) so that the map ¢ o ¢ : I — R* is the parametric equation of the

curve.

3.3.3 Vectors

We are now ready to take the next step and define other geometrical objects such as vectors, covectors
and tensors. We already know the notion of a vector in E" as ’an arrow’ pointing from one point

to another, and, more generally, as the elements of a vector space. Of course, on manifolds, this

4If it were not the case, we could just study the part of the curve covered by the chart and move from chart to chart
along the curve in the appropriate way. This would introduce some complication involving transition maps between
charts but it would not affect the arguments here. As a matter of fact, this is a general remark in what follows: we will
liberally use purely local arguments, assuming that the extrapolation to global ones is made of straightforward algebraic

manipulations. This is not always true, but in this course, it will be.
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Figure 3.5: A curve ¢ defined on the manifold M.

is a bit trickier: how would one draw such a straight arrow on the surface of a sphere? One could
select two points on the sphere and join them by an oriented arc; but which one? That would be the
closest analogy, of course. But that is not how things are done in differential geometry, although
the two descriptions might prove equivalent if analysed carefully. Locally, spacetime manifolds are
homeomorphic to R*, which is a vector space, so that should provide the structure we want to define
vectors. And indeed, we shall define a vector at a point p in a manifold as the tangent vector to a
curve on M that passes through p.

Letc : I € R — M be a curve on the manifold M, where I =]a, b[ is an open interval of R.
Let p € M be on the curve and suppose, for simplicity, that p = ¢(0). By definition, we can use a

given chart (U, ¢) with p € U such that, locally, any point of ¢(]a, b[) that is in U is mapped onto
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(x%(2), x1(2),x*(1),x3(2)) where A € I is the parameter along the curve. This defines the map
¢ oc :la,b[ — R* Now, for any smooth function f : M — R such that c is in the domain of
f, we can define the function F = f o ¢~! from R* into R. The action of f on points of the curve
c(]a, b[) is given by the map f o ¢ : R — R which is differentiable by construction. By writing
foc=fop ' ogpocweseethat:

VA €la, b[, ¢(d) € U, f(c(1) =F (xo(/l),xl(/l),xz(/l),x3(/l)) : (3.13)

and therefore:
_yoF
B OxH

u=0

df(c()
da

dx* ()
(x0(0).x1(0).x2(0).x3(0)) 44

(3.14)

A=0 1=0

At this stage, it is convenient to introduce Einstein summation convention like we did in the chapter

on Special Relativity, so that we may write the previous relation:

df(c()) _ oF dxH (1) (3.15)
dl - lizo 9% {(0(0)x1(0).x20) 3 0) Lo
The right hand side of this formula defines a map:
dxH 0.
et (3.16)
2 1120 0% |y c(0))

that acts on functions f o ¢~! and returns a number. By ’lifting everything up’ on the manifold,
i.e. by defining the map Wy : F(M) — F(R") such that W4 (f) = f o ¢~ !, this defines a map
X, =XoW¥s: F(M) — Rdefined on the set of functions on M and returning a number:

df(c()

, 3.17
a1 @G.17)

=0

Xp(f) =

that is, the directional derivative of f along the curve c at p. In what follows we will not bother with
the difference between X, and X. Effectively, this amounts to identifying the tangent space (see
below) and the copy of R* used to define the local chart. It is not quite correct, but it is sufficient
for our purpose. The map X, : F(M) — R thus defined is called the tangent vector to the

curve c at p associated with the parameter A. The previous relation shows that the expression of the

. . . . . H
tangent vector in a given coordinate basis is X, = ddi/l 9

o . Denoting XZ = % ,and
=0 #(c(0)) =0

abusing notations once more (replacing ¢(p) by p in the partial derivatives), we get the expression

of a vector in a given chart:
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(3.18)

The X ;,‘ ’s are the components of the vector X, in the coordinate chart chosen.
As one can see, tangent vectors are derivative operators acting locally on functions defined on
the manifolds. This is actually what we need to define vectors in general, irrespective to the curves

they are tangent to:

Let M be a manifold. Let p € M. A tangent vector at p is amap: X, : ¥ (M) — R such
that:

(i) V(f,g) € F(M)*, V(a,B) € R*, Xp [af +Bgl = aX, [f]+BXplg];

(i) V(f,8) € F(M)*, Xp[fg]l = Xp[f1g(p) + f(p)Xp[g] (Leibniz rule).

Note that in (ii), the operations between functions is a standard product, not a composition. These
two conditions are the standard ones required to define differential operators. The set of tangent
vectors at p is denoted 7}, (M). It is called the tangent space of M at p. If one supplements T}, (M)

by the addition of vectors and the multiplication of vectors by real numbers according to:

VEeFM) , V(Xp,Yp) €Tp(M), (Xp +Yp)(f) = Xp(f) +Yp(f) (3.19)
VfeF(M) . VAeR, VX, € T,(M),(AX,)(f) = X, (f), (3.20)

one simply constructs a vector space (show it), which, a posteriori, justifies the name of a vector
for elements of 7}, (M). It is simple to see that vectors defined as tangent to curves indeed obey the
definition of vectors we just gave (by linearity of the directional derivative). But, is the converse
true? That means, can one write any tangent vector at p, Xp, in coordinates as a derivative along a

curve:
Xp[]=Xx—| 2 (3.21)

The answer is yes, but it is quite tricky to prove so here we will admit it. This being the case, we

see that 7}, (M) is a vector space of dimension 4. Indeed, the vectors a% are themselves tangent
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Figure 3.6: A curve parametrised by A and its tangent vector at a point p in red. The tangent space

is represented in grey and is identified to the copy of R? used to define the chart. The subscript p

has been omitted for the canonical basis to ease notations.

to the coordinate axes by definition so they are clearly linearly independent (a'“;T]:, = 0 for all f
implies a* = 0; just take f = x* varying p to show it) and they generate 7, M according to what

we just said. Thus:
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Canonical basis of 7, M

Once a local chart has been chosen, the vectors:

0
€(u)p = Dk

, (3.22)
p

for u € {0, 1,2, 3}, form a basis of T,,M called the canonical basis.
Note that the partial derivatives have to be understood as keeping all the other coordinate fixed

by definition:
of _of

—_— = 3.23
ox0  9x0 (3-23)

b
(x!,x2,x3)

etc.

The situation is illustrated on Fig. 3.6 in the two dimensional case. An important property of vectors

is the way their components are affected by a change of coordinates on the manifold:

Transformation of the components of vectors under coordinate changes

Let X, € T,(M). Since T, M is a vector space, given two local charts x* and ¥, it has two

J
} and {axu
p

. d
different bases, {W

}, and we have:

p
0 -, 0
X, =X—| =X 3.24
p P gxm » P oxv » ( )
Then:
vv € {0,1,2,3} XV—‘%VXH (3.25)
v 9 b} }) 9 P_ (9)(:“ P .

Indeed, consider the curve ¢ :]Ja, b[— M that has for tangent vector at p X,,. We denote by
(x%(2), x1(2),x2(2),x3(2)) = (¢oc)(11), coordinates in the chart (U, ¢) and (¥°(2), %' (1), ¥(1), %3 (1)) =
(¢ o ¢)(1), coordinates in the chart (V, ¢) with ¢(p) = (x°(0),x'(0),x%(0),x3(0)) and ¢(p) =
(#°(0),%'(0),%2(0),%%(0)). Given any f : M — R defined along the curve locally around p, we
have, by definition:

(3.26)

0
XUl = X5z (Fee7!) Wl
p
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Since we have seen that: (f o ¢~ 1) (x%,x!,x%,x%) = (f o o™ H(&°, %1, 5%, %), we get:

0
X[/ = Xy (Foe™) (@5 2.%) (3.27)
* #(p)
ox” 0 1) 20 <1 <2 -
P ok I (Foe!) @528 (3.28)
X ¢(p)
But since in the (V, ¢) chart, we have:
-0 N ) ol o
Xp[f]= Xy (foe!) @2 (3:29)
* ¢(p)
and these equalities have to be true for any f, the result follows:
S 0x”
v _ yH
X, = P (3.30)

The union of the tangent spaces at every point of a manifold M is called the tangent bundle of
M, and is denoted T M:

™= T,M. (3.31)
PEM

If a vector of 7, M is assigned to each point p of the manifold M in a smooth way, the result is a

vector field:

Vector field

A vector field on a manifold M is a map:

X:{M - M (3.32)

p = X,eT,M

such that X is smooth.

In other words, X is a vector field on M iff X(f) € F (M) for any f € F(M). Given an atlas,
one also speaks of the components X# of a vector field by identifying them to the components of
X(p) = X, in the local chart for every p. Therefore, the components of X are functions. In a
given coordinate system, the vector fields e,) = % are to be understood as the fields of partial
derivatives at every point locally. Therefore, they are a basis of vector fields and we can write vector

fields in a chart:
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X=Xey) = X“a;i# , (3.33)
where the X#’s are functions on the spacetime called components of X in the canonical basis asso-
ciated with the chart.

The set of vector fields on a manifold M will be denoted X (M).

In the notes, we will work with vector fields rather than vectors and, to simplify notations, we
will often omit the localisation ay p unless stated otherwise.
Finally, let us note that it is sometimes useful to define bases of the tangent spaces and of the vector
fields that are not canonical, i.e. not associated with a coordinate system, {€ )} fora € {0, 1,2,3}.
Note that we use a Latin letter from the beginning of the alphabet to retain the possibility that these

vectors are not associated with coordinates. These vectors (fields) define a coordinate system iff:
V(a,b) € {0,1,2,3}%, [é(a). é )| =€) b) — é1)8(a) =0, (3.34)
where this needs to be understood using a function f, as:

ew) (8w)(f) =éw) (6w)(f)) » (3.35)

i.e. as saying that differentiation along the curve tangent to é ;) and then along the one tangent to
ép is the same thing as differentiation along the curve tangent to é 4 and then along the one tangent
to €p. The direct implication is trivial but the converse is a bit trickier to prove; we will admit it

here. The brackets [-, -] are known as the Lie brackets.

3.3.4 Cotangent space

Since T}, M is a vector space, we can define its dual, consisting of the linear maps defined on 7), M,

sending it to R; see appendix A:
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Let M be a manifold and p € M. The cotangent space at p is the vector space, denoted T, M,

of linear functions:

oM — R
Wp (3.36)

X, = wp(Xp).

A vector of T, M is called a dual vector, a covector or a cotangent vector, sometimes a one-form or
even a covariant vector at p. The simplest example of a one-form is provided by the differential of

a function at p, df),. Letting f : M — R, itis defined via:

d
VX, € T,M,df,(Xp) = X, [f] = X};‘aT]; : (3.37)
p

where, for simplicity, we have again replaced fo¢~! by f, where ¢ is a local coordinate function. In
terms of these local coordinates, remember that we have a coordinate basis {e ()} = {% } for T, M
(up to identification with 7),R" via the pushforward of ¢). Therefore, we can define a canonical dual
basis associated to {e )}, that is a basis of 7, M (up to identification with 7,R" via the pullback
of ¢; see appendix B), usually denoted {w("‘)} = {dx#} in this context, and characterised by:

dxH (aav) =M, . (3.38)
X

In this basis, any differential has components (df), given by:
df, = dfudx" . (3.39)

Therefore, we have:

0
Afp(Xp) = (dfude®) (XV s

df X" .

J=apxa (L) (3.40)

Hence, by identifying with the definition:

af

v 0,1,2,3},df, = —
ueq } f,u ax/‘p

(3.41)
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In general, any one-form w), is written, in a local coordinate system, w, = w,dx", and the action

of this one-form on vectors at p is given, in coordinates, by:
wp(Xp) = wuX), . (3.42)

If, instead of a canonical basis in 7, M we use a non-coordinate basis {e(a)}, we can of course
define its dual basis in T7*M, {w(“)} such that:

0@ (ep)) = 6% . (3.43)

All the previous results carry forward trivially.

We can also define an inner product between one-forms and vectors at a point:

() { IpMxT M= & (3.44)

(wp, Xp) = <“’p’Xp> = wp (Xp)

If we now consider a change of coordinate on M at p, taking two charts (U, ¢) and (V, ¢) with
p € UNYV, we must have, for a one-form w € T, M: (forgetting the index p from now one to
simplify notations):

w = w,dx" =o,dx", (3.45)

where we have noted (x*) the coordinates in ¢(U), and (¥”) those in ¢(V), and similarly for the

associated canonical dual bases. Then, we must have:

w(X) =w, X" =0,X" . (3.46)
Since XV = %f{”, this leads to:
oxt o, o, 4
w”éi"x =0,XV, (3.47)

and therefore, under coordinate changes, the components of one-forms transform as:

ox”

V/J € {0, 1,2,3}, wy = w,,a)Tu .

(3.48)

The set T°M = Upe m Ty M is the cotangent bundle of the manifold M. Similarly to what

happens for vectors, we can define one-form fields as follows:
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One-form field

A field of one-forms (or field of covectors) is an application  : M — T*M that associates
a one-form w € T, M to any point p € M smoothly. Then, each component of a one-form

field, Q, (p) is a function.

The set of one-form fields on a manifold M will be denoted Q(M).

3.3.5 Tensors

At any point p of a manifold M, we now have two vector spaces, 7, M and its dual T;M, therefore,

we can define tensors as usual on vector spaces; see appendix A:

~EED

A tensor of order (r, s) € N? at p € M is a multilinear map:

TIMX . XTAMXTyMX o XTy M — R
T: r times s times (3.49)
(0!, ....0", X1, ... Xs) - T(ol,.. o X1, ..., Xs)
In the local coordinate basis and its dual, we get:
T =T1HHr 0 ®..® 9 Qdx" ®...@dx"™ (3.50)
Vievs o & @ o , .

where the T#!-#r,, , are numbers called the components of the tensor T in the coordinate basis.

Then, for any r one-forms and s vectors:

a % V.
T(a)l, @ X1, Xg) = THIH (ﬁ ®..0 i Qdx" ®...®dx S)
whde, et x7 0 xr 2 (3.51)
u ) ) )7 ] laxv7 ) S axv

0
i)

0
—  THI---Hr L gy M 7 Ay M
= THH ((wﬂdx )(axm)x...x(wkdx )(0x

0 0
de"‘(Xl"W) X ...xdes(X;’axv)) (3.52)

= T'“l""“’vl___vsa),ﬂl...a):er;"...XSVS . (3.53)
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Note how the Einstein summation convention is making our life easier! The set of tensors of order
(r,s) € N? at p € M is a vector space (can you show it?), denoted T ,M. Again, we denote by
TEM =Upem Ty, , M and we call it the tensor bundle of order (r, s). We can then define a tensor
field of order (r, s) by the smooth application: T : M — T M such that T (p) € T] , M. The set
of tensor fields of type (7, s) on a manifold M will be denoted 7;” (M).

What kind of tensors are functions, vectors and one-forms?

Finally, we can give the law of transformations of the components of a tensor by a local change of

chart:

LetT € T{ ,Matp € M. Let (U, ¢) and (V, ¢) be two local charts at p with p € UN V.
Noting (x*) = ¢(p) and (¥¥) = ¢(p) respectively, the components of the tensor 7 in the
chart ¢ are given, in terms of the components in the chart ¢ by:

oxHt OxHr 9x1 OxCs

TH1-Hr =
Y OxPL  OxPr OXV1  OXVs

TP ooy (3.54)

1eeaVS

The proof is similar to the ones given for vectors and one-forms and is left to the reader.

Often, especially in the physics literature, the indices of the components of a tensor that are "up-
stairs’ are called contravariant, because, in a local coordinate change, they transform the opposite
way, compared to the basis vectors, whereas the indices ’downstairs’ are called covariant, because
they transform the same way as the basis vectors. The law of transformation of tensor components
under a local change of chart is very important as, when given a multilinear function, it allows one
to test if it is a tensor: ’if an object carrying indices transforms like a tensor, it is one, if not, it is not’.
If such an object only transforms like a tensor under a subset of coordinate transformations, then it is
called a tensor "under these transformations’. Also note that, according to the law of transformation,
if the components of a tensor are zero in a given chart, then they are zero in any chart, which means

that the tensor itself is identically zero at the point of the manifold considered.

Finally, let us note a very useful property of tensors, illustrating it with a (1, 1) tensor. In a given

local basis on T, M, e (4), and its dual basis ®@ in T, M, the components of a tensor T' € Tl1 p are
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given by:
Tab = T(a)(“),e(b)) . (355)

The proof of this statement is a good exercise left to the reader.

3.4 The metric tensor

3.4.1 Definition

In General Relativity, there is a tensor that plays a very important role, as it carries the degrees
of freedom associated with the gravitational field: the metric tensor. As we have seen, in Special
Relativity, geometric quantities such as distances, time intervals, length of vectors and angles are
determined via a bilinear map 5 defined on vectors, that we called the Minkowski metric tensor.
Besides, the equivalence principle led us to state that locally, in a suitably chosen coordinate sys-
tem, namely in a local inertial frame, the properties of spacetime must reduce to those of Special
Relativity. This means that on our spacetime manifold M, we must have a (0, 2) tensor field acting
on vectors in tangent spaces which, locally, can have the same components as 7 in a suitably chosen
coordinate system. This tensor is the metric tensor.

The interest of this new structure is threefold. First, it will allow one to define the scalar product of
two vectors in the same tangent space, thus enabling one to talk about length of vectors and angles
between vectors at the same point in spacetime. Second, it will also allow us to fix very nicely a
‘natural’ way to compare vectors and tensors at different points of the manifold. Finally, it will
define a natural inner product at a given point of the manifold, allowing one to obtain the standard
identification between T, M and its dual, i.e. leading to a very convenient identification between

vectors and one-forms.

Let M be the spacetime manifold. A pseudo-Riemannian metric g on M (or simply a metric
tensor g on M) is a tensor field of type (0, 2) (bilinear form) which satisfies the following
properties at any point p € M:

(1) Symmetry: Y(U,V) € X(M), g(U,V) =g(V,U);

(i) Non-degeneracy: if forV e X(M), VU € X(M),g(U,V) =0,then V = 0.
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Therefore, locally, a pseudo-Riemannian metric is a symmetric non-degenerate bilinear form. Note
that a pseudo-Riemannian metric is not necessarily positive-definite: there might exist vectors V # 0
such that g(V, V) = 0, something we are familiar with from Special Relativity.

In a local chart, we can write>:
g = g dx* ® dx” (3.56)

Since the gy, ’s form a real symmetric matrix, the associated eigenvalues are real. Since g
is pseudo-Riemannian, some eigenvalues can be negative®. It turns out that the number of neg-
ative eigenvalues is called the index of the metric and is an intrinsic property. If this number
is equal to one, one speaks of a Lorentzian metric, like in the case of the metric of spacetime
in Special Relativity. This is the case we are interested in. It is always possible to choose a
local coordinate system such that, locally, the metric may be written as a diagonal matrix with
+1 as eigenvalues. This means that, locally, one can always find a coordinate system such that
Suv = NMuv = diag(—1,1,1,1) (Minkowski metric). Actually, to encode the equivalence principle,

we will need a little bit more:

At any event C € M, we can find local coordinates X* such that:

g|c = NuvdX* @ dX”, (3.57)
and:
Vgv.p) € {0.1.2.3)%, 28 0y 0 (3.58)
:u’ ’p bt ] 9 6Xp - . .

The associated frame is called a local inertial frame at C. In this frame, the laws of physics

are those of Special Relativity.

We will come back to inertial frames later in greater details. Special Relativity relied on the ex-
istence of a specific class of frames, called inertial frames, which were related to each other via
specific transformations, the Lorentz transformations. In General Relativity, inertial frames will
play a role, essentially by the mere fact that they exist. But by the very nature of a manifold, all

coordinate systems are treated on a equal footing. This is general covariance. It means that all the

SNote that we will mostly work in coordinate frames. However, everything can be rewritten in non-coordinate frames

by the appropriate change of notations.
SNote that in any case, the eigenvalues must be non-zero because the matrix has to be non-degenerate, and invertible.
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laws of physics will have to be written in a form that remains the same in every allowed coordinate
system. We will get back to this later. For now, we can just check that under a generic coordinate

transformation, x# — %# the components of the metric tensor transform as:

oxP Ox”

guv()z) = @ngd(x) . (3.59)

3.4.2 Classification of vectors

In the same way as in Special Relativity, vectors at p can then be given a ’length’ via the scalar

product interpretation of the metric. Let X be a vector field. Its length function is given by:
L*(p) = g (X, X) = gun X" X" . (3.60)

Because L? is a function, its values are invariant under a coordinate transformation therefore, we
can evaluate them in the local inertial frame at each point and conclude that 7), M has the same

causal structure as Minkowski spacetime.

Let p € M and X € T, M be a vector at p. Then:
e If 2(X, X) <0, then X is timelike;
e If g2(X,X)=0and X # 0, then X is lightlike or null;
e If g(X,X) > 0, then X is spacelike.

A curve tangent to X at p is either timelike, lightlike or spacelike at p depending on the case;
see Fig. 3.7.

Note that we will say that two non-zero vectors are orthogonal iff g (u,v) = 0.

Remember that in Special Relativity we could pick a time orientation by picking a unit timelike
vector. Then, this time orientation was preserved under orthochronous Lorentz transformations. In
General Relativity, a time orientation can also be specified but only locally. If we want it to extend

to finite regions of spacetime, it needs to involve a timelike vector field, i.e. a vector field that is
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Figure 3.7: Local causal structure at p € M. Vectors in T, M are either spacelike (blue), timelike
(red) or lightlike (green lightcone). The curves tangent to them are then also spacelike, timelike or
lightlike at the point p. In local inertial coordinates, this structure is exactly identical to the one in
Special Relativity (bottom). The lightcone that determines the local causal structure of spacetime

changes from point to point a priori. It looks like a +7/4 cone only in the local inertial frame but

its shape is coordinate dependent.

timelike across the entire region. Let u be such a vector field with:

VpeU, gp(u(p),u(p)) <0. (3.61)

Then, u defines a time-orientation on U and:
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e V timelike or lightlike is future-directed in U iff g (u,V) < 0;
e V timelike or lightlike is past-directed in U iff g (u,V) > 0.

This follows from evaluating the scalar product in the local inertial frame.
As an application, consider two points p and p + dp on the manifold, such that both belong to
the same local chart (U, ¢). They have coordinates x* and x* + 0x* respectively. Let us consider a
curve C through both points and assume that they are infinitesimally close. Let f be a function on
M. Let A be a parameter along the curve with tangent vector V:
d

f_
=V (3.62)

If, to go from p to p + dp, one needs a change in A given by d4, then, we can define the tangent
vector at p:
dp=dAVeT,M, (3.63)

which is tangent to the curve C by construction. We note that:

dp(f) =daV(f) (3.64)
_ 4
_cua =df(Q) (3.65)
=f(p+dp) - f(p), (3.66)

which shows that dp is independent of A and only depends on the points p and p + dp. We call it

the infinitesimal displacement between the two points. In the local chart, we get:

dp(f) =f (x* +oxt) — f (x¥) (3.67)
_Of < u
—(,)x—#dx , (368)
so that we can write:
dp = 6x“e(,,) . (3.69)

Now, we can calculate the ’length’ of the infinitesimal displacement:
ds* =g (6x"'e () ox” e v)) (3.70)

=g (e(ﬂ),e(y)) oxHox” (3.71)
=guvoxtox” , (3.72)
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which represents the square of the length of the infinitesimal displacement. This defines the space

time interval:

ds? = g,ydxtdx” . (3.73)

Be careful that in this expression, dx* is not the canonical basis one-form.

3.4.3 Metric duality

Let us see another useful property of the metric tensor. Ata point p € M, given a vectorU € T, M,
the induced map g(U, ) : T, M — Risclearly linear, and it is a one-form: wy = g(U, -) € T,M.
Hence, the metric g naturally introduces an isomorphism between 7, M and T, M: to any vector
U € T, M, we can associate uniquely a one-form g(U, -) € T, M". In terms of coordinates, this
is used to ’transform’ contravariant indices into covariant indices. In a local chart (U, ¢) around p,

we can write: X = X" e(,) and g = g, dx* ® dx”. Then,

wx =g(X,.) =g X'dx¥ e T;M. (3.74)
Then, by writing
wx = wydx", (3.75)
we get:
Wy = guyXH . (3.76)

Usually, when there is no confusion possible, this is noted w, = X,. This can be generalised to
tensors of arbitrary orders, e.g.:
Tyv = gﬂngO'Tp(T > (3.77)

allows to transform T' = T#” e (,) ® e (), tensor of order (2, 0), into a tensor of order (0, 2). Because
the map between 7), M and T, M is an isomorphism, it has an inverse which associates a unique
vector of T, M to any one-form. By identifying the components g, with the entries of an n X n

matrix, we can then construct an inverse matrix, denoted g#” such that:

"To see that it is an isomorphism, note that it maps the basis vectors e () = axi;, onto a basis of T;M.
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Inverse metric

8up8”” =6", . (3.78)
This defines a (2, 0) tensor acting on one-forms and called the inverse metric:

o0
OxH ~ oxv '

g l=g" (3.79)

Then, it is easy to see that, given a one-form w, the vector associated with it via the isomorphism

between 7), M and T, M is given, in terms of coordinates, by X = w*e ) such that:
ot =g"w, . (3.80)

Hence, the natural isomorphism also allows to transform covariant indices into contravariant ones.
And this extends to tensors of arbitrary orders in the same way as before. This is why physicists say

that indices are lowered and raised using the metric and its inverse.

3.4.4 The metric in the weak field limit

For pedagogical reasons, we will introduce here the metric tensor associated with a weak gravita-

tional field. This result is rigorously derived in subsection 5.2.3.

Metric of spacetime in the Newtonian limit

In presence of a weak, slowly varying, Newtonian gravitational potential @y (x*), there is an

orthonormal coordinate system (7, x, y, z) for which the metric of spacetime takes the simple

form, at leading order in @ :
g=—(1+20pN)dt@dt+ (1 - 2®y) [dx ®dx +dy ®dy +dz ® dz] . (3.81)
The line element is then:

ds? = — (1 +2®p) df? + (1 - 2®y) §;;dx'dx’ . (3.82)

In this framework, every quantity must be understood as being valid at first order in @, so that

they must all be expanded at first order in terms of the potential or its derivatives. In the remainder
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of this chapter, we will see that it gives a good description of Newtonian gravitation in a General
Relativistic language. This will help us illustrate the concepts and techniques of General Relativity

in a familiar context.

3.5 Kinematics

The trajectories of particles, massless or massive, follow quite naturally from their counterparts in
Special Relativity. Most defining properties listed in section 2.5 will remain valid provided one

substitute g for 7 in the definitions.

3.5.1 Lightlike curves

Massless particles such as photons follow lightlike curve:

Lightlike curve

A curve C c M is lightlike iff its tangent vector field is lighlike. This property does not

depend on the parametrisation. Given ¢ : 1 € R — ¢(1) € M such a parametrisation, this

means that the tangent vector field k(1) = % = kH a% satisfies:

g (k. k) = g k"k” =0.. (3.83)

All lightlike curves through a point p € M are tangent to the local lightcone of Fig. 3.7.

3.5.2 Timelike curves

Massive particles follow timelike curves:

Timelike curve

A curve C c M is timelike iff its tangent vector field is timelike. This property does not

depend on the parametrisation. Given ¢ : 1 € R — c¢(1) € M such a parametrisation, this

means that the tangent vector field U(A1) = % =U* % satisfies:

g (U, U) =g, U'U” <0. (3.84)
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All timelike curves through a point p € M point inside to the local lightcone of Fig.3.7. As in the
special relativistic case, there is a preferred parametrisation along timelike curves: the proper time

measured by the particle/observer along the timelike curve:

Along a timelike curve C C M parametrised by A € R, the proper time 7 is defined by:

dr =v/—g (U, U)dA (3.85)

=8y UFUYdA (3.86)

/ dx* dx”

For A = 7, writing u = d% for the tangent vector, we see immediately that g (u,u) = —1, so that u
is a unit vector. It is called the 4-velocity of the particle along its worldline C. The 4-momentum of

the particle is then just p = mu, so that we still have:
g(p,p) = gup"p”’ =-m". (3.88)

3.5.3 Observers and observables

We will call observer any object whose worldline is a timelike curve parametrised by its proper time
7. In this subsection, we will present the tools necessary to understand what quantities an observer

measures locally.

Simultaneity and local rest state

Consider an observer O with 4-velocity u = u“% and proper time 7, along a worldline £. In
order for O to give a time to events along its worldline it is enough for them to pick a reference time
at which they can set 7 = 0 and then to count the proper time elapsed from this event to any other
event. But what of events outside their worldline? Then in relativity, there is no unique way to say.
One way though, is practical because it is operational: it can be done in real experiment. Consider
that the observer O, in addition to a clock measuring proper time along their worldline, also has
the ability to shoot light rays and to receive them. Consider an event A € L along the observer’s

worldline, at proper time 7, and P € M that is not on L. At a (proper) time 7| along their worldline,
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O sends a light ray towards P. Upon receiving it, P reflects (say with a mirror) this light ray towards
0, so that it is received at 7, along £; see Fig. 3.8. We assume that light rays are not affected by

anything but gravitation: they are free-falling. We define:

Einstein’s simultaneity

P is said to be simultaneous with A iff:

(3.89)

Figure 3.8: The distant event P is connected to O’s worldline by two light rays (in green here): one
emitted by O at its proper time 7, and the other one received by O at 7,.P is simultaneous to and

event A along O’s worldline iff the proper time at A is (71 + 12) /2.

This definition is purely local: it depends only on time measurements along the observer’s world-
line, without involving anything evaluated at the distant event P. The set of all events P € M

simultaneous with A € £ forms a hypersurface through A. It is the simultaneity hypersurface of A
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for O. It is orthogonal to £ and is thus spacelike. Indeed, let us consider that P is infinitesimally
close to A so that they can be connected (in 74 M) by infinitesimal displacements. By construction,
we have 71 —7 = 7 —1 = 67. The infinitesimal displacement between A| and A is d7u, and so is the
one between A and A,. Let k; be the lightlike vector connecting A; to P and k; the one connecting

P to A,. By defining d the vector connecting A to P, we have:
ki =6tu+d (3.90)
ky =6tu—d . (3.91)
Since g (k1,k1) = g (ka, k) =0, we get:
{ —(61)* +g (d,d) +267g (u,d) =0 (3.92)
—(67)* + g (d,d) - 267g (u,d) =0, (3.93)

which implies that g (u, d) = 0 and d is thus spacelike. Therefore, the simultaneity hypersurface of
A for O is orthogonal to u at A. Vectors tangent to it at A are spacelike. The set of such spacelike
vectors orthogonal to u at A is a vector subspace of T4 M called the local rest space of O at A,

denoted Rp(A). Then, the tangent space T4 M naturally splits into a direct sum:
TaM = Span(u) & Rp(A) . (3.94)

Given any vector V at A, it can always be decomposed into a part tangent to u, V)|, and a part

orthogonal to it, V., by using the orthogonal projector onto the rest space; see Fig 3.9:

Pr=Id+uQ®u”. (3.95)
In terms of components:
Pr#, =6, +utu, . (3.96)
You can check that:
V,=Pr(.V) (3.97)
{V” =V-V,. (3.98)

In the same way as T4 M splits into a direction along u and the rest space according to a direct

sum, we can split the dual space and any tensor space, so it makes sense to project one-forms and
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Rest space of O at the event A

Figure 3.9: Any vector V can be projected onto the rest space of the observer O at an event A using

the projection operator Pr defined in Eq. (3.95).

tensors of any rank along u or orthogonally to it by applying the projection operator and its dual the
appropriate number of times. Incidently, we have shown that at any event A along the worldline of

an observer with 4-velocity u, a lightlike vector k, can be decomposed into:
kocu+n, (3.99)

where n is spacelike and orthogonal to u. This will be important later.

3.5.4 Local Lorentz factor

Consider two observers O and O’, each following worldlines £ and £’ with 4-velocity u and u’,

and crossing at an event A. Let 7 be the proper time along £ at A and 7’ the one along £’ at the
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same event. After an infinitesimal interval d7’ of its proper time, O’ is at the event A’ along its
worldline. O determine the ’time’ of A’ in its own frame by the simultaneity procedure described

above, and gives it the time 7 + dr. The Lorentz factor of O’ with respect to O, v, is defined by:

dr

= . 3.100
dr’ ( )

Y

Let B be the event along £ simultaneous to A” according to O; see Fig. 3.10. If we denote by

u L

Figure 3.10: Construction to calculate the Lorentz factor between two observers.
drv the spacelike infinitesimal displacement between B and A’, we can write:
dr’'u’ =dru +drv (3.101)

so that:

’

u' =ylu+v] . (3.102)
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Since g (u,v) =0, we get:

y=—g(u,u’) (3.103)

=; (3.104)

Vi-g.v)
Note the similarity with the special relativistic formula. Also note that since g (v,v) > 0, we obtain

v > 1. This is the general relativistic analogue to the ’time dilation’.

3.5.5 Measurements

Let O be an observer moving along a timelike worldline £ with 4-velocity # and proper time 7. A
particle, massless or massive, moves along a worldline, timelike of lightlike, £ with 4-momentum
k and encounters the observer O at the event C along its worldline. Then, the energy of the particle
as measured by O is given by:

E=-g(uk), (3.105)

where this quantity must be evaluated at the event C. To see this, one can simply go to the local
inertial frame at C and use the special relativistic result. Then, we can define a spacelike vector (it

is orthogonal to #, which is timelike) living in O’s local rest space at C:
Ok=k+gw,k)u=k -Eu, (3.106)

called the particle’s 3-momentum.

Massless particles
If the particle is a photon, then g (k, k) = 0 and we see that:
g ((3)k, (3)k) - E2. (3.107)

We can define a unit spacelike vector n = 3k /E corresponding to the instantaneous direction of

propagation of the photon in the observer’s rest frame so that:

k=E[u+n], (3.108)

where:
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e u is the 4-velocity of the observer;
o E = —g (k,u) is the energy of the photon as measured by the observer;

e n is a spacelike unit vector (g (n,n) = 1 and g (n,u) = 0) corresponding to the direc-
tion in which the photon propagates in the observer’s rest frame at the event of mea-

surement.

This is pictured in Fig. 3.11.

O’s local rest space at C

Lo
L

Figure 3.11: The 4-momentum of a photon can be decomposed onto a component along the ob-
server’s 4-velocity, giving the observed energy, E, and a component in the observer’s local rest

space, giving the direction of propagation of the photon at the event of measurement, n.
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Massive particles

If the particle is massive, of mass m, then k = mU where U is the particle’s 4-velocity. Then, the
energy is just:
E=-mguU)=my, (3.109)

and we recover, formally, Einstein’s special relativistic formula. On the other hand, computing

g (k, k) = —m? in terms of the decomposition (3.106), we get:
E2:m2+g((3)k, <3>k) ’ (3.110)

again obtaining a formula formally identical to the special relativistic one. These formal equiva-
lences come from the fact that energy and 3-momentum are purely local quantities. Thus, they
could be computed in the local inertial frame and their expressions in an arbitrary coordinate sys-
tem obtained by a simple change of coordinates. The genuine effects of gravitation will show up

when we start taking about non-local quantities.

3.6 Parallel transport, affine connection and the geodesic equation

In this section we develop a way to propagate vectors along curves in spacetime. This leads to the
concept of affine connection. We introduce the metric-compatible connection, which provides us
with a well-defined notion of derivative along vector fields that generalises partial derivatives to
arbitrary coordinate systems. Finally, we obtain the geodesic equation and we show that it allows

one to obtain the equations of motions of particles in free-fall.

3.6.1 Parallel transport: a qualitative discussion

We are guided by the fact that two vectors (respectively one-forms, or tensors of any kind) at different
points of the manifold cannot be compared directly, since they belong to different tangent spaces
(respectively cotangent spaces, etc.). So we are looking for a way to ’glue’ tangent spaces together,
for a rule that allows one to go from one tangent space to another one associated to a point ’infinitely’
closed to the first point. In R", with its canonical, Cartesian basis, things are pretty simple. Given
a vector field V = Vie (i)» we can define its partial derivatives by:

OV‘: ~ lim Vix!, . x/7 xd +ij,x-"fr1, T L T 7 G L e .

Ox/  Axi—0 AxJ

(3.111)
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In the numerator, the first term is defined at the point x + Ax = (xl, e XU X+ AT X v X,
and the second term at the point x = (x', ..., x"). Therefore we can try to transport V' (x + Ax) to the
point x is order to perform the subtraction. Such a method is called parallel transport. In this case,
which is the one from usual calculus, we simply suppose that V(x) transported to x + Ax has the
same component as V(x): this follows from the rules defining a vector space. Indeed, in a vector
space, vectors are not attached to a point, they can be attached to any point by being drawn parallel
to themselves (this is just (v + a) —a = v). But for a manifold, such rules are absent and one is free
to specify what is meant by parallel transporting vectors. So let us pick up a manifold M, and V a
vector field on this manifold, as well as a local chart {x’}. Let us write V(x + Ax) the result of the

parallel transport of the vector V(x) from x to x + Ax. The first rules we impose are the following:

1. Vie{l,...,n}, Vi(x + Ax) — Vi(x) « Ax;

2. Vie{l,..,n}, (Vi + Wi) (x + Ax) = Vi(x + Ax) + Wi(x + Ax), where W is another vector
field.

The first condition just expresses the fact that the change has to be infinitesimal for an infinitesimal
displacement. The second condition tells us that the parallel transport is a linear operation. Using

the first condition, we see that we can write:
Vi(x+Ax) =Vi(x) + A'; (x,V(x)) Ax/. (3.112)

The A’ j’s are assumed to depend on V and x, a priori, because nothing prevents it. If we use the

second condition we then get:
AL, (V+W)(x) = AT (x, V(X)) + AT (x, W(x)) (3.113)
so they must be linear functions of the components of the vector:
AT (x, V(%) = T je () VE (x) (3.114)
The I' jk thus defined are the connection coefficients. Using them, we have that:

Vix+Ax) = Vi(x) = T jp (1) A/ VE (x) (3.115)
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Then, by analogy with the derivatives in R", we can define the covariant derivative of V with respect

to x/, denoted V,;V, by:

Vi(x + Ax) —Vi(x+Ax)i

ViV = A}clfnlo AxJ ox! (3.116)
ovi . .\ 0

= |=—+I"}V -, 3.117

(8}61 Tk ) ox' ( )

As one can see, it is a vector, since it is expressed as a linear combination of the coordinate basis
vectors of Ty, ax M. Of course, for V fixed, one can construct a one-form VV = V dexf whose
components are the covariant derivatives with respect to the x’s. The case of the vector space R”
with Cartesian coordinates described above just corresponds to I' jk = 0 for any (i, j, k). Beware
that the connection coefficients cannot follow the laws of transformation of tensor, as the example

below show.

Let us consider the Euclidean space in 2 dimensions, E2. We define the parallel transport in the
usual sense (case discussed above for R"): V(x + Ax, y + Ay) = V(x, y). In Cartesian coordinates,

all the connections are identically zero. If we now switch to polar coordinates (7, 8) via

1 Ry x [0,2n] — RxR
Yoo (3.118)
(r,0) —  (x,y) = (rcos8,rsinf)
we can write the vector V as:
V=Ver+V’e, =Ve,+Vie,, (3.119)

where {ex, ey} = {%, %} is the Cartesian basis for vectors of E2, and {e,, eg} = {a%, a%} is the

polar canonical basis. Figure 3.12 represents the parallel transport of a vector of the plane viewed
in polar coordinates.

We know that:
e (r,0) =cosfe, +sinfe, (3.120)
{eg(r,e) =—rsinfey +rcosbey . (3.121)
Therefore, at first order in the small displacements:

AO
e (r+Ar,0+A0) =e,(r,0) + —ey(r,0) (3.122)
r

A
eo(r + Ar,0 + A0) =e(r, 0) — ride, (r,6) + Treg(r, 0) . (3.123)



The geometry of spacetime 122

V(r+ Ar,0 + A0) =V (r,0)

M’ = (r+ At, 0+ Af)

Y

Figure 3.12: The standard parallel transport of the vector V(M) (here in blue) in the plane, to a
point M’: V(M’) = V(M), Clearly the components of the vector in the moving basis are altered
by the transport. When Ar and A€ are infinitesimal, the changes are encapsulated in the connection

coefficients.

Then, since we said that: V(x + Ax, y + Ay) = V(x,y), we must also have: V(r + Ar, 0 + A9) =
V(r, 8) (properties of vectors don’t depend on the coordinate system chosen). So, writing V(r, 8) =
Ve, (r,0) +Veq(r,0), after a bit of algebra, we find that:

V=V +rVOAg (3.124)

. 1%
VO =v? - Ar——A0. (3.125)
r r
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Therefore, by coming back to the definition of the connection coefficients, we have that:
", =T, =17, =T%4 =0 (3.126)
[Mgg=-rand % =17, = % . (3.127)
A few remarks:

e There is nothing physical in connection coefficients since they can be made to appear or vanish

by a simple change of coordinates.

o It is clear that connection coefficients are not the components of a tensor: they are all zero in

Cartesian coordinates, but not in polar coordinates.
e The resulting connection coefficients are symmetric in their lower indices: I j = I ;

o In defining this particular case of parallel transport, we have conserved the direction of the

vector but also its norm.

Connection coeflicients that verify the last two points define a Levi-Civita connection.

3.6.2 The affine connection
Definition

Now that we have studied connections ’by-hand’, we are ready to give a general definition, As
previously, we focus on the four dimensional case of interest in General Relativity and we use the

relativistic notations.

If we denote by X (M) the set of vector fields on spacetime M, an affine connection on M

is a map:

V:{X(M)XX(M) - X(M) | (3.128)

(X,Y) - VxY
such that, for all (X,Y,Z) € X(M)3 and all f € F(M):

(i) Vx(Y+Z) = VxY +VxZ:

(ii) V(X+y)Z = VXZ + VyZ;
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(i) V(;x)Y = fVxY;

(iv) Vx(fY) = X[f]Y + fVxY.

(i) and (ii) mean that the affine connection is a bilinear map, while (iii) and (iv) spell its properties
as a differential operator. Of course, we can look at the effect of an affine connection on the vectors
of a coordinate basis, once a local chart has been chosen. Let (U, ¢) be a local chart around p € M
such that {x*} = ¢(p). Given an affine connections V on M, we define the 4°> = (dim M)? = 64

functions I'?,,,, called connection coefficients by:
Vegner) =1 uvep) - (3.129)

where {e (1) } = {%} is the canonical basis of 7}, M associated with the local coordinates {x* }.

Usually, one denotes V., =V, and this operator is called the covariant derivative associated with

€ ()
the given affine connection. This terminology will become clear a bit later. The connection coeffi-
cients specify how the basis vectors of the tangent spaces change from one point of the manifold to
another when they are parallel transported. This is exactly the same as what we described for the
polar basis above. Once we have fixed the action of the connection on the basis, we can calculate its
action on any vector field. Let X = X#e(,) and Y = Y*e(,) be two vector fields. Then, according

to the properties of the connection:

VXY =XEV,, (Vo) = X* (e [V lew) + V" Vey,e0) (3.130)
Y
—x* (ax# + F"WY”) e . (3.131)

Note that we recover the results of our hand-wavy’ argument above. By definition, VxY is a vector
field with components equal to the RHS of the previous equation: VxY = (VxY)* e (). This is the
covariant derivative of Y along X.The components of the covariant derivative of ¥ along X can be
read off Eq. (3.131):

PR

(3.132)

(VxY)¥ = X* (V,¥)" = X# (ayv )

Note that in General Relativity, the components of the covariant derivative of a vector field are

usually denoted:
oY”

v _
VX" = pyoT

+T7 Y7 (3.133)
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instead of the more rigorous (V,X) ¥. We will make use of both notations.

Action of the connection on arbitrary objects

Once a connection has been chosen, via its action on coordinate basis vector fields of T M, we can
readily generalise its action on arbitrary geometric objects such as functions, one-form fields and
tensor fields. To simplify expressions, It is customary to keep the same notation for the action on
every object. Let us fix a vector field X € X(M), and define the action of a connection Vx on the
various tensorial objects.

For functions f € # (M), the connection is just the directional derivative:

VX:{ﬂM) - M (3.134)

[ = Vxf=X[f]

For general tensors, we need to impose a Leibniz rule to ensure that the connection remains a
derivative operator:

Vx (T1®T3) = (VxT1) ®T, +T1 ® (VxT3) , (3.135)
where T7 and T3 are tensor fields of arbitrary orders. For example, for a one-form field w, we define

the connection as:

(3.136)
w — Vxw

- { QM) — QM)

For any vector field Y, we have w(Y) € ¥ (M), and therefore, we know how to a[ply the connection
to it:
Vx (w(¥)) =X [w(Y)] = X[w, "] . (3.137)

Besides, if we apply the Leibniz rule above, we must have:
Vx (w(Y)) =(Vxw) (Y)+w (VxY) . (3.138)

Substituting for VxY and for X (w,Y*), and equating these two relations, we find that the compo-

nents of the one-form Vyw = (Vxw),dx* verify:

(Vxw)y = X7 (V) :X"(aw” _r a)) (3.139)
u v)y x” vuWp | - .
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Note that in General Relativity, as for vectors, the components of the covariant derivative of a

one-form field are usually denoted:

B dwy

- oxY

V0, = (3.140)

instead of the more rigorous (V#w)v. We will make use of both notations.

For X = ey):
dwy o
(Ve @i = 5 =T ey - (3.141)
Further, if w = dx’, then:
V,dx# = -T'*, ,dx" . (3.142)

This generalises to tensors of arbitrary types in the same way. We define the connection on tensors

of type (7, s) by:

(3.143)

{7;’<M> - T/ (M)
in
T —  VxT

Using the connection on vectors and one-forms, we then obtain a generalised Leibniz rule3:

(VyT) (w1, wp, X1, -+, Xs) =Y [T (01, 0r, X1, , X)]
-T(Vyw1, w2, ,wp, X1, , X)
- =T (w1,w3, - ,Vyw,, X1, -, Xy) (3.144)
-T (w1, w2, , 0, Vy X1, , Xy)
_"'_T(wlywz""’wraxla""VYXS) .

In terms of components, this gives:
VxT = X'V, T = X* (V,T)" " ppo) ® - ®ep,)@dx” @---@de,  (3.145)

where:

8To convince yourself of this rule, do the calculation for a simple tensor, say of type (0, 2).
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(V T)"I'Vr 0T
u prps =T,

OxH
+ T T2 +ooe g T"l“"’r_l/’ (3.146)
ua P1°Ps ua P1°"Ps .
A vi-v" A vi-vh
-r ,uplT Aprps T 0T T I ,upsT p1--ps-1d -

We will often denote (V, 7)™ 5.0 = VTV gy

Transformation of the connection coefficients

Let p € M and (U, ¢) and (V, ¢) be two local charts such that p € UNV. Letx = {x*} = ¢(p)
and X = {¥#} = ¢(p). We also denote by {e(,,)} = {8%,} and {E(,,)} = {%} the two coordinate
bases of T), M associated with the coordinate functions ¢ and ¢, respectively. Finally, for a fixed
connection, we note I' the connection coefficients in the coordinate system given by ¢ and I these

coeflicients in the coordinate system given by ¢. Then, we have:

Vé(u)é(y) = fpﬂvé(p) . (3.147)
Besides:
5 oxv
€)= g0 (3.148)

so that, by taking the connection of this expression, we get:

- oxP
Ve o) =Ve, (573(;0)) (3.149)
% xP Axt OxP
= —V 3.150
gzngzr ¢ ®) ¥ G gy 40 (3.150)
9% xP Oxt Ox”
= -t — T . 3.151
(axﬂaxv NPT T )e@) (.15

Hence, by comparing both expressions for V¢, €(y), we find that, under a coordinate change,

the connection coeflicients transform as:

= Axt Ox7 AxH _ XM 9%x7

" = 5% axp ox0 ' ¥ oxo oxvoxe (3.152)
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It is apparent that this is not the way tensors transforms, because of the second term. Therefore,
despite the fact that the connection coefficients carry indices, they are not the components of any

tensor.

3.6.3 Parallel transport and the geodesic equation

Let us now define the parallel transport of a vector along a curve.

Letc :]a,b[S R — U c M be a parametrised curve on an open subset U of M. Let ¢
be a coordinate chart on U. Let us note x(c(2)) = {x*(c(1))} = ¢(c(Q)) for A €]a, b[. Let
X € X(M) be an arbitrary vector field defined along the curve, such that:

X(c(2)) = X (c(A)e ) - (3.153)
Let: o
V="eq (3.154)

be the vector tangent to the curve and associated with the parameter A. Then, if:
VA €la,b[,Vy X =0, (3.155)

we say that X is parallel transported along the curve c in the open set U. Component-wise,

this reads:
dXH N
T VX =0, (3.156)
or, equivalently:
VVaXM e vyxr =0 (3.157)
e +I3, =0. .

Note that, in the equation for parallel transport (3.157), although each separate piece of the LHS does
not transform as a tensor under a coordinate transformation, the overall LHS does: the connection

coeflicients transform exactly how they should to cancel out the changes in the directional derivative

y OXH
4 oxv

with connection:

. Once we have the notion of parallel transport, we can define the geodesics of the manifold
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Given a parametrised curve ¢ :]a,b[C R — M, with parameter A and associated tangent

vector field V, if V is parallel transported along c, i.e., if:
VyV =0, (3.158)

we say that c is a geodesic.

In terms of components, a geodesic is thus characterised by:

dZxH dx” dxf
—+I*,,——=0. 3.159
az TP @ (3.159)

Geodesics are the generalisation, to manifolds with connection, of the notion of straight line in E"
with the standard connection. Which means that, in a way, they are the most direct’ path from on
point of the manifold to another. But their main definition is that if a curve is a geodesic, along its
own flow, the tangent vector does not *change direction’ (with respect to the given connection): it is
transported from tangent space to tangent space while remaining ’the same’. Therefore, one could

object that the condition Vy V = 0 is too restrictive. Indeed, if we choose the weaker condition:
Af e F M), VyV =fV, (3.160)

then, the variation of the tangent vector remains parallel to the tangent vector, which is also fine for

defining parallelism. Nevertheless, in that case, under a reparametrisation of the curve 1 — A’, we

get:
dx#*  dx* dA’
- - 3.161
di  dA da ( )
and )
d2xt dixH (dA7\T . d2A dxt
av _ax (1) L4 (3.162)
daiz  du?\da daz da
Therefore, we see that, by choosing the reparametrisation such that:
Y fen (3.163)
= f(c()—, .
da? da

with dA”/dA # 0, we can always reparametrise the curve in order for the weaker condition to reduce

to VyV = 0. This means that our definition of geodesics is very robust.
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The connection of General Relativity

The affine connection we have defined so far is too general for our purpose. Because we have a

metric on our spacetime, we can restrict it further to suit our needs by imposing two conditions:

o First, we will require that the connection be metric compatible, i.e. that when we parallel
transport two vectors X and Y along a third one, V, the scalar product g (X,Y) remains
unchanged:

Vv [g(X,Y)]=0. (3.164)

Geometrically, this ensures that ’lengths’ and *angles’ are preserved when vectors are parallel
transported.

Then, we impose that:

0=Vy [g(X.Y)] =V*[(V,g) (X.Y) +g (V,X.Y) +g (X,V,Y)] (3.165)

=VPXHYY (V,8),, - (3.166)

where we set VAV, X = V¥V ,Y = 0 according to the fact that X and Y are parallel trans-

ported along V. Since this relation must hold for any vectors X, Y and V, we get:

An affine connection V is said to be a metric connection, or compatible with the metric

g iff, in a local chart:

V(u, v, p) €{0,1,2,3), (Vpg),, =0. (3.167)

Equivalently, using the general rule for the covariant derivative of tensor component, this last
condition can be written as:

0guv

o~ ougy ~ T80, = 0. (3.168)

Then, starting from this relation, performing permutations of all the indices and combining

the results, we get that the connection coeflicients of a metric connection are given by:

i)
I, = { } +K"y, (3.169)
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where the { K

} are symmetric in their lower indices and called the Christoffel symbols,
vp

given by:

u 1
{ } = Eglul (avgp/l + apgwl - a/lgvp) > (3.170)
vp

and K*,,, are the components of the contorsion tensor, which is totally antisymmetric in its

lower indices.

e Finally, in General Relativity, we impose that K#,, = 0, choosing the unique symmetric,
metric compatible connection. Its connection coefficients in a given coordinate system are

then its Christoffel symbols:

Connection coefficients of the general relativistic connection

1
Ty = 38" (00810 + Gpgva = Dagup) - (3.17)

Geodesics and the equivalence principle

We started our exploration of General Relativity by emphasising the central role of the equivalence
principle. This stipulates that at any event in spacetime, there exists a local inertial frame in which

the laws of physics are those of Special Relativity:

Local inertial frame

At any event C € M, we can find local coordinates X* such that:

gic = NuwdX* @ dX*, (3.172)

and:
0guv
oxre

The associated frame is called a local inertial frame at C. In this frame, the laws of physics

Y(u,v,p) €{0,1,2,3}°, (C)=0. (3.173)

are those of Special Relativity.
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gy _

The second condition should now be clear. Indeed, if at the event p € M,V (u, v, p) € {0,1,2,3}3, axp =
0, then, the connection coefficients are all identically zero and the geodesic equation reduces to:

dZxH

which is simply the equation of motion of a free particle in Special Relativity. In other words,
geodesics are the trajectories of free falling particles. Immediately, we have two interesting kind of

geodesics®:

e Photons (and other massless particles) follow lightlike or null geodesics, characterised by

their tangent vector k such that:

d2xH dx¥ dxf
Vik =0 —4TIH,,——=0 3.175
§ Tt v (3-175)
dx* dx”

e Massive particles follow timelike geodesics, characterised by their 4-velocity # such that:

d?x dx” dx”
Vull =0 a2 +F#Vp?? =0 (3177)
dx* dx”
g(u,u):—l = gllv??:—l , (3.178)

where 7 is the proper time along the geodesics.

We can now clarify the link between geodesics and straight lines in Special Relativity:

Timelike geodesics as extremal curves

Let L be a timelike curve connecting two events p and ¢g. Let A be a parameter along £ which

is not the proper time. Then, the proper time elapsed along £ between p and g is:

Aq) Aq) dx@ dxB
7(p,q) =/ dT=/ ~gap————dd . (3.179)
A(p) A(p) da da

Then L is a timelike geodesics iff it extremises this proper time.

9Spacelike geodesics are also interesting of course, but they do not correspond to the trajectory of any particles.
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To obtain this result, we perturb the curve in the class of timelike curves: x* (1) = x# (1) + ox* (1),
where we choose the same parameter along every timelike curve and X denotes the curve that

extremises the proper time. Then, using a dot to denote derivatives with respect to A:

Aq)
t(p.q) [ +6x] / gaﬁ<x>+
A(p
8

Aq) o o o 0%as
:/ _gaﬁ(x)xafﬁ—gaﬁ(f))?a&ﬁ +gaﬁ()f)i/36x -
A(p) oxY

PN ﬂ) (f + 6x7) (8 + ¢ ) (3.180)

XxBoxvda

=F2(x) =2gap (%)% 5x”
(3.181)

Aq) gaﬂ
=/ F(x)dA4 |1 - F~2(%) [Zga’g(x)x"éxﬁ + (x)x“xﬁé)ﬂ} (3.182)
A(p)

1 49 da o
=1(p,q)[x] - 2/}@) ) [2gaﬁ(X)x"6xﬁ+ ag 'B(x)x"xﬁéxy] . (3.183)

Thus, after an integration by part:

Aq) d 924
57(17’61)=T(P,61)[f+5x]—T(p,q)[)?]=—l//l [2 (F 1 gayi) 4 712522 a_ﬁ] o

2 Jap) da
(3.184)
Since this must be true for every perturbation in the class of timelike curve, we get:
d 0
6t(p,q) =0 = -2— (F gay‘“) wF128Brazs (3.185)
da oxY
Besides, F2(x) = (d’l) by construction, so that:
d d
—=F— 3.186
da dr ( )
Hence, Eq. (3.185) becomes:
d%x®  dgeydx® 10gepdx®dxF (3.187)

Sap dr? * dr dr 2 oxr dr dr

Thus:
d°x®  08ay dx*di¥  10gap dx® dxf

_— = =0. 3.188
Eap dr? * oxB dr dr 2 0x¥Y dr dr ( )

Contracting with g7?:

d?x9 508ay dx¥dxP 1  508ap dx® dxP

a2 8 e ar a2 e ar

(3.189)
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Finally, we can split the second term by noticing that @ and 5 are dummy indices:

y608aydx¥d¥f 1 508aydi*di® 1 5085y di® di’

= + = _ 3.190
axP dr dr 2% T0xP dr dr | 2° ox@ dr dr (.150)
so that we arrive at the equation for the curve extremising the proper time:
d?x® dx® dxP
SH i (3.191)

+ - )
dr? ¥ 4r dr
which is exactly the geodesic equation.
This argument does not work for lightlike geodesics of course, but it can be amended by extremising

the proper time of arrival of the light ray at the observer for a fixed source. This is the general

relativistic version of Fermat’s principle of optics.

3.6.4 Application: static, weak field limit

As an illustration, let us consider the metric for a static, weak gravitational field such as the one at

the surface of the Earth. We assumed that it was given by the form:
ds? = — (1+20(x,y,2)) d? + (1 = 2®@(x, y, 2)) [dx? + dy* +d2?] , (3.192)

with |®| <« 1, so we must expand everything at first order in ®. It is a good exercise to calculate

the connection coefficients. The only non-zero ones are:

0D ; 0D
FO i =I 0= —— » Fl = (‘)ﬂJ—‘ 3193
0 0= 537 00 £ ( )
;i 00 o ;, 00
ij__wék_a?éj-kﬁd (5jk . (3194)

The geodesic equations then take the form:
d’  _o®dx'dr

a2 T ed draa
2 i 2 j k
d?x 6ij(9_q)(dt) +[5izﬁ‘1> 0D , 90, |dx/dx

(3.195)

. Ep P | , =0. 1
a2 + o \da . 6]]( 0k 0 0 (3 96)

oxi” KT axk" | dr dr
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Timelike geodesics

Timelike geodesics are then described by their 4-velocity:
u=1u-+du, (3.197)

where # is the 4 velocity in absence of gravitational field and u = O (®). Therefore, we can write:

0 ~6]

=l

AT — 1
ot (3.198)

-

with 71 = 9 and y~! = /1 — ||¥||2. Let us work with a particle which in absence of any gravita-
dr Y p y g

tional field, would be at rest in the local frame'©, so that # = 0 and y = 1. In that case & = %, SO

that:
d 0 d
B 3.199
ar " oxr  dt (.159)
and: 5 5
u :(1+6u0)5+viﬁ, (3.200)
with v/ = %—f = dd—’;i = O(®). The condition g (u,u) = —1 at first order then gives ou’ = —®.

Using 7 as parameter, Eq. (3.195) then gives:

d?t
— = 3.201
dr? ( )
Besides, the third term in Eq. (3.196) is of order 3 and can be neglected, so that we get:
dx! 00
— =07 —. 3.202
dr? dxJ ( )
This is Newton’s law for a particle falling in the gravitational field, as it should be.
Lightlike geodesics
For lightlight geodesics with 4-momentum k, we get:
k=k+6k . (3.203)
In absence of gravitational field, we know that the energy is constant and:
kK°=FE and k' = En', (3.204)

10The case 7 # 0 can be treated similarly, with a few more technical steps but nothing conceptually more subtle.
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where n’ fixes the direction of propagation in absence of gravitational field. The constraint g (k, k) =

0 at first order then gives:

6kO — nisk;
O TN _ (3.205)
E
The geodesic equations become:
dsk® 0D
—— +2E*n' — =0 3.206
a T g (5.200)
dsk’ 0D 0D .
2E* |6V — — [0/ — | n*| =0 . 3.207
a " [ dxI (” Bxf)n} (3:207)
We can make some progress by noting that at leading order in these equations:
d _ 0 0 .0
— =kt — = — +n'— 3.208
=" Gan PR (3.208)
And since @ does not depend explicitly on #:
.00 dod
— = — 3.209
Tox T A (3.209)
Therefore: o
dék do
— =-2F— . 3.210
da da ( )

Considering a photon emitted by a source at As and received by an observer comoving with the

coordinates at 1p, we get:
5k° (10) = 6k° (A5) = 2E [®@ (1) — @ (10)] . (3.211)

Because the observer is comoving, u = (1 — CD)%, and we can calculate the gravitational redshift:

kMu
1+z= M . (3.212)
(k””u)o
Since
5k

g(k,u)=k'u, =-E |1+ D+ | (3.213)

we get:
l+z=1+®(0) - d(S) . (3.214)

To compare with Eq. (2.339) expressing the same effects purely from the equivalence principle, we
note that P = S, Q = O:

1+z:—:A—:1+(I)(O)—<I>(S), (3.215)
P
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so the two methods agree.
The second geodesic equation can also be used to calculate the deviation of light but this will be

done in details in chapter 4 so we leave it for now.

3.7 Gravitation is curvature

As we just showed, free-falling particles follow geodesics. However, locally, we can always make
a geodesics look like a straight line in spacetime by going to the local inertial frame around that
geodesic. Are there effects of gravitation that cannot be made to vanish by such a change of frame?
Yes, and as we are going to see, these are linked to tidal effects, i.e. differential in the value of the
gravitational field in an extended (even small) region of spacetime. Let us start by considering a
timelike geodesic Ly parametrised by an affine parameter 4. The observer following it can always
cancel the effect of the gravitational field along its worldline. But if another free falling particle
passes nearby along its own geodesic, it will not in general be at rest in the observer’s rest space,
unless the gravitational field does not vary between their respective positions. If the field varies
across the region, effects of the gravitational field will be visible in the local rest frame. The two
particles will be moving farther or closer: these are exactly tidal effects. This discussion induces us

into studying the variations in the relative positions between geodesics.

3.7.1 Geodesic deviation equation

Let L be a timelike or lightlike geodesics parametrised by an affine parameter A, and with a tangent
vector field X = ﬁ. We consider a continuous family of geodesics of the same kind, £ (), indexed
by s € R, in the neighbourhood of £, such that Ly = £(0) and all parametrised by the same affine
parameter A as the reference geodesic L. Locally, events can be parametrised by the two numbers

(s, Q) telling us on which geodesic they are (s) and where they are on that geodesic (1); see Fig. 3.13.

To go from the point x* (4, 0) on the reference geodesic £ to the point on the geodesics £ (ds)
with the same affine parameter: x% (4, ds), we move along the vector field & = d% locally tangent to

the curves parametrised by s:”

x%(2,ds) =x%(1,0) + £Y(A)ds . (3.216)
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(A, ds) = (X, 0) + 4 (N)ds

Lo =£(0) £(ds)

Figure 3.13: The deviation vector connecting geodesics into the neighbourhood of a reference

geodesic £ to that reference.

The vector field ¢ defined along the reference geodesic is called the separation vector. The vector

field, defined along the geodesic of reference:

u
Vxé =DLEw (3.217)
d H
- (% + rﬂv,,xV§P) e (3.218)

can be thought of as the "velocity’ of this vector. Note that, for the convenience of this section, we

defined the new derivative operator “covariant derivative along the geodesic” acting on components

of vectors:
D
— = X"V, . 3.219
DI v ( )
Similarly, we have an acceleration:
DZ¢H
Vx [Vx€] = Dz - (3.220)
It is the second quantity that is relevant. Let us calculate it:
D2¢H
—— =Vx [Vx&H 3.221
D2 = VX [Vxéd”] (3.221)

=XV, [XPVger] . (3.222)
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First, we need to note a remarkable properties of the vectors X and &. Because they are associated

to independent parameters, we have:

&P 0XP
XV P — gV XP = X092 _ga 3.223
& =& 5x7 5 gpa ( )
dx® 9¢éB dx¥ aXP
= - 3.224
dA ox«@ ds ox«@ ( )
def dxA
== - 3.225
da ds ( )
d2B @2xP
= - = 3.226
dsdl  dAds ( )
Thus:
Vxé=VeX. (3.227)
Therefore:
DZ¢H
SYEL [Vex#] (3.228)
-x°v, (gﬁ) VpXH + XUEPY Vg XM (3.229)
- (gavaxﬁ) VpXH + XOEPY V5 XH (3.230)
=£V o | XPVXHF | = 7 XPV VXM + X PV Vg XH (3.231)
S—— e
=0
=P XY [VoVp = VpVo] X©. (3.232)

This quantity is intimately related to the Riemann curvature tensor of the metric connection, which

is defined for any one-form field w and three vector fields X, Y and Z as:

Riemann curvature tensor

R(w0.Z,X,Y)=w|VxVyZ-VyVxZ -VxyiZ] . (3.233)

In a coordinate basis, its components are:

RY . — O %p _ o pp
PEY T "B oxy

+T7,, T, —T7, T, . (3.234)

Indeed, we see that we have:
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VxVxé=R (-, X,X,¢) , (3.235)
or in terms of components:
sza
o = ROom XPXPE (3.236)

Equivalently, in a less covariantly beautiful but often useful form:

dZé:(l
daz

der

+ ZFQVPXVH

+&Y9, T, XPXP =0 . (3.237)

We see that tidal effects, i.e. relative motions of free-falling particles with respect to each other
are encoded in this Riemann curvature tensor, so we will now spend some efforts understanding it

a bit more and discovering a few of its properties.

3.7.2 The Riemann curvature tensor
Geometric interpretation

Before talking about the spacetime manifold, let us focus for a moment on the example of the 2-
sphere S2. We define the parallel transport along the great circles (i.e., equivalently, the connection)
by requiring that the angle in the ambient space (so in the Euclidean sense) between a vector and the
tangent to the great circle remains constant when we move the vector along the great circle. Consider
two points p and g on the equator of S? (for simplicity) that are diametrically opposite. Then, there
are two great circles through p and ¢, the ’equal latitude’ one, and the ’equal longitude’ one. We
can observe that, the result of transporting a vector V from p to g according to our connection
rule along the “equal latitude’ circle is very different from the result of transporting the same initial
vector along the ’equal longitude’ circle; see Fig. 3.14.

The fact that the result of transporting a vector depends on the path chosen to transport it is
what characterises the curvature, and it is clearly independent on the coordinates chosen to repre-
sent the manifold.

In an arbitrary spacetime manifold with a metric connection, consider an infinitesimal ’parallelo-
gram’ PQRS, were, in a local chart (U, ¢) such that PORS C U, we canset ¢(P) = x, ¢(Q) = x+e¢,
¢(S) =x+6 and ¢(S) = x + € + 8. The situation described in what follows is depicted on Fig. 3.15.
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V7(q)

__________
~~~~~~
~~~~~
- ~

-
-
PR

Figure 3.14: On the one hand, the vector V (p) is transported along the great circle tangent to U until
g while preserving the Euclidean angle between the two vectors, producing V’(g). On the other
hand, it is transported along the great circle tangent to X applying the same rule, producing V"’ (q).
The difference between the two vectors comes from the curvature of the connection corresponding

to our rule for parallel transport.

Let us parallel transport a vector V(P) € Tp M along PQ and then along QR. First, we obtain

a vector Ve (Q) € To M whose components in the local coordinate basis are given by:

Vg(Q) =VH(P)-TH,,(P)VP(P)e” . (3.238)
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Figure 3.15: A same vector V (P)is parallel transported to R along two different paths closing in a
parallelogram. The mismatch between the two vectors obtained at R is quantified by the Riemann

tensor.
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Then, we transport this vector all the way to R, and we get:

VER) = VA(Q) - TH,,(Q)VE(0)s” (3.239)
= VA(P) = TH,,(P)VP(P)e" - (rﬂvp(P) + G,IF”VP(P)GA)

x (VP(P) - Fp,wV‘Te”) 5 (3.240)
= VA(P) —T*,,(P)V*(P) (" +6")

— (0aT#,,(P) = TH, ,(P)T'7 4,(P)) VP (P)e's” , (3.241)

where we have used a Taylor expansion of the connection coefficients and we have only kept terms

up to second order. We also used the notation: 8, = %. Similarly, we can obtain for the vector

transported from P to R via PS followed by SR:

VE(R) = VH(P)—TH,,(P)VP(P) (e +6")
— (0T 1, (P) = TH 1 (P)T7 ,,,(P)) VP (P)es” . (3.242)

Hence, the two vectors at R differ by:
VE(R) = VE(R) = R* A (P)VP(P)e” 6" . (3.243)

In other words, the Riemann tensor measures the difference between two vectors resulting from the

parallel transport of one vector in two directions along an infinitesimal parallelogram!!.
We will say that spacetime is flat iff R = 0, otherwise spacetime is said to be curved. This

characterisation does not depend on the local charts chosen as it is tensorial.

Properties of the Riemann tensor

Since the Riemann tensor is the crucial object, holding the properties of the gravitational field in

General Relativity, we are going to present some of its most important properties. First, we have

UThe Lie bracket, that we introduced incidently early without comment, measures the inability to close a parallelogram
by following the flows of two vector fields in one way or the opposite. Once we have a connection, thanks to the Riemann

tensor, we can actually say what it *costs’ for vectors to be transported along closed parallelograms.
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some symmetry properties of its components:

R"mp =—RH voo (3.244)
8utRY oo =Ryuvpo = —Ryppor = —8vaR ' upor (3.245)
Ruvpo =Rpopy (3.246)
R*,,6+R" 5yp + R* 5, = O (first Bianchi identities). (3.247)

These can be verified by careful substitutions and inspections. The Riemann tensor has 4* = 256
components, but, thanks to these symmetries, only 20 are independent.

Next, we have a important relation called the second Bianchi identities:
(VxR) (,U,Y,Z) + (VzR) (- U, X,Y) + (VyR) (U, Z,X) = 0;, (3.248)

valid for any vector fields U, X, Y and Z. Itis better known in its expression in terms of components:

V,uRV/IpO' + V;)Rv/lo—,u + V(rRV/l,up =0. (3249)

3.7.3 Application: weak field limit

We return to the static, weak field gravitational field, for which the metric is given by Eq. (3.192).
As an exercise, one can compute the components of the Riemann tensor. The only non-zero ones

arc:

0’
R%ijo =~ R%; = Fyri (3.250)
; : G 0P
Riojo =— Rioj = lkaxkaxf (3.251)
P 0 0’0 io i’o -
Rklj =R jlk_5xk3xj61_5xk6x16j+5xlaxm 5jk 5T O m5 Ol - (3.252)

Consider a massive particle in free-fall in this gravitational field. It follows a timelike geodesic

like the ones we studied in subsection 3.6.4 . In particular, its 4-velocity is given by:

d
u—(1—®)—+v$, (3.253)
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with v/ = dd—);i = O (®). Thus, at first order, the geodesic deviation equation. Eq. (3.236), reads:

DZ¢H
sz = Rioe” | (3.254)
Note that, at first order:
D&l dEt
D_é‘:l' - % + Iﬂl()vgv > (3.255)
and:
D2 i d2 i
sz = d—:’; , (3.256)

so that the spatial separation between two neighbouring free-falling massive particles obeys:

d2§i . 52CD )
— = ). 3.257
dr? OxkOxJ ¢ ( )

This is exactly what a Newtonian calculation would give for the tidal force acting on two nearby

free-falling objects.

3.7.4 Constructing local inertial frames: Riemann and Fermi normal coordinates

As we have repeatedly seen, local inertial frames, i.e. local reference systems attached to free-falling
observers and in which the laws of special relativity hold, are key to formulating the laws of general
relativity. So far, we have assumed that we could always construct such frames!2. Here, we show
how to explicitly build such frames. We start with Riemann normal coordinates defined at an event.

The strategy is the following:

1. We pick an event O in a spacetime with metric g, along the worldline of a free-falling observer.

We call x* a set of local coordinates.

2. We pick a timelike unit vector € ¢). This could be the 4-velocity of the free-falling observer

passing by O, but it does not have to be.

2Actually, we have once constructed one, in subsection 2.7.2, for Rindler observers uniformly accelerating in
Minkowski spacetime. By the equivalence principle, this is clearly analogous to a free falling observer in a uniform

gravitational field.
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3. We pick 3 linearly independent, orthogonal spacelike unit vectors € (;). These could be in the
local rest space of the observer passing by O, but they don’t have to be. In the local coordinate

system around O, we have (orthonormality condition):
gwéﬁl)é‘(’ﬁ) =1ap - (3.258)

4. We choose another event P and draw a geodesic segment S connecting O to P. Under rea-
sonable assumptions, we can assume that this geodesic segment is unique, provided P is in
a sufficiently small neighbourhood of O. If the geodesic is spacelike, we choose the proper
distance s as a parameter A, and if it is timelike, we take the proper time 7. Up to a simple

redefinition, we can choose 1(0) = 0 and A(P) = Ap. Let us call r the tangent vector to this

geodesic. Letting e () = %, we have:
n =n"e ) (3.259)
=N (q) = ﬁ“ét‘a)e(,,) , (3.260)

so that, in the local coordinate system at O:
— pa gk
nt (0) = nge(a) . (3.261)
The four numbers 7 give the direction of the geodesic segment S relative to the tetrad {€ (4) }-

5. We define the Riemann normal coordinates of P in the local tetrad {é,)} to be the four

numbers £¢ such that:

£ =Apng, . (3.262)

For the sake of clarity, let us assume that S is spacelike. Let us denote by §,z the components
of the metric tensor in Riemann normal coordinates in the neighbourhood of O. Since n is a unit
vector, we have along S:

g(n.n)=1, (3.263)

which, in the local coordinates x*, and evaluated at O reads:
gur(0)n*(0)n”(0) =1 (3.264)
:gﬂv(O)ﬁgé’(‘a)ﬁgé(ﬁ) (3.265)
=naphSitl . (3.266)
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Besides, in Riemann normal coordinates, Eq. (3.263) evaluated at O reads:
Bap(0)AGHD =1 . (3.267)

Thus:
A A(l’ AB — Aa Aﬁ
8ap(O)AHR,, = naphphy, (3.268)

and since the metric at a point cannot depend on the direction:
8ap(0) = 1ap . (3.269)

At the event O, Riemann normal coordinates are orthonormal. However, there is more: this is also
true in the neighbourhood of O in a precise sense, as we will see now. The geodesic segment S is

tangent to the vector field n, which in Riemann normal coordinates decomposes as:

0
=A%—, 3.270
n=atos ( )
with constant components along the geodesic segment:
g d
~ds  ds

A

(s22) = A% . (3.271)

Let us write the geodesic equation along S in Riemann normal coordinates:

di” o Ay
K'FF IB«yn n :0, (3272)

and since 1<% = ﬁg are constant, we find that:
[, APAY =0 . (3.273)

This relation is valid everywhere along S and since at O the connection coefficients cannot depend
on direction, we get:
15,(0)=0. (3.274)

Clearly, this implies that, in Riemann normal coordinates!3:

agaﬁ
oxY

(0)=0. (3.275)

B3]t is sufficient to realise that in any coordinate system: dygog = gaul* gy + gaul ™ ay-
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Thus, we see that, by Taylor expanding the metric coefficients in Riemann normal coordinates, in

the neighbourhood of O we have:

8§ af
oxY

=Nap + O (xz) : (3.277)

Bap (37) =2ap(0) + 7 =L (0) + 0 (xz) (3.276)

confirming that the frame of Riemann normal coordinates is indeed locally inertial. Corrections
appear at the next order and to evaluate them, we need to use the geodesic deviation equation . First,
let us note that if we vary slightly the numbers /i), we define new geodesics from O so that we have
a family of deviation vectors with components:

oxe

M —
Moy = 73 (3.278)

Be careful that («) here is not a spacetime index: it is merely a label. Expanding in the neighbour-
hood of O:

P4, = 04 9,1, (0)27 +0 (xz) , (3.279)
we get:
DUI(JQ’) _SH 2 U N 3 2
ot = 0 + 50,1 0 (0, + O (s ) . (3.280)
Taking a second derivative!#:
D4,
Ds; = 350, 42 (0)ALAD + O(s) . (3.281)

Thus, using the geodesic deviation equation, Eq. (3.236), and once again using the fact that the
result ought to be independent from the direction, and remembering the symmetries of the Riemann

tensor:

orH,, .
3#(0) = —R*,04(0) . (3.282)
Hence:
. . 1,4 .
OpI" a2(0) + 021" 4 (0) = -3 [R¥paa(0) + RF 10 (0)] . (3.283)

14This is where you have to be careful that (@) is not a coordinate index here.
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Permuting indices 2 by two and combining the results we get:
. 14 R
9 4, (0) = -3 [R¥,0a(0) + R¥ 451(0)] . (3.284)
From there, we can easily extract that:

azga/ﬂ
0%0%P

14 R
0)=-3 [Rappa+ Rppaa] - (3.285)

Thus, we find that, at dominant order:

A I, apa .
gap (X7) =1ap - §Rapﬁﬂx"xﬂ +0 (x3) : (3.286)

We recover that the Riemann tensor encodes tidal effects, which are the true gravitational degrees
of freedom and the only gravitational effects present in a local inertial coordinate system.

Riemann normal coordinates are adapted to the definition of an inertial frame in one given event. If
one wants to define an inertial frame that is carried around by an observer, one needs to be able to
consistently define orthonormal coordinates along the worldline of this observer. This is what Fermi
normal coordinates are. In order to define them, let us pick an observer A following a timelike
geodesic y. We parametrise the geodesic by the proper time 7 of the observer. For any event P
outside y, we draw a spacelike geodesic S that passes through P and intersect y orthogonally at
A(T), such that P is in the local rest space of A(7). Picking A(7) as origin, we choose the tangent
vector to y at A(7), €(9)(7) = % as the time direction and we pick three orthonormal spacelike
vectors €(;)(7) in the tangent rest space of A(7). The geodesic B is parametrised by the proper
distance s so that s = 0 corresponds to A(7) et s = sp to P. The tangent vector to 8 is the unit
vector n. At A(T), this vector, which is spacelike, can be decomposed on the local tetrad and its

components is the local coordinates x* are:
n(r) =i'ef, . (3.287)

i’ = 0 because g (n,&(9)) = 0 and the tetrad is orthonormal. The Fermi normal coordinates of P

along vy are then {x®} such that:

{xo =7 (3.288)
i =spit’ . (3.289)
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Let us, for the sake of the demonstration assume that we have a set of Riemman normal coordinates
{x#} at O € vy constructed as above and that O = A(0). We suppose that the vector &gy of the

Riemman normal coordinates is aligned with the tangent vector to y at 7 = 0. We set:
e)(0)=é . (3.290)
The basis vectors at any other event along y are the obtained by parallel transport along y. Writing:
. 1 5.
SH _ M M 2zp 2
oy (1) = 8, (0) + 78, (0)+ 5778 (0)+0 (r ) , (3.291)

where a dot denotes differentiation along y (i.e. w.r.t. 7). We can use that the basis is a Riemann
normal one at 7 = 0 to set &' (0) = 6% ,,. Moreover, the parallel transport of the basis vectors € )
(a) H n

along ¥ in Riemann normal coordinates reads:

det! = ds?
d(” +TH et 220 (3.292)
T T

Note that these are components on the Fermi normal frame vectors in the Riemann normal frame,

not in the local coordinates {x*} but notations have their limits here. This can be solved order by

order in powers of 7. We find:

& (0) =0 (3.293)
) 1.
&, (0) =3 R0,0. (3.294)
Thus:
1.
&, (1) = 8, + =T R0,0+ 0 (73) . (3.295)

This completes the construction of the Fermi basis along 7y in the vicinity of O. Along the spacelike

geodesic 8 between P and O(7), we have the geodesic equation in Riemann normal coordinates:
des o dRVdRP 0

u Rt 3.296
ds e ds ds ( )
Inserting into this equation the Taylor expansion:
T P 1 ,d3%H
#(s) = 2(0) + 584 + 25%(0) + 7 dx3 0) +0 (s3) , (3.297)
S

where a dot is now a derivative w.r.t s, we can again solve order by order, remembering that £°(0) =
7, £1(0) = 0 and £#(0) = A*(0), to get:

1,4
£0(s) =t + gTSZRO,,Oq(O)le’fﬂ +.. (3.298)

: S U 1 5
£ (s) =sA’ + gTzsRlopo()ﬁp + gTSZRlpq()ﬁpﬁq o (3.299)
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The Riemann tensor here is evaluated at O. Finally, this gives the coordinate transformation from

Fermi to Riemann normal coordinates:

1 o
£0(s) =% + gxoRopoqxl’xq +... (3.300)
o LN a o Loar

£(s) =5+ 2 () Riopoer + TR o ¥ T4 (3.301)

The metric components in Fermi normal coordinates can then be obtained from those in Riemann

normal coordinates by a change of coordinates, and one finds:

800 = — 1 = Ropog (1)¥P%9 + O (x3) (3.302)
2.
g0 =3 Ripgo (V)T 57 +0 (x3) (3.303)
1.
8i =0ij = 3Ripjg (VT3 + 0 (x3) . (3.304)

Note that, in principle, the components of the Riemann tensor here are evaluated at O, not that
A(7). But, notice that moving from O to A(7) does not change the metric components at order 2
in X, nor does the coordinate transformation at third orderSo the error on the components of the
Riemann tensor are negligible at third order. Finally, note that these components, when expressed
in Riemann or Fermi normal coordinates, differ at most by terms of order %2, so that, in the metric
components, one can use the components in either frame to express the metric components, at the
order considered here.

We see that, along y, with ¥’ = 0, we have:

guv()’) = Nuv and 1:"uv,o(y) =0. (3.305)

We have thus constructed a free-falling frame carried by (A in its motion.

3.8 Energy, momentum and the energy-momentum tensor

So far, we have discussed how matter, in the form of massless or massive point particles, reacts to
a given gravitational field. This means that we have treated matter as a collection of test-particles
we could use to probe the geometry of spacetime. As we have discussed, in General Relativity,

this is encapsulated in the metric of spacetime, parallel transport and the associated curvature of
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the affine connection. To have a complete theory of gravitation, we still have to determine how the
gravitational field is generated by the matter present in the Universe. This will properly be the topic
of the next section; but before we can establish this link, we have to introduce the correct way to

describe matter in General Relativity. This is the goal of this section.

3.8.1 The energy-momentum tensor

In General Relativity, on sufficiently large scales, the metric of spacetime is not sensitive to all the
details in the distribution of mater. It only feels a few coarse-grained properties of that distribution,
namely its energy and its averaged momentum. So although, by the equivalence principle and the
relativistic equivalence between mass and energy, it is sensitive to the distribution of all matter, par-
ticles but also fields such as the electromagnetic field, it is only sensitive to some of their collective

properties. These are fully encapsulated in the energy-momentum tensor.

The energy-momentum tensor of matter is a symmetric (0, 2)-tensor field T

As we have seen, the notions of energy and momentum are observer-dependent for particles, so
we expect them to also depend on the observer for the collective distribution of matter. Let O be an

observer, with 4-velocity U, and a local basis for its rest frame {e (@) } Then:

1. po =T (Up,Up) is the energy density of the matter measured by O.

2. p"o = -T(e(),Up) are the components of the momentum density of the matter measured by
0, po = pie).
3. q"o = -T(Ug, e(;)) are the components of the energy flux of the matter measured by O,

qo = qge(i). The energy crossing a surface element in the observer’s rest frame with area

dS and normal #, in a time d¢, is thus:
dE = n;q',dSdt . (3.306)

By symmetry of the energy-momentum tensor, in units of ¢ = 1, we get o = po, which is

a consequence of the relativistic equivalence between mass and energy.
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4. Hl.(J). = T (e(). e(;)) are the components of the stress of the matter measured by O, I i.e.
the force exerted by matter along the direction e ;) on the surface normal to e ;). It is the

part of the energy-momentum tensor acting on the rest space of the observer.

By duality, we can construct a (2, 0)-tensor, T* equivalent to the energy-momentum tensor as de-

fined above. In terms of the quantities observed by O:
T =poUp®Up+po@Up+Up®qo+1lp . (3.307)

The energy-momentum tensor is obtained from it by using the dual of each vector and tensor:

T =poUp®Up+py, ®Up +Up @ qp, + 11, . (3.308)
In terms of components in a local basis, we get:
T,uv :pOUO,uUOv + p,uUOv + vaOy + HO,uv . (3.309)

The stress can be further decomposed into an isotropic part and an anisotropic part by isolating its
trace:

H()uv =Po (g,uv + u,uuv) + I,—\IO,uv s (3.310)

where the trace is 3P with Po the pressure measured by O, and Il is traceless.

3.8.2 Energy-momentum tensor for a fluid

If matter can be described by a continuous fluid, we can define the 4-velocity of the fluid elements u,
and the energy momentum tensor gets a natural decomposition by using the quantities measured by

an observer comoving with the fluid: Up = u. Then the energy-momentum tensor can be written:
T=(p+Pu*@u*+Pg+q*ou*+u*®q* +1*. (3.311)
The quantities defined here are:
1. the energy-density of the fluid: p;
2. the pressure of the fluid: P

3. the energy flux of the fluid: ¢ = g*e(,) with g*u, = 0;
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4. the anisotropic stress of the fluid: T = [TV e e ) with [1#,, = 0 and TT*Vu,, = 0.

For a perfect fluid: g = 0 and IT = 0, so that:

Energy-momentum tensor for a perfect fluid

T=(p+Pu*®u*+Pg. (3.312)

In terms of components is a coordinate basis:

Tyy = (p+P)uyu, + Pgy, . (3.313)

Note that a perfect fluid may not appear perfect to an observer O not comoving with the fluid.

For a perfect fluid of non-relativistic particles sourcing a weak gravitational field:

uy =(1+®@)8,0 +v'6 (3.314)
P <p=0(d), (3.315)
so that:
Too =p (3.316)
Toi =0 (3.317)
T;; =0 . (3.318)

3.8.3 Conservation of energy and momentum

In Special Relativity, we know that energy and momentum are conserved, which reads:

oTH,,
Fre 0. (3.319)

In General Relativity, this must remain true in local inertial frames, so it must be replaced by its

covariant form involving the covariant derivative:

vV, TH, =0. (3.320)
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3.9 From source to geometry: Einstein field equations

In Newtonian mechanics, the gravitational field, @, is determined by its source, namely the mass
density, p, via Poisson’s equation:
A® =4rnGp . (3.321)

Therefore, if the metric of spacetime is to accurately capture the properties of the gravitational

field, we expect it to be linked to the energy-momentum content via a tensorial equation:
Elg] =T, (3.322)

where « is a constant and E is a (0, 2)-tensor. The fact that the equation is a relation between tensors
ensures that it remains valid in any coordinate system, thus satisfying one of General Relativity’s
fundamental assumption; this is often called general covariance. From our point of view however,
this is just the fact that the natural framework to incorporate gravitation to a relativistic theory is the
one of spacetime manifolds. We would like Eq. (3.322) to reduce to Eq. (3.321) for a non-relativistic,
weak source. Therefore, we can assume that E only depends on g and its first and second derivatives
at most. Specifically, it must be a function of g and the Riemann tensor. Moreover, since Eq. (3.320)

must be satisfied for any reasonable source, we must have:
V.EH, =0. (3.323)

Starting from Bianchi identities, Eq. (3.249), it is actually possible to construct such a tensor.
It turns out to be unique up to a simple term but we will not attempt to prove this uniqueness here.

Let us thus start from Bianchi identities:
VuR 3o + VoRY pop + Vo R 34p =0, (3.324)

and define the Ricci tensor as a symmetric (0,2)-tensor obtained by contracting the Riemann tensor

on its first and second entries, or in terms of its components:
Ruy =RP py . (3.325)

Then, taking a trace of Eq.(3.324) on the second and fourth indices!>:

VuRic +VyR 4o+ Vo R 2y = 0. (3.320)

15Remember that V4gg, = 0 according to metric compatibility, so we are always free to contract inside covariant

derivatives and take traces as we wish.
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Using that R 3,y = =R 3y = =Ry, we get:
V#R,l(,- + VVRVAU-# - V,,—R,lﬂ =0.

Next, let us contract this equation with g1

VuR+V, [g' R acy| — &' VoRiu =0,

(3.327)

(3.328)

where we used that V,gg, = 0 and we defined the Ricci scalar as the trace of the Ricci tensor:

R =g""Ry,,

The second term in Eq. (3.328) can be simplified by noting that:

g/l(rRV/lo'p :g/lo—gvap/la',u

Ao vp

=—8 & R/lpO',u
== gvaa-pO'/,l

== 8" Ry -

Then, we get:
VuR-g"V Ry — 8" VR =0,

or, relabelling dummy indices:
VuR—-2¢"PV,R,, =0.

Thus:
1
ngVvav - Eg,upngVVR =0,

where we used 6," = g,,8°". Finally:

1
g"°v, [pr - ERgp,,} =0.

Therefore, the Einstein tensor, G defined, in components, by:

1
G,uv = R,uv - ERguv

(3.329)

(3.330)
(3.331)
(3.332)
(3.333)

(3.334)

(3.335)

(3.336)

(3.337)

(3.338)
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satisfies:
V#G”,, =0, (3.339)

and could be used as the tensor E we were looking for. However, it needs to be supplemented
by another terms for completeness. As we have noted several times, V,g,, = 0, so that we can
always add a term proportional to g, to the Einstein’s tensor and obtain a tensor satisfying our
requirements, Thus, we will choose:

E=G+Ag, (3.340)

where A € R is a constant known as the cosmological constant. It appears as a constant of the theory,
to be determined by experiment or observations. Currently, it manifests itself at cosmological scales
only and its observed value is:

A=~10""m™2. (3.341)

Because it is so small, it has no discernible effects on length scales much smaller than cosmological
ones. This is why we will neglect it everywhere, except in chapter 6. To summarize, we arrived at

the following form for our gravitational field equations:
1
Ryuy — ERg,“, = kT . (3.342)

To complete our task, we need to fix the coupling constant k. We expect it to be proportional to G,
Newton’s constant, but we want to determine how exactly. To do that, we impose that these equations
lead to Poisson’s equation for a static, weak gravitational field generated by a non-relativistic source.
In that case:

Tyuy = p6u0dvo (3.343)

and the non-zero components of the Ricci tensor reads:

Roo =A® (3.344)
Rij =A®6;; (3.345)

so that the Ricci scalar becomes:
R =2A0 . (3.346)
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The Einstein tensor is thus:
Goo =2A® and G;j =Gy =0. (3.347)

Thus, neglecting the cosmological constant, we get'©:

200 =« [c*] p, (3.348)
and thus:
K [c*]
5 = 4nG (3.349)
ie.
8nG
k=22 =8rG . (3.350)
C
Finally, we get the:
Einstein Field Equations
Guv +Aguy = @Tw , (3.351)
C
with:
1
Guy =Ruy — ERg’“”’ . (3.352)

Note that by taking the trace of this equation we get:
—-R+4A =8xGT , (3.353)

where T = T#, is the trace of the energy-momentum tensor. Thus, the Einstein field equations are

sometimes written in the equivalent form:

Ry — Aguy =8nG

1
TMV - ETg,uv] s (3354)

16We have re-established factors of ¢ to get units right. In the Poisson equation, p is the mass density. Thus, the energy
density in the relativistic energy-momentum tensor is ¢Zp. Two more factors of ¢ come from the fact that ® — &/c2
in the metric. This can be directly checked form the Einstein field equations. the energy-momentum tensor components
have units of energy per unit volume and the LHS has units of inverse area, so the constant x must have units of length
over energy. But G has units of length to the power 5 over energy times time to the four, so it must be divided by ¢* to

get units of length over energy.
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which is particularly useful in vacuum, when T},,, = 0. These Einstein field equations quantify how
matter and energy act on the spacetime geometry to generate the metric encoding the gravitational
field. Note that by symmetries, they consistin 4x(4+1)/2 = 10 coupled partial differential equations
for the 10 metric independent components. Of course, a choice of arbitrary coordinate system can
fix 4 of these metric components, so we are left with 10 coupled equations for 6 actual degrees of
freedom. This simply means that some of these equations can be interpreted as constraints. However,
this system is so complex that, in general, and without any assumptions on the symmetries of the
system and the nature of the sources, there is little hope to arrive at any practical solution. The

following chapters will all be devoted to such assumptions in various physically relevant contexts.
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4.1 Introduction

The simplest way to illustrate the link between geometry and matter that underpins general relativity
and allowed us to build the theory in chapter 3 is to study the gravitational field generated by a highly
symmetrical distribution of matter: that of a perfectly spherical, isolated clump of non-relativistic
matter, i.e. a ball of mass. This is certainly the simplest model we can build of astrophysical objects
such as stars and planets.

A few things need to be understood from the start. We are going to review the approach to be
followed in the Newtonian context first, so that we will be able to contrast with the relativistic case
later. The spherical distribution of mass plays the role of a source of the gravitational field. If we
choose the origin of the coordinate system at the centre of the distribution and we use spherical

coordinates, we can describe that source by a density:

p(t,r) =p(r)®(r - R(1)) , 4.1

where p(r) describes the profile of density and depends only on » by symmetry. ®(u) is the Heav-
iside functions which is 1 for u < 0 and O otherwise. The function R(¢) is the radius of the object
at time ¢; by giving it a time dependence, we allow for the object to pulse”, as long as it does so
while keeping its spherical symmetry. What we will focus on is the field generated by this source
outside the source itself, i.e. in vacuum: r > R(t). In Newtonian physics, this amounts to solving
the Laplace equation:

AD(t,r,0,¢9) =0, 4.2)

for the gravitational potential d(z,r, 0, ¢). Actually, by symmetry, we must have ¢ = ¢(t,r) and
the Laplacian thus simplifies, so that Eq. (4.2) becomes:

10| ,00
——|Fr2Z=Z=0. 4.
r2 Or " or } 0 (4.3)
This can be straightforwardly solved to obtain:
t
o, =-99 o0, (4.4)
r

where C;(t) and C,(¢) are arbitrary functions of time. They need to be set by imposing some

boundary conditions. Using the fact that the action of the mass distribution should fade at infinity:

lim ®(z,r) =0, 4.5)

r—+00
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we impose C(¢) = 0. To fix C{(¢), we need to examine the other boundary, that is, the surface of

the star: » = R(¢). Inside the star, the gravitational field obeys the Poisson equation:
AD =47Gp . (4.6)

Using spherical symmetry, we can get that in the form:

0P GM(<r)
— 4.7
or r2 @7
where M (< r) is the mass enclosed in a sphere of radius r < R(?):
r
M(<r)= 47r/ u?p(u)du . 4.8)
0
Differentiating Eq. (4.4) with respect to r and evaluating the result at » = R(r), we get:
0P Ci(v)
—(t,R(1)) = —0—, 4.9
5y (R0 = (49)
while the same quantity obtained from Eq. (4.7) gives:
0D GM
—(t,R()) = ——, 4.10
Gy (RO = 250 (4.10)

where M = M(< R) is the total mass of the star. Thus, we find that Ci(z) = GM. This is a
simplified version of Gauss’s theorem: the potential outside a spherical gravitational object only

depends on the total mass of the object:. The form of the potential is given by:

D(t,r) = —GTM . 4.11)
It is interesting to note that we did not need to suppose that the source was static. As long as it
pulses while retaining its symmetry, the potential outside the source remains time-independent.
We are now going to apply the same strategy that we deployed above to tackle the same problem
in General Relativity. Let us consider the spacetime around a spherically symmetric distribution
of mass. What is its geometry? To describe the system, we are going to make a certain number of

assumptions:

(a) Asymptotic flatness: We assume that the system is isolated so that far enough from the source
(in a way that will be made clear later), the geometry of spacetime is that of Minkowski

spacetime, i.e. the one we get in absence of any gravitational field.
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(b) Vacuum solution: We concentrate on the geometry outside the sources: 7y, = 0.

(c) Spherical symmetry: By the principle according to which the symmetries of the sources dictate
the symmetries of the solution, we will assume that the spacetime is spherically symmetric.

The last assumption leads us to choose a coordinate chart outside the star that respects the symme-

tries.
metric spacetime can always be decomposed (foliated) in a sequence of spacelike hypersurfaces

One can show that, by an appropriate choice of coordinates, the most general spherically sym-
labelled by a time coordinate t € R, that are themselves foliated by concentric spheres of radii

r € R; see Fig. 4.1.
Surfaces of constant ¢ and r ~ S?
'
| .
I V4
| /
| /
9 _ { /
ot — €0 i
| 7
H
14 9 _
ar 1
&/ F)
- a7 = €3
d
t Y4 b
. . . . e P
"Space”: Hypersurfaces of constant time parameter ¢ 9 _ eo e
ot = e / o
~~~~ ~ ?" 20 X €2
.
I

A surface of connstant ¢ and r parametrised by angles (6, ¢)

Figure 4.1: The chart (z,r, 0, ¢) adapted to spherically symmetric spacetime and the associated

foliation. The black thick dot represents the centre of symmetry at the time . Any event in spacetime
P sits on a 2-sphere of radius r at fixed time ¢ that is embedded in an hypersurfaces at constant ¢

orthogonal to g—t It is then labelled by its the angular position (8, ¢) on that sphere.

The metric then takes the form:
g=-e"""dr@dr+e'"dr @ dr +r* [d9 ® df +sin’ 6 dg ® d¢] , (4.12)
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and the line element reads:

dS2 - _eV(l‘J’)dtz + e/l(t’r)d}”2 + 7‘2 [dQZ + Sin2 9d¢2] ’ (413)

where v(z,r) and A(¢,r) are arbitrary functions. The exponential form used here is arbitrary but
it serves to remember the proper signs of the metric components and it will simplify calculations
further down. Proofs of this fact can be found in [21] and in box 23.3 of [16]. In the language
of appendix B, the space at constant ¢ is isotropic around the centre but not homogeneous. Here
(8, ¢) € [0, ) x [0, 27) are the usual angles on the sphere S, r is the area distance, i.e. the distance

such that the area of the sphere at constant ¢ and r is given by 4772,

4.2 Spacetime outside a spherical star: The Schwarzschild solution

4.2.1 Solution to the Einstein field equations

We can now use assumption (b) above to solve the Einstein field equations for the metric (4.12).

We aim to solve the vacuum equations which can always be written as:

Ruy =0, (4.14)

We first need to compute the connection coefficients for the metric 4.12. The only ones that are

non-zero are:
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4.12
10v 19dv el™ dA
I—‘O _ __ FO - 1—‘0 = == 0 = = 415
0=77": 10 10=757"5 T T (4.15)
e” 1oy 10 10
r — == Ty=Ty=x-—; 4.1
00 55 Tu=g5-: o 10=55"" (4.16)
Flzz =—re !, F133 = —re tsin? 0 ; “4.17)
) 2 1 D .
I“1p=1%;=-; "33 =—sinfcosd (4.18)
r
3 3 3 3 cosf
[P35 =T 13==;I"5=0"3=——. (4.19)
sin 6
Using these, we obtain the non-zero components of the Ricci tensor:
4.12
1624 1(aa\> 10voa] e]a> 1(av\: 1dvaa 24v]
Ry=—-=|—+=—] ~=—|+— | —+=|—| ~2——+—| ;
202 21\0t 2 0t Ot 2 |or2 2\or 20r Or roOr
(4.20)
. L|a®  1(av\* _19dav _20a| &= |a%a 1(9a _1dvoal .
UWTT2 a2 " 2\or) " 20rar  ror 2 |92 "2\or] 20rar|°
4.21)
194 r{dv 04
Ryt =Rig=—-—; Rp=1-¢e*|1+=|——-=]| ; R33 =sin’6Ry, . 4.22
o1 =R = ~==: Ry € [ +2(6r ar)] ; R33 =sin” 6Ra; 4.22)
From Ry; = 0, we can then obtain simply:
A=A(r). (4.23)
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Then, we form:

ROO + e"_/lRM =0 . (424)
to get:
ov dA
—+—==0, 4.25
or * dr ( )
so that:
v(t,r)y ==A(r)+ f(1), (4.26)

for an arbitrary function f(¢). Next, we use that Ry, = 0 to get:

e [1 —rd—/l} =1, 4.27)
dr
which can be rewritten:
d
= (re ) =1, (4.28)
dr
so that:
C
et=1+= forCeR. (4.29)
r

To conclude the calculation, we need to fix the function f(¢). This can be done by using assumption

(a) above. From Eq. (4.29) we get:

lim A(r)=0, (4.30)
r—+00
which implies that:
lim v(t,r) = f(¢) . (4.31)
r—+00
Then, asymptotic flatness imposes that:
HIP v(t,r) = f(t)=0. (4.32)

Then we arrive at a family of solutions indexed by an arbitrary constant C € R:

-1

o) C

g=—(1+—)dt®dt+(l+—) dr ® dr +r* [d0 ® d +sin”* 0 d¢ ® dg] . (4.33)
r r

Note that we obtained static solutions although the source is not necessarily static: as long as it stays

spherically symmetric, the source could evolve and the metric outside would remain static!.

'What do we mean by static here? We mean that it has a timelike Killing vector field, g_z here; see appendix B
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4.2.2 Birkhoff-Jebsen theorem

To fully characterise the field around a spherical star, we still have to find a way to fix C. At the very
least, far from the star, when the field is weak, we expect to recover Newton’s law of motion for a

massive test-particle. At first order in 1/r, the metric becomes:

C C
g = —(1 +—)dt®dz+ (1 - —)dr@dr+r2 [d9®d6+sin26d¢®d¢] . (4.34)
r r
Let us consider a test-particle of mass m and 4-velocity u = u*e(,). At first order, we develop
ut = ig# + ou* where # are the components of the 4-velocity in absence of any gravitational field
from the star , and 6u* = O(1/r) is the perturbation due to the presence of the star. Then, we

expand at first order the geodesic equation:
Vit =0 & u®0qut +TH pu®uf =0 . (4.35)

At dominant order, we recover the equation of a straight line in Minkowski spacetime, expressed in
spherical coordinates. If we start at rest, we stay at rest since we are in Minkowski spacetime. Since
we focus on motion caused by the presence of the massive star, we can thus assume that #z# = 6g .

The first order, perturbative equation of motion then becomes:

dout
B o 6THy =0. (4.36)
dr
Since:
STHy = —C_ghl 4.37)
2r2 ’ '
we get a radial motion with:
dr C
— = 4.38
d2 272 (4.38)
To recover Newton’s second law, we must thus set C = —2G M where M is the total mass of the star.
The quantity:
2GM
Rs =2GM [: 5 ] , (4.39)
c

is called the Schwarzschild radius of the star. It is the only free parameter entering the metric
generated in vacuum by a spherical object. There is no time-dependence left and given the mass of
the object, the metric is fully determined as long as it stays spherical.

We have proven the:
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Birkhoff-Jebsen Theorem

There exists a unique spherically symmetric, vacuum and asymptotically flat solution to the

Einstein field equations. This solution is static and is given by the Schwarzschild geometry:
R Rs\™'
g= _(1 - Ts)dt®dt+ (1 — TS) dr @ dr +r* [df ® d§ +sin* 6d¢p @ dg| . (4.40)

The coordinates (¢, 7, 0, ¢) are known as the Schwarzschild coordinates. Note that the depar-

ture from Minkowski spacetime in the metric coefficients is simply:

—% =20(r), (4.41)

i.e. twice the Newtonian potential.

Equivalently, we get the Schwarzschild line element:

-1
R R
ds? = - (1 - TS) dr® + (1 - TS) dr? + 12 [d6? + sin? 6 dg?] (4.42)
== (1+20(r)) dr* + (1 +20(r)) " dr? +7? [d6? +sin? 6 d¢?| . (4.43)

This line element is singular for » = 0 and for r = Rg. We will see in section 4.6, that the first
singularity is serious while the other one is not. But in what follows we first want to use Eq. (4.42) to
describe the geometry outside a star so we have to check that these singularities are not a problem
for us. Clearly, r = 0 is inside the star and as such, is not a covered by the geometry given by
Eq. (4.40), which describes the vacuum region outside the star. On the other hand, for a star of mass
M, the Schwarzschild radius can be expressed as:

M
Rs ~3— km, 4.44
ST M, (4.44)

to be compared with the Sun’s radius: Ry ~ 7 x 10° km. For a stellar object, the Schwarzschild
radius is always much smaller than the size of the object and the coordinate singularity of the
Schwarzchild metric at r = Rg is irrelevant as far as describing the geometry outside the star is
concerned. In what follows we will always restrict ourselves to r > Rs. We will allow for values of

r close to Rg to illustrate some important relativistic effects when discussion geodesics, although
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such effects would not be present for realistic Solar-type stars, because they become important for
compact starts such as neutron stars. In section 4.6 we will explore what happens if we remove the
central object and continue the Schwarzschild geometry past the hypersurface r = Rg to discover a

new class of objects: black holes.

4.3 Geodesics of the Schwarzschild geometry

4.3.1 Geodesic equations in Schwarzschild coordinates

To explore the physics associated to a geometry, the best way is to study how test particles in free
fall behave in that geometry. This means one has to study the timelike and lightlike geodesics. Let

us remember that these are characterised by the geodesic equation:

du#
Voau=0 & U +TH utu =0, (4.45)

where A is an affine parameter such that dA = —u,dx*. Moreover:

dx*
e —— 4.46
“ da ( )

are the components of the components of the vector field tangent to the geodesics given parametri-

cally by x#(A). The nature of the geodesics is determined by:
glu,u) =g, u'u" =¢, (4.47)

with ¢ = —1 for a timelike geodesics with the parameter chosen to be the proper time along the
geodesic (1 = 1) and € = 0 for a lightlike one.
Let us first rewrite the connection coefficients (4.15)-(4.19) for the Schwarzschild metric (4.40):
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Y =T 4.48

01 0= 3~ Re) (4.48)

R - R
Ilog = 28 =Rs). (4.49)
2r3

Iy =Rg—r;T's3=(Rs—r)sin’0; (4.50)

2, =02 =—; I'?>33=—sinfcosf (4.51)

Pp=T%=-; (4.52)

Then, the geodesic equations read:
d2 R drd

S il (4.53)

r(r - RS) dlda

d?e . 2dr do 0 cosd
— 4+ ——— —sinéfcos
di2  rdada

d’¢  2drdg 2cos9d9d¢

+
da2 " rdada sinf diddad

4.3.2 Conserved quantities

da? 2r3 da 2r(r—Rs) d s

dg\’|
_/1) ]_0 (4.54)

(4.55)

(4.56)

These equations are highly coupled and there is no hope that we will be able to solve them exactly.

However, we can make some progress by looking for conserved quantities. This can be done by

looking for combinations of Egs. (4.53)-(4.56) that can be written as total derivatives. In a more

clever way, we can also use Killing vector fields of the geometry. From appendix B, we know that

a vector field £ is a Killing vector field, i.e. that it generates a local isometry of spacetime iff it
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satisfies the Killing equation:

Viué) =0. (4.57)

Consider such a Killing vector € and a geodesics with tangent vector u. Then:

Vi (g(€.u)) =uVy (g5, u”| (4.58)
=uV, [épuP| (4.59)
= (uVaép) uP +EuV gu” (4.60)
N——
=0
= % (V(lfﬂ + Vﬁf(x) uuP (symmetry @ < 3) (4.61)
=Viaépu®uPf =0. (4.62)

Thus we have the result:

If £ is a Killing vector field for the geometry, then g (&, u) is conserved along the geodesic

tangent to u.

In the case of the Schwarzschild metric, we have 4 Killing vector fields:

e atimelike Killing vector field €9y = € () = % which can be found by noticing that the metric

components in the coordinate system (¢, r, 8, ¢) does not depend on 7; see appendix B;

o three spacelike Killing vector fields coming from spherical symmetry of space; see appendix B.

These three vectors are:

. 0 cosfBcos¢ 0
- T . 4,
Sy =sindaot — o 95 (4.63)
0 cos@sing 0
- g D9 . 4.64
§@) =c08bas =50 ag (464
0
=—. 4.65
£03) Py (4.65)

The conservation of g(&o),u) along the geodesics gives us an analogue to the conservation of
energy, while the conservation of g(&(3),u) provides a conservation akin to the one of angular

momentum. Thus, we find the following conserved quantities in the Schwarzschild geometry:
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Rg\ dt
=125 = 4.66
¢ ( r )d/l ( )
., de
[ =r%sin?9— 4.67
r- s d/l ( )

The other two Killing vector fields can be combined to get:

de 1 .

31 = 7 loos#g(€yw) +sindg (), u)] - (4.68)
If we start initially with 6(4;) = 8; and dd—g(/li) = 0, then Eq. (4.68) must be satisfied for any value
of ¢, which implies that g(&(2), u) = g(€(1), u) = 0. These two quantities are conserved along the

geodesics and must remain zero. Therefore:
de .
\MGR,a=O,1.e.\MeR,0=0,~. (4.69)

Note that, using Eq. (4.55) and Eq. (4.67) , this is only possible for §; = /2, but one can always
rotate the coordinate system to satisfy this condition. We see that the motion happens in a plane,

which we can take to be the plane 8 = 7/2. In that case, the conserved quantities become:

Rg\ dt
=|1-—]—= 4.70
¢ ( r )d/l ( )
d¢
l=r"—, 4.71
i (4.71)
and the geodesic equations read:
d?t N eRg dr 472)
dA22 " (r—Rg)2dd '
& R dr\? 2R — Rs)I2
dr R (dr})7,__eRs (= RIE_, 4.73)
dA?2  2r(r—Rg) \da 2r(r — Rg)? ré
d>¢ 20dr
—+—=—2=0. 4.74
daz " r3da ( )

Besides, using g(u,u) = & gives:
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Master equation for geodesic motion

2 2
&= = % (ﬂ) + Veff(r) , (4.75)

with the effective one-dimensional potential:

Rs 1> RsP
Ver(r) = 6> 4 — —
() = 5 T

(4.76)

The master equation (4.75) allows one to analyse the motion purely in terms of the radial coor-
dinate r. Formally, it has the form of an equation of conservation of the total energy per unit mass
& for a test-particle of velocity g—/’l in the one-dimensional potential Vg (7). Once properties of r(A)
are determined by using this “energy method”, then ¢ (1) can, in principle, be obtained by solving:

d¢ [

A 4.77

dl 22 77
Trajectories are characterised by two dimensionless constants, & and u = [/Rs which will be key

to our subsequent analysis.

4.4 Motion of massive bodies around a spherical star

4.4.1 General properties of trajectories

Let us first illustrate the power of the “energy method” above for timelike geodesics. In that case,

e = -1, 4 = 1, the proper time along the geodesics, and the effective potential reads:

GM I? Rsl?
V)= ==+ o5 - oh (“78)
r 2r 2r
—— —— ——
Newtonian potential ~ centrifugal barrier GR effect

Newtonian part

It has three distinct contribution:

o the attractive Newtonian gravitational potential -G M /r which dominates for large values of

r;
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e a centrifugal term [?/2r> which is always repulsive and is also present in Newtonian mechan-

ics;
e anew, general relativistic term, —Rg/?/2r* which becomes important for small values of r.

This third term is entirely responsible for deviations from the Keplerian trajectories of Newtonian
mechanics. We represent this potential for a few values of the ratio u = //Rs on Fig. 4.2 where we
already see a very important new feature: for small values of r 2 Rg, the relativistic term dominates
over the centrifugal one and the relativistic potential barrier has a finite height; we will talk about

consequences of this fact in a moment. In terms of the variable 7 = /Ry, the potential becomes:

Ve (F) = —% + ;—;2 - 2”—:3 . 4.79)
Thus, the potential has extrema iff:
% (Fex) = 0 = 3 — 21 Fexe + 3% =0 . (4.80)
The discriminant of this polynomial is simply:
A =42 (uz - 3) . (4.81)

This results in three possible configurations:

1. If I < RgV/3, then the potential does not have any extremum. It is a monotonously increasing
function of r. The particle’s angular momentum is not sufficient to keep the mass away from
the star’s attraction and whatever its total energy” &, it ultimately falls onto the central star.
The bound orbits of Newtonian mechanics disappear due to the presence of the general rela-
tivistic term which dominates for small values of . This is illustrated on Fig. 4.3 and Fig. 4.4.

The motion happens along horizontal lines at & = cst which must necessarily obey:
E = Ver(r()) . (4.82)

Since Ve < 0, all trajectories with & > 0 are free: the particle can either fall onto the central
star or evade it. On the other hand, all trajectories with & < 0 are bounded and actually fall

onto the central star.
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Newtonian potential
I[/Rs =1
I/Rs = /3
l[/Rg =2
0.2 1
l[/Rg =25
I[/Rs =3
0.0
5
~
—0.2
—0.4 1
0 2 4 6 8 10 12 14

r/Rg

Figure 4.2: The potential Vg from Eq. (4.78) for a few values of u = I/Rg as a function of # = r/Rg.

2. Ifl = RS\/§, there is a unique extremum at risco = 3Rs. It is attained for Eisco = Visco. i.e.
r(A) = risco constant. This corresponds to a “marginally” stable circular orbit (V§; (r1sco) =
0) and is called the Innermost Stable Circular Orbit or ISCO because no object can be main-

tained on a circular orbit at a distance r < risco (see below). For negative & # &isco,

particles fall onto the central star; see Fig. 4.5.
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=== Schwarzschild radius
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Figure 4.3: The potential V. from Eq. 4.78 for u = [/Rs = 1 < V/3 as a function of # = r/Rg. The
relativistic term dominates at small r and prevents the existence of the usual bounded Newtonian

potential.

3. If | > RgV/3, then the potential has two distinct extrema:

e a minimum at:

Fmin = Rg

u2+uJu2—3}- (4.83)
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0.00 A

=

10 15 20 25
r/Rs

—0.05 +

~0.10 1
—0.15 1
5 _0.20 |
—0.25 1
~0.30 1

—0.35

—0.40

Ul -

Figure 4.4: Trajectories with & < 0 in Vg from Eq. (4.78) for u = [/Rs < V3. The relativistic term

dominates at small r and prevents the existence of the usual bound orbits of Newtonian mechanics.

This corresponds to a stable circular orbit around the central star, attained for & =

Vinin = Ve (rmin). Note that we always have rui, > risco, which justifies the name.

Fmax = Rs [/12 - ,u\/,uz - 3] . (4.84)

This corresponds to an unstable circular orbit marking the height of the potential barrier.

e a maximum at:

Unlike in the Newtonian case, relativistic orbits with large / can still plunge into the

central object if & > V; . = Vjux. Note that V.« > 0iff [ > 2Rg. Outside of the two

min

circular orbits, we find three types of trajectories if / > 2Rg (and only 2 if [ < 2Rg).

This is summarised in Fig. 4.6:
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—0.30
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=== Schwarzschild radius
—-—= ISCO

r/Rs

Figure 4.5: Potential for [ = RS\@., showing the ISCO.

- For & > Vi, particles are free to move away from the central object or to plunge

directly into it, depending on their initial radial velocity.

- For 0 < & < Vpax, particles either directly escape to infinity (if there initial ra-

dial velocity is positive), or approach the central object up to a minimum distance
b determined by V.g(b) = & before escaping to infinity. This is a collision, or

scattering.
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- For Vipin < & < 0, trajectories are orbits. Radial distances to the central object are

bounded from below and above respectively by rperi (for periastron) and ryp, (for

apastron). This bounds are determined by solving:

Veg(r) =6 < 0. (4.85)
Plunge orbit or free particle
8 > Vmux
Collision
O < 8 < Vmax
Viin < E <0 - Bound orbit
1
i \
T'max T'min T / RS ‘\i
I'peri Fapo ,"

Figure 4.6: Possible trajectories for I > RgV3. Here we present the case [ > 2R but the discussion

is not altered by the less restrictive bound; the collisions simply disappear.

Note that for Viin < & < Viax, if the particle starts with r < ryqx, then the particle is trapped and
necessarily falls towards the central object.
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4.4.2 Kepler’s law for the stable circular orbit

Let us look in more details at the stable circular orbit at ryi, given by Eq. (4.83) when ! > Ry V3. Let
Q be the angular velocity of a test particle placed on this circular orbit, as measured by an observer
O at infinity i.e. infinitely far from the star, so that we can consider that locally around the observer,
the metric is that of Minkowski spacetime. How would O measure Q?

Let us assume that the test particle emits a photon radially towards O at a point with coordinates
(1,emits F'min» /2, ¢0). Let us further assume that this photon is received by O at (¢ rec, Frec, 7/2, $0)
with rrec > rmin. Next, the test particle emits a second photon radially towards O after a complete

orbit, i.e. at the event of coordinates (fz,emit, Fmin, 7T/2, o + 271). Since we have that:

d 1 Rs \d l R
_¢=_(1_ S)_¢:—(1— S):cst, (4.86)
d e Fmin ) dT errznin T'min
we get:
d¢ 2r
—_= (4.87)
dt t2,emit - tl,emit
On the other hand, along radial null geodesics, we get:
R
dr = (1 - —S) dr . (4.88)
r

Integrating this equation for the two trajectories, we notice that the RHS is identical in both cases.

Therefore:

12 rec — 12,emit = f1,rec — I1,emit - (489)

Finally, the proper time measured by O with their own clock is ¢ since they are located at infinity.

Thus, they measure the angular velocity:

2
Q= T (4.90)
t2,rec - tl,rec
2
= 4.91)
t2,emit - t],emit
d¢
=— 4.92
dr ( )
Hence, we get:
l R
Q=— (1— S). (4.93)
er .. Fmin
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Using that on the circular orbit:
e -1
) = Veff (rmin) > (4.94)
we get that:
e? R 11
5 (1 -3 ) Bt (4.95)
F'min rmin
Then, Eq. (4.83) gives:
2 2
rmin _ (L), L (L) s, (4.96)
Rs Rs Rs \\Rs
from which we get:
Rs _ R (4.97)
'mi 2 ’
e ey 1-35% ]
RZ R2
S 1—41-1=2 (4.98)
12 |- 3R2/12)] 2
- 3— (4.99)
Thus, taking the square:
2 2
Rs 1{.Rs RS
- —. 4.100
(rmin ) 31 Fmin 12 ( )
from which we get:
RZ R RZ
S _ I\ s
- = 2rmin - 37 (4.101)
min
Plugging this back into Eq. (4.95), we arrive at:
[ 1 Rgrmin
L [ , 4.102
e 1- RS/rmin 2 ( )
so that we arrive at
R
Q= [— (4.103)
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Introducing the observed period T = 27/Q, we get Kepler’s law for the stable circular orbit:

2 3
T T 'min -

(4.104)
All the relativistic terms have vanished and we are left with the Newtonian result. This is a pure
coincidence without any obvious physical meaning. This is apparent in the sense that r is a mere

arbitrary coordinate. With a different radial coordinate, the result would be altered.

4.4.3 Non-circular bound orbits

In the rest fo this section, we are going to concentrate on the more refined properties of bound orbits.
We consider a trajectory with [ > RsV3 and Viin < & < 0. We are going to write an equation for

r(¢). We can rewrite Eq. (4.75) as:

2 2 2
dr Ry, I Rsl
—] =26+—-— . 4.105
(dT ) roor: 3 ( )
Then, using that:
d¢ I
- = 4.106
dr r? ( )
we get that:
dr drd¢ [ dr
=T -_ 4.107
dr d¢dr r2dg ( )
We are now going to use Binet’s approach and define?:
21
==, 4.108
o Rsl” ( )
such that:
d 217 d
T = = (4.109)
d¢ = Rgx2d¢
Substituting in Eq. (4.107) and then in Eq. (4.105), we obtain after some simplifications:
2 2 2
d 8&1 R
R N (4.110)
de R: 212

2Note that with this normalisation, x = 1 at the Newtonian circular orbit.
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Differentiating with respect to ¢ and simplifying, we arrive at the parametric equation of bound

orbits for massive particles:

42 3R2
S o _x+55,2 4.111)
d¢? 412

This is the equation of a harmonic oscillator with angular frequency wg = 1 and forcing term
3R

2
1+ Tzsxz. The last term is absent in Newtonian mechanics and encodes the general relativistic

effects. In absence of this term, the Newtonian equation is exactly solvable so it may be possible to

make progress if we assume that we are in the limit of small corrections. Note that the coefficient:

2
3R2

3
YT T e -112)

ENE

Let us assume that we are in the regime @ < 1, so that we can look for a first order expansion of

the solution:

x(¢) = xo(¢) +x1(¢) , (4.113)
where xo(¢) is solution to:
d?x
T&ZI_XO’ (4.114)

and x; = O (@). The solution to Eq. (4.114) is well-known and, up to a phase that we are free to fix,

the solution is given by:

xo(¢)=1+écosg, (4.115)

where é = 1 — b%/a” < 1 is the eccentricity of the ellipse with a focus at the star, a and b are the
semi-major and semi-minor axes, respectively. Plugging this into Eq. (4.111) and developing to first

order in a only, we get an equation for x;(¢):

_dzx] + [1+écos ¢]2 1+ ¢ +2écos ¢+ ¢ cos(2¢) (4.116)
X =a é =« — +2é - . .
dg? ! 2 2
Noting that:
2
@(¢sin¢)+¢sin¢:2cos¢ 4.117)

d2
dTSZ (cos2¢) + cos(2¢) = =3 cos(2¢) , (4.118)
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we see that a solution to Eq. (4.116) is provided by:

2 2
xi() = a 1+%—%cos(2¢)+e~¢sin¢ . 4.119)
At first order in «, the orbit is thus defined by the parametric equation:
e &
x(¢p) = 1+écosg+a 1+3 - gcos(2¢) +épsing| . (4.120)
Note that at first order in @, we can write:
cos [(1 — a)¢] = cos ¢ cos(ag) + sin ¢ sin(a¢p) (4.121)
~cosp+apsing , (4.122)
so that we can write:
e &
x(¢) =1+écos[(l—a)p]+a 1+E_ gcos(2¢) . (4.123)

For @ = 0, the solution is periodic, with period Ty = 2. What is the period of the first order
solution? Let us write:

T=2n+Ad=2n+ap, (4.124)

and look to determine . By definition of the period, we have:

x(¢+T) =x(9) . (4.125)
Since:
acos (2(¢+T) = acos(2¢) + 0(a?) (4.126)
cos[(1—a)(¢p+T)] ~cos¢ +a¢sing +a(2r — B)sin ¢ (4.127)
~cos((1 —a)p) +a(nr —B)sing , (4.128)

this is only satisfied if 8 = 2 Thus after a complete period that brings the particle back to its
original position, the polar angle at which it happens has shifted by:

2
37rRS

AP =2na = —=
10} T B

(4.129)
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In particular, the point of closest approach, i.e. the periastron advances by an angle A¢ after each
revolution of the particle. At lowest order, we can replace the angular momentum per unit mass /

by its value on the Newtonian ellipse. We have:

2 + (0) +7(n) 2r + 28 (4.130)
a = Iperi +Tapo =T r(m) = . .
pert T Tapo Rs(1+¢é)  Rs(1-2¢)
This gives:
R
12=75(1—e~2)a. (4.131)

Therefore, restoring units, we find that the periastron of an object such as a planet orbiting a star of

mass M advances after each revolution by an angle:

6nGM .
A¢ = m per perlod . (4132)

This is illustrated on Fig. 4.7.

Figure 4.7: Precession of the orbit of a planet around a star. The orbit looks like a slowly advancing

ellipse.

If we apply this formula to the case of Mercury, which has the largest eccentricity in the Solar
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System, with:

GC—ZZW: foe ~1.48x10° m (4.133)
a=~579%10""m (4.134)
€ ~0.2056 (4.135)
we find:
A¢ =~ 5.01 x 1077 per period =~ 0.103" per period . (4.136)

Given that Mercury orbits around the Sun in 88 (Earth) days, the advance of its perihelion in a
century (on Earth) is given by:
A¢ =~ 42.72" per century . (4.137)

The perihelion of Mercury actually precesses by 574.10” per century, a fact that was well know by
astronomers in the 19t century. All but about 43" could be explained within Newtonian mechanics
by taking into account the perturbations to the orbit due to the other planets in the Solar System, as
well as the non-sphericity of the Sun. Einstein’s calculation of the relativistic correction that made

up the missing 43" was a powerful motivation to adopt General Relativity.

4.5 Light rays around a spherical star

Let us turn our attention to the trajectories of photons. We start with some general properties and
then move to some physical applications.

4.5.1 General properties of light rays in Schwarzschild spacetime

Effective potential

For lightlike geodesics, g (u,u) = &€ = 0, so that the effective potential (4.76) becomes:

1> Rsl?
V. =— = 4.138
Cff(r) 2}’2 2]"3 ( )
which, in terms of 7 = r/Rg reads:
2 2
o M H
Ve (F) = Ty (4.139)

This potential is represented for a few values of u on Fig. 4.8
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Figure 4.8: The effective potential for light rays. The vertical line at » = 3Rg/2 indicates the

unstable circular orbit.

Note that the Newtonian gravitational potential has disappeared, as expected. For all values of

[ # 0, the potential has a maximum at:

3
re=3Rs . (4.140)

corresponding to an unstable circular orbit, attained for e = 241/3V3. For e > e, the trajectories
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correspond to plunge orbits or photons escaping to infinity while for 0 < e < e, we obtain a
standard scattering if r > 3Rs/2; if r < 3Rg/2, photons cannot escape and plunge onto the central
object. Before exploring some consequences of the structure of these trajectories, we will treat the

particular case of radial trajectories, with [ = 0.

Radial trajectories

As one can readily see, radial orbits, with [ = 0, i.e. ¢ = ¢g = cst, are a bit particular since they

correspond to an effective potential:

Vet =0, (4.141)
which results in a radial equation:
(g—;)z =e? . (4.142)
This fixes a relation between r and the affine parameter A:
di = % , (4.143)

with a + for infalling photons and a — for outgoing photons. These geodesics are more easily studied

by going back to the line element:

-1
R R
0=—(1——S)dt2+(1——s) dr? . (4.144)
r r
Hence:
R -1
dtZi(l——S) dr, (4.145)
r

which is of course consistent with Eq. (4.143) given the definition of e. Eq. (4.145) is easy enough

to integrate:

tzi/inRg X it = (4.146)
1—Rs/l" x—1 RS
141 dx
:iRS/de:iRS /dx+/ (4.147)
x—1 x-1
—+Rs[x+Injx—1]]+C forCeR (4.148)
— r+R51nRL—1 +C forCeR. (4.149)
S
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Note that this expression is also valid for » < Rg and we will come back to that important fact
in section 4.6. For now, we have arrived at two families of radial lightlike geodesics in the region

r > Rg:

e QOutgoing radial light like geodesics for which g—: > 0, given by:

z=r+Rsln(RL—1)+c forCeR. (4.150)
S

o [Infalling radial light like geodesics for which ‘31—: < 0, given by:

t:-r—Rsln(RL—1)+c for CeR. 4.151)
S

Some of these radial geodesics are represented on Fig. 4.9. One can see that, as expected, far from

the central object, we recover the geodesics of Minkowski spacetime, i.e. straight lines:
t=+r+C forC eR. (4.152)

Since every point on the spacetime diagram is effectively a 2-sphere, the two radial lightlike geodesics
actually generate a local lightcone. We represented in green the future-directed part of a few of these
lightcones. Note that we implicitly chose e9) = % as our future timelike direction in the region
r > Ry as this corresponds to the proper time of an observer located very far from the central object.
As one can see, the local causal structure tends to the one of Minkowski for r > Rg, with local
lightcones with an opening angle of /2. However, as we approach the central region and r = Ry,
the lightcones in (¢, r) coordinates close up. We still have some outgoing and infalling rays, but it
gets “harder and harder” for outgoing rays to escape the central region. Infalling rays also seem to
be “grazing” the hypersurface r = Rg. Timelike curves are always locally inside these lightcones.
This geodesic structure will be very useful when we extend the Schwarzschild geometry to describe
black holes in section 4.6. But before we focus on this problem, we can come back to generic light-
like geodesics for r > Rg and deduce some physical, observable effects of the propagation of light

in the field of a central object.
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r/Rg

Figure 4.9: Radial lightlike geodesics of the Schwarzschild metric in the region » > Rg in a space-
time diagram. Infalling geodesics are represented in red dashed lines and outgoing ones in solid
black.
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4.5.2 Gravitational redshift

First, consider a set of observers at rest in the Schwarzschild coordinates. If we call U = U*e )

the field of their 4-velocity, we have:

Ul=0*=0%=0. (4.153)
Since g(U,U) = —1, this results in:
-1/2
R
U = (1——5) . (4.154)
r

Assume that such an observer emits a photon at (¢, 71, 7/2, ¢1) that is received by another such
observer at (5,72, /2, ¢2). Let k be the tangent vector to the lighlike geodesics followed by the
photon. At any point (z,r, 8, ¢), the frequency, w(r), of the photon as measured by an observer at

rest in Schwarzschild coordinates is given by:

ho(r) = - g(U, k) (4.155)
= — gooU%° (4.156)

Rg dt
=/1-——, 4.157
r da ( )

where A is an affine parameter along the lightlike geodesics. Using the conservation of g(e ), k) =
—e, we get:
ho(r) = —— . (4.158)
1—Rs

r

Therefore, the observed photon at r, has a frequency that is shifted with respect to its observed

_w(ry) /1 — Rg/r
1+z= S =\1C Rs/r (4.159)

This expression is general and does not depend on whether or not the geodesics is radial. z is the

frequency at r, by a factor:

gravitational spectral shift. It is given by the fractional change in the measured wavelength of the

photon between emission and reception:

-4

) 4.160
3 ( )

Z
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so that z > 0 corresponds to a redshift and z < 0 to a blueshift. Using Eq. (4.159), we see that a
photon moving away from the central object is redshifted, while it is blueshifted if it falls onto the
central object.

In the weak field limit, with > Rg, we get:

Rs Rs
1 ~|] - —=]|1+== 4.161
T2 ( 2r2)( +2r1) (4.161)
21—G—M+G—M (4.162)
ra r
21+ ®D(rp) —D(r1) , (4.163)

which agrees with the result we obtained using the equivalence principle in subsection 2.8.2. It
is also consistent with the work in the static, weak field limit in subsection 3.6.3, as it should be
because the Schwarzschild metric reduces to the static, weak field limit in the approximations we

have made here.

4.5.3 Deviation of light

Assume that a light ray coming from infinity falls onto the central object with 0 < e < e.. It
approaches the central object until it reaches a minimum distance 7 given by:
) 73

?=Veg(f) s ﬁ—f+RS=O, (4.164)
where we defined the impact parameter b = [ /e (more on this name later). Note that the condition
e < e. translates into b > 3V3Rg/2. Then, the light ray bounces back on the potential barrier
and moves away from the central object, going to infinity in a direction different from its infalling
one. This is a classical scattering problem. We propose to estimate the angle by which the outgoing
direction deviates from the ingoing one. We introduce Cartesian axes [Ox) and [Oy) in the plane
of motion such that O coincides with the centre of the star, and the x direction is aligned with the
initial direction of propagation of the photons; see Fig. 4.10.

Initially, the photon is emitted at a point (tin, Fin, 7/2, $in) = (fin» Xin> Yin, 0) and is very far from the
central object, so we can take the limit iy, — +oo. It has 4-momentum with kion ~ ¢ and kiln ~ —e
(using the radial equation in the limit of large r). Besides, we have that: yi, = ri, sin ¢in = 7in@in
because yj, < riy so that ¢;, is small. Taking a derivative, we get:

dg| . yin (4.165)

2 b
dr in rin
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Figure 4.10: Geometry of the problem for the deviation of light by a central object.
where we used that: |
dr kin
| =n . (4.166)
dr in k?n
On the other hand:
d¢ d¢da
B 4.167
de  dA dr ( )
[ R
:_2(1 __S) , (4.168)
er r
so that:
d¢ b
—| =—=. 4.169
dr |, r? ( )

We can conclude that y;j, = b, thus the name impact parameter for b.

The radial equation of motion can then be written in terms of the angle ¢ and Binet’s variable

u = b/r, to give (exercise):

quﬂ+u 2bM ,

(4.170)



195 Stars and black holes

similarly to what was done in subsection 4.4.3 to obtain Eq. (4.111). In that equation, the term
on the RHS is the general relativistic term. Then, we assume that the photons remain far from the
Schwarzschild radius of the object, so that we are in weak field. This amounts to assuming that
Rs << b so that the general relativistic term is small compared to the others. Hence, we look for a

solution in the form:

u(¢) = uo(P) +ui1 () , (4.171)
where u1(¢) = O (Rs/b) and uy satisfies:
d%u
a2 T =0. (4.172)

Since this corresponds to the trajectory of light without deviation, i.e. to the straight line y = b,
we must have: rgsing = b, i.e. up = sin ¢, which clearly satisfies Eq. (4.172). Injecting that in
Eq. (4.170) and expanding at first order in Rg/b we obtain an equation for u(¢):

d2u1

3R
Fraaile 255 gink g . (4.173)

2b

This can be solved to get the solution with the right boundary condition3, namely #(0) = O:

ur(¢) = % (1 + % cos(2¢)) - % cos ¢ . (4.174)

The deviation a is such that on the outward branch of the trajectory we have, asymptotically ¢y =

7+ @. Thus imposing u (7 + @) = 0 leads, at first order, to:

R 1 R
0 =sin(r +a) + 3R (14 L cos Q2(r+a))| - == cos(n +a) (4.175)
4b 3 b
Rs Rg
g+ s Bs 4.176
@+t ( )

so that we have light is deflected by an angle:

a=—. (4.177)

3The general solution to the non-homogeneous problem is the general solution to the homogeneous problem, A sin ¢+
B cos ¢, added to a particular solution to the non-homogeneous problem, here % (1 + % cos(2¢)). Since we know that
u(0) = 0 and ug(0) = 0, this fixes B. A is irrelevant here has it gets re-absorbed in the zeroth-order solution and is zero

asymptotically anyway.
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In 1919, Eddington and his team set to measure this angular deviation by observing the apparent
shift in position on the sky of stars located behind the Sun during a Solar eclipse: by observing the
stars at night before the eclipse (while the Sun was not interfering with light coming from them)
and then again during the eclipse, they were able to measure . For rays grazing the Sun, we can
take b ~ Ry and we find:

a=~1.75". (4.178)

Eddington’s observations were in agreement with that prediction and this was the first real test
of General Relativity (on a genuine, unexpected prediction). It made Einstein famous worldwide
overnight. The study of deviations of light rays by clumps of matter is now a fully developed branch
of astrophysics known as gravitational lensing which is used on multiple scales to probe gravity,
the growth of structure in the Universe and the nature of Dark Matter; see Fig. 4.11 for a stunning

recent image exhibiting many gravitationally lensed images.

Fig. 4.12 summarises modern constraints on General Relativity obtained via gravitational lens-

ing across a wide range of scales and using various instruments. The agreement is stunning.

4.5.4 Shapiro time delay

Not only are light rays bent by the presence of mass along their path, but electromagnetic signals
are also retarded by gravitational field. This is known as gravitational (or Shapiro) time-delay. Let
us consider a light ray sent from Earth to a distant satellite, bouncing back on the satellite and
being sent back to Earth. We choose our Schwarzschild coordinates (¢, r, 8, ¢) centred on the Sun
with 8 = 7/2 the ecliptic. We denote by rg and r. the radial coordinates of Earth and the satellite
respectively. Let rq be the closest distance to the Sun along the light ray. The situation is summarised
on Fig. 4.13. Along the lightlike geodesic connecting Earth to the satellite, as well as along the one
connecting the satellite to Earth, using Eqs. (4.75)-(4.138), we have:

2 2
— | =" - — + — 4.179
(d/l) C TR R ( )

I? 12 Ry

==ty (4.180)
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Figure 4.11: Image of the SMACS 0723 galaxy cluster by the James Webb Space Telescope,
Credit:NASA, ESA, CSA, and STScl. There are many images of gravitationally lensed galaxies

in this image. They appear distorted by the massive cluster situated on the line of sight. Try and
find them.

Then:
dt drda
dr _drdd 4.181
dr dAdr (4.181)
R\ 2 R\ ~1/2
:(1——5) (1—[’—2(1——5)) . (4.182)
r r r

Given that at » = ro, g—; = 0 by definition, we can related b to rg:

-1
R
b2=r(2)(1——s) . (4.183)

r
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Figure 4.12: Constraints on General Relativity from lensing observables: deviation of light in the

upper part and time delays in the lower part. General Relativity corresponds to y = 1. Figs taken

from [22].

Thus, we arrive that:

(4.184)
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g

Figure 4.13: Geometry of the problem for the Shapiro effect. The dashed line corresponds to the
trajectory light would have in special relativity, in absence of the Sun, while the solid curve is the

actual trajectory.

In all applicable situations, we have ro <« rg, ro < r, and Rs < r, so we can simplify this

expression by a series of Taylor expansions at first order in small quantities:

dr R 2\ 2 (Rs Rs\|
TiheZ -2 1+—2_ (2= (4.185)
r r r2 r2-rg\r no
2\ —1/2
Rg ry ro Rs
e =) 1-2 l+-—0 =5 4.186
( r) r2) [ 2(ro+r) ”] ( )
2\ —1/2
N P (B ro Rs (4.187)
r r 2(ro+r) r
LA P ’_0&] (4.188)
r2—r(2) r 2(ro+r) r
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We can use this expression to get the time taken by a photon to travel between a source at r| towards

an observer at r5:

" Rg
t(ry,m) = 4.189
(r,r2) = / \/— r 2(r0+r) r ] ( )
Equivalently:
2 7o d Rs [ d
= [T Emarers [ o B o)
noJri-r? noJrr-r2 r Ar=ro (r+ro)
N— — N— =172
) 2 = r+r0
=[Vi’2—r§]rl :[ln L4 ’;-1)] [ O]rl
0 oy i
al
The travel time between Earth and the point of closest approach is therefore
t (rg,70) = AJr2 — 12+ RsIn | =2 + (4.191)
ro

and an identical expression for the travel time between the point of closest approach and the satellite

by replacing rg by r.4. The travel time is thus given by:
T = Tviink + AT, (4.192)

where:

Tviink = 2 [\/reze - ré + \/rf - r%] (4.193)

is the travel time in Minkowski spacetime. It is twice the sum of the travel time between Earth
and the point of closest approach in a straight line and the travel time between the point of closest
approach and the satellite in a straight line. However, in Minkowski spacetime, light travels along
straight lines and follows the dashed curve on Fig. 4.13, which means that its travel time between

Earth and the satellite and back is:

T =2 [\/ré — b2+ \r - bz] : (4159

4Although it is not apparent in the final expression (4.190), because the spacetime is static, and because we can

assume that the positions of the satellite and Earth have not changed significantly during the return trip of photons, we
have ¢ (rg, r«) =t (r«, rg). This is called the "inverse return of light” in geometric optics. We will use these relations in

what follows.
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But at leading order, using Eq. (4.183), we get:

Rsro Rsro
TN ~ Tagink — |1 (res 70) —5 +1 (74, 70) . (4.195)
r2 r2
(53] *

The difference between the two expressions, which is known as the geometric time delay for clear
reasons, is of order two in our small parameters and can thus be neglected.

Therefore, the Shapiro time delay is given by:

AT = Rg |21In

(4.196)

2 _ .2 2_ 2
(V@‘F rGB I"O) (I"*+ ry I"O) \/l"@—r() \/r*—ro
+ +

2 re + 10 T +70

o

This expression is always positive so this is indeed a delay. The expression given here is actually
too general since it does not take into account the fact that we used Taylor expansions to obtain it.

If we do Taylor expand Eq. (4.196), we get, at dominant order>:

drgr.

2
0

AT =2Rs |In

+1] . (4.197)

r

The measurement of this time delay with the Cassini probe in 2003 confirmed that gravitational
agreed with General Relativity to one part in 2 x 107>[4].
In 2010, the Shapiro effect was also used to measure the mass of a neutron star. The neutron star is
actually observed as a pulsar named PSR J1614-2230 and belongs to a binary system with a white
dwarf. Once every revolution, the white dwarf passes between the neutron star and us. This means
that by observing carefully the intervals between the pulses emitted by the neutron star during the
passage of the white dwarf and immediately before or after, one can measure a delay in their arrival
time on Earth. This was measured to be 25 us for this system, which leads to an estimate of the
mass of the white dwarf and, using orbital parameters, to a value for the mass of the neutron star:
M =1.97 + 0.04 M. This is a very high value, the highest ever recorded for a neutron star, which

provides a lot of information on the properties of the dense matter forming the neutron star.

5Note that, the argument of the logarithm is very large so neglecting terms proportional to ro/re or ro/r« is easily
justified. However, this argument receives another contribution, equal to (ré + r%) /(rer.) which is not small. Never-
theless, using rg ~ r., we see that this term is order unity, so much smaller than the dominant term that we kept here.

Technically, we performed a Laurent expansion rather than a Taylor expansion.
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4.6 The Schwarzschild black hole

In the previous sections of this chapter, we studied the gravitational field around an isolated, spher-
ical source like a star. If we describe a star as a ball of hot gas with density p(z,r) and pressure
p(t,r), the stability of the star depends on the balance between two forces: the self-gravitation of
the matter which tends to make the star contract and heats up the gas, and the internal pressure of the
gas, which increases with temperature and tends to support the matter, opposing the gravitational
collapse. However, as nucleosynthesis proceeds, the chemical composition of the star changes and
this equilibrium evolves. Eventually, after a series of complicated stages, nuclear fusion stops and
the internal process are no longer able to oppose the gravitational collapse: the star dies. Its end
state depends on how much mass remains in the core of the star: dwarfs for low mass remnants or
neutron stars for Mo, < M < 3M. These compact objects are supported by the quantum pressure
generated by Pauli exclusion principle of fermions: electrons for white dwarfs and neutrons for neu-
tron stars. However, if the mass of the remnant exceeds about 3M,, even these quantum effects are
not strong enough to maintain the stability of the object: it collapses completely and forms a black
hole.

In this section, we will discuss in fair details the simplest black hole solution, the Schwarzschild
black hole. We will not attempt any discussion of the formation of black holes, nevertheless, we can
make a few remarks in this introduction. Imagine a ball of self-gravitating, non-relativistic matter
with radius (in Schwarzschild coordinates) R(¢) collapsing isotropically under the influence of its
own gravity. As we have seen, outside the star, everything is described by the exterior Schwarzschild
solution we studied in the previous sections. As long as R(¢) > Ry everything is all right. As we are
going to see next, it turns out that nothing special happens to timelike geodesics at r = Rg so that the
star continues to shrink past that limit. At that point however, it forms a black hole. What happens
to matter as it continues falling beyond the Schwarzschild radius towards an infinite concentration
at the centre of the spatial coordinates in the asymptotic future is subject to contemporary debates

and can only be assessed in quantum gravity, which is way beyond the scope of these notes.

4.6.1 Beyond the Schwarzschild radius: a conundrum

Let us go back to the Schwarzschild metric in Schwarzschild coordinates:

-1
R R

g=—(1——S)dt®dt+(l——S) drodr+r[dd®do+sin6dp®dp| . (4.198)
r r
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So far, we looked at the geometry for the exterior region r > Rg but we can note that this metric is
perfectly well defined for 0 < r < Rg which we will call the interior region. As an illustration, the
radial lightlike geodesics that we characterised in subsection 4.5.1 via Eqgs. (4.151)-(4.150) can be

constructed for 0 < r < Rg; they simply exchange their role and we get:

Radial lightlike geodesics: interior and exterior

e Outward radial lightlike geodesics ($ > 0):

z:r+R51n(RL—1)+c for C € R for r > Ry (4.199)

S

t:—r—Rsln(l—RL)+c for CeR for 0 <r < Ry . (4.200)
S

o Inward radial lightlike geodesics (4= < 0):

z:—r—Rsln(RL—1)+c for C € R for r > Ry (4.201)

S

t:r+Rsln(1—RL)+c for C e R for 0 <r < Ry . (4.202)
S

A few of these geodesics are represented on Fig. 4.14. Note that each point on this diagram is
effectively a 2-sphere. Note that we have changed their names from “outgoing” and infalling”
to “outward” and “inward”. In the exterior region, the notions overlap because we have chosen

e = % for our future direction. But what of the interior region? There, we have:
Rs
g ey, em)=- (1—7) >0 (4.203)

-1
R
g leqyse) =(1—75) <0, (4.204)

so that e(1) = a% is timelike while e gy = % is spacelike. Therefore, how do we choose a time
orientation to be able to draw the local future lightcones and study causality in this region? Can we
do it in a way that is consistent with the causal structure in the region » > Rg, so that we can ”glue”
these regions smoothly through the hypersurface » = Rg and obtain one spacetime covering both
regions?

We won’t be able to address these questions in (¢, ) coordinates because they are pathological as
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r/Rg

Figure 4.14: Radial null geodesics of the Schwarzschild metric both in the exterior region, r > Rg
and the interior region, 0 < r < Rg. The hypersurface at r = Ry is represented in green. Black

solid curves are outward (dr/dt > 0) while dashed red ones are inward (dr/dt < 0).

we approach r = Rg. Before we explain the strategy we are going to follow to tackle these questions,
we need to make sure that they may even be tackled. Let us consider a massive object free falling

radially onto the central region from infinity, where it started at rest. Then, we have dz/dr = 1 at
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infinity and e = 1, where 7 is the proper time along the object’s geodesic. Since / = 0, we get that

(the minus sign means it is infalling):

dr __ |Rs
dr ro

The 4-velocity along the geodesics is then:

The local inertial frame of the free-falling observer is {u =3

we define the new coordinate R such that:

(4.205)

(4.206)

fe) 1 fo)
30" rsine%} where

(4.207)

(4.208)

(4.209)

(4.210)

4.211)

(4.212)

0 _A(? - B 0
OR ot ar
with:
a 0 1
g\or or)
g 0
—~. =0
g(ar aR)
This gives:
O _ [\ R\ [Rso 6
AR r r dt Or
In this coordinate system, the non-zero components of the Riemann curvature tensor read®:
Rs 4 5 Ry
RVias = =, RV = RVsa = ——=
101 = 3 502 303 273
5 Rs i i Rs
R’ = — , R'555 =Ry = ——
TS 213 313 23

Thus, the geodesic deviation equation for the deviation vector € that describes the deformation of

the object by tidal forces becomes:

s,
G Tt
= ndﬂROﬁ()f/f? .

(4.213)

(4.214)
(4.215)

SThis result is quite cumbersome to obtain. One first needs to calculate the components of the Riemann tensor in

Schwarzschild coordinates and then apply the law of transformations for the components of a tensor.
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These forces remains thus completely finite in the neighbourhood of the hypersurface r = Rg. A
free falling observer that approaches that hypersurface does not experience any special gravitational
effect so it looks like from a physical point of view, we may be able to bring the hypersurface r = Rs
back into the physical spacetime by a clever change of coordinates and some continuation procedure.
As you can see, this is clearly not the case for the r = 0 singularity: a similar change of coordinate
in the r < Rg region shows that tidal forces diverge as one approaches r = 0. We say that r = 0
is a physical singularity. Strictly speaking it does not even belong to the spacetime and General

Relativity fails there.

4.6.2 Exploring the Schwarzschild black hole
Eddington-Filkenstein coordinates

We can now turn to the main issue of this section: the construction of a consistent geometry span-
ning both the exterior and interior region of the Schwarzschild spacetime. We are going to construct
anew coordinate system that patches together interior and exterior regions in a continuous way, cov-
ering the » = Rg region in a smooth, regular way.

The strategy consists in exploring the causal structure of spacetime, i.e. in following lightlike
geodesics and connecting them across the apparent singular region. We start in the exterior re-
gion, r > Rg and we follow the (future-directed) radial lightlike geodesics. Because we want to
extend our spacetime towards the r < Rg region, we focus on infalling radial null geodesics. We
will talk about the outgoing ones later. We define the infalling Eddington-Filkenstein coordinate v

to be constant along the inward radial geodesics in the exterior region:

v=t+r+ Rgln

r
—=1]. 4.216
Rs ‘ ( )

This definition is valid in both exterior and interior region ans this will be useful later. If we construct
the chart (v,r, 6, ¢), then at constant 6 and ¢, v = constant lines will correspond to light rays. In
the exterior regions, these will be the infalling rays (red dashed curves on Fig. 4.14) What does the

metric look like in this chart? We have:

1
dv=dt+|1-—]|d 4217
v +( l—r/RS) r ( )

1

=dr + 1_—Rs/rdl" .

(4.218)
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Thus:

1 -2
R R
dr? :dv2—2(1 ——S) dvdr+(1 ——S) dr . (4.219)
r r

Substituting in the line element (4.42), we get it expressed in the new coordinate system, known as

the Eddington-Finkelstein infalling coordinates :

R
ds® = - (1 - —S) dv? +2dvdr +r* [d6* +sin”* 6 dg] ., (4.220)
r
with the bounds v e R, r e R}, 6 € [0, 7) and ¢ € [0, 27).
First let us note that the metric is perfectly regular at r = Rg. The determinant of g is given by:
det g = —r*sin? 6 , (4.221)

so that the metric is invertible at all points with » > 0 (the apparent singularity at 8 = 0 and 7/2
is an artefact of the spherical coordinates). The chart (v, r, 6, ¢) covers the interior, exterior and
r = Rg regions in a perfectly smooth way. The coordinate v tends to +co when ¢, or r, or both, tend

to +o00, and to —oo when t — —oo at fixed r.

Causal structure
What do radial lightlike geodesics look like? Let us set:

PN (1 _ ?) 42 +2dvdr =0 . (4.222)

We have two sets of radial lightlike geodesics:

Typelv: dv=0 = VreR}, v=cst (4.223)
1 RS r

Typellv: dr==-(1-—]|dv = v=2r +2RsIn|— — 1| +cst. (4.224)
2 r Rs

Type Iv corresponds to the inward radial geodesics in the region r > Rg and to the outward ones in
the region r < Rg (to see that, you can express v = cst in terms of (¢,7)). Therefore, in terms of
the parameter v, these two geodesics connect through the hypersurface r = Rg. Photons travelling
radially from the r > Rg region towards the central region cross the hypersurface r = Rgs and

continue towards r = 0. The outward geodesics in the region r < Ry are travelled from r = Rg
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down to r = 0, with dr/d4 < 0. How can we understand this counter-intuitive fact?

If we want to speak of direction of travel along (timelike or lightlike) geodesics, we need to introduce
a time orientation. Since we already chose one outside by requiring that future-directed vectors be
“aligned” with e () = g—t, we need to choose an orientation inside that is compatible with this. First,

since we have two sets of coordinates, we need to be a bit careful here. Remember that truly:

0
e = o , (4.225)
"lt,0.¢)
while, if we call €, the coordinate basis associated to the chart (v, r, 8, ¢), we have:
. 0
€1 = (9_ Feq) - (4.226)
"l(v,0.¢)
In fact, we have that € (1) is globally lightlike:
g(éw).éa))=0. (4.227)

Therefore, +€ (1) can be used to define a time-orientation in the r < Rg region. To decide which sign
to use, we need to ensure that whichever we choose to be future directed inside is also future-directed

outside. Since for » > Rg and for any function f independent of 8 and ¢:

| | oo .
0,60 910,009V l(r0,0) 910,00 97 |(v,0,0)
0
_of , (4.229)
9V (r,0,0)
we have é ) = e (). Thus:
g(—é(l),e(o)) =g(—é(1),é(0)) =-1 <0, (4.230)

we see that —€ (1) is future-directed in the exterior region. We can then pick it as our future direc-
tion inside. Clearly, that means that photons on the v = cst curves in the interior region fall towards
decreasing r. Physically, —é 1) is oriented along the future-travelling photons’ path both outside

and inside.

On the other hand, type Ilv corresponds to outward geodesics in the region r > Rg and to the

inward ones in the region r < Rg (again just re-express the condition in terms of ¢ and r). This
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translates the fact that lightcones bend as they approach the hypersurface r = Rg and flips once they
pass that limit. Actually, r = Rg is itself generated by type IIv lightlike geodesics. The future light
rays of type Ilv in the region r < Rg are oriented upward because denoting K their tangent vector

we have that:
dv dv dr

K.—é)) =gk’ =K =-Y = & & 4.231
g (K. ~éw) = —gw d~ " & A (423D
<0 <0

so that g—; = U" < 0. All this is summarized on Fig. 4.15.

The event horizon and the nature of a black hole

The hypersurface r = Rg, that we will denote H is called the event horizon. The vector € gy = aa—v
is lightlike at » = Rg and it is both orthogonal and tangent to 4 which makes this hypersurface
a lightlike one. The event horizon, not the central singularity is what makes of the Schwarzschild
spacetime a black hole. Although future-directed curves in the region r > Rg can either enter the
interior region or escape to infinity, future-directed curves in the interior region and on the horizon

are trapped. This can be summarised by the following result:

Let x*(A) be any future-directed causal curve (not necessarily a geodesic). If r (1p) < Ry for

some Ao, then r(1) < Rg for any A > A.

Indeed, let us pick up one such future-directed curve parametrised by A, with r(1p) < Rg and a

non-zero tangent vector U. Since it is future directed, we have:

o dv
g(-8w),U) = =g, UM = -U"= -7 <0. (4.232)

Along the curves, v is thus constant or increasing. Besides, we have:

Rs\ (dv\® _dvdr ,(dQ)?
S SRR | (il I ol = 42
g (U.U) ( r)(d/l) ot @) (4.233)

where:

2 2 2
(g) :(d—g) +sin’ 6 (d—¢) . (4.234)
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Figure 4.15: Radial null geodesics of the Schwarzschild metric in Eddington-Filkenstein infalling
coordinate. Type Iv geodesics are represented in dashed red and type Ilv in solid black. We see that
local lightcones gradually bend towards the central singularity as one moves along infalling radial
geodesics. When they pass r = Rg, no radial light rays are outgoing and the entire lightcone points
towards the central singularity at r = 0. Atr = Rg, the type Ilv align with the hypersurface at
r = Rgs: these light rays get trapped at constant r.



211 Stars and black holes

Thus: )
dv dr dv dQ
—2— — =- UU—l—— — 2= . 4.235
aa - sy ( )(d/l) tr (d/l) (4:233)
In the region r < Rg all the terms on the RHS are positive or zero so that we have:
dv dr
—— < 4.236
dida — ( )
If 3 dr > 0, then we must have = 0 to satisfy Eq. (4.232). But then, Eq. (4.235) imposes that
g (U U) = (@) — 0. Thus:
dr
U=— , 4.237
i éq) ( )
the coeflicient being positive, so that U is past -directed, which is a contradiction. Thus, we must
have:
dr
— <0 4.238
di — ( )

for any future-directed causal curve in the interior region. This inequality must actually be strict for
r < Rgs, otherwise, the vector would be identically zero, a contradiction. Therefore, we have shown
that in the region r < Rg r(A) is a monotonously decreasing function along any future-directed
causal curve.

For r = Rg, things need to be studied separately. Let us assume that r (1p) = Rs. If g—/’l < 0at
A = g, then we get r < Rg immediately after and we are back to the previous reasoning. Thus, we
can restrict our analysis to d—r =0atd =A4p. If d—r = 0 for any 4 > Ay, then the curve stays trapped

onr = Rg and we are done So let us assume that dr

> 0 for any A slightly “later” that 4g (if it
became negative we would be back to the case r < RS). At A = Ay, we have 7 # 0 (otherwise U

would be identically zero), so it must be > (0 at A = Ap. Locally, we can thus use v as a parameter

2
along the curve. Denoting vo = v (1g) and dlviding Eq. (4.235) by (ﬁ) , we get:

2—>—-1=2—<1-—. (4.239)
v

So for vy > vy > v
r(v2) dr
2/ —— < vy —vy. (4.240)
ron) 1= Rs/r
In the limit vi{ — vq, r(v{) — Rs and the LHS diverges while the RHS remains finite. This is a

dr

contradiction and thus, the condition > 0 in the neighbourhood of 4 = A is impossible. This

concludes the proof.
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What we have shown is that one cannot find a future-directed causal curve, geodesic or not, con-
necting an event with r < Rg to another event with r > Rg. Causal curves can cross H from the
exterior to the interior but not the other way around: the event horizon protects causally the exterior
region from the interior one. This is what we call a black hole. Note that the central singularity
r = 0 is not part of the spacetime. It should also not be thought of as a point lying ”somewhere” in
space at the centre of the black hole. Indeed, as we saw, it is rather in the future of the causal curves
that cross the horizon and of those who start inside the horizon so it has to be thought of as lying

”sometime” in the future of the other points in the Schwarzschild spacetime.

Consider a massive test particle inside the event horizon. It is not necessarily in free fall and

we call 7 its proper time.

(a) Show that its radial coordinate must decrease at a minimum rate given by:

R
2= =1 (4.241)
r

1. (b) Determine the maximum lifetime for such a particle starting at r = Rg before it

dr
dr

reaches the singularity at r = 0.
Hint: We have:

/1 / 1 )_dex = arcsin(Vx) — V(1 —x)x . (4.242)

(c) Show that this maximum lifetime is attained for a certain class of free-falling particles

in radial orbits. Comment.

4.6.3 Extending the trip: the white hole region

Starting in the exterior region » > Rg and following ingoing radial lightlike geodesics into the future,
we arrived in the black hole region by crossing the » = Rg event horizon. Following outgoing radial
lightlike geodesics, we would have ended at infinity” into the Minkowski region. But what if we
followed these geodesics into the past? Specifically, where do photons escaping to infinity come
from? To do that, it is better to introduce the outgoing Eddington-Filkenstein coordinate:

LA

u=t—r—Rgln
S Rs

, (4.243)
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that is constant along outgoing lightlike rays in the region r > Rg. The metric becomes:
2 Rs 2 2102
ds“=—-1{1- du” — 2dudr + r°dQ- . (4.244)
r

Radial light rays are thus of two types:

o Type Iu. These are the rays with:
d Rs\™
) (1 - —S) : (4.245)

Integrating this equation leads to the equation of the rays and one sees that they correspond

to the ingoing rays at dv = 0, i.e. to type Iv.

e Type ITu. These obey du = 0, i.e. u = cst and they correspond to the outgoing rays, by

construction, i.e. to type Ilv.

If we follow type Iu rays into the future, we arrive in the black hole region, as we saw in the previous
subsection. Following them into the past lead us to the asymptotically flat Minkowski region far
from the black hole so we do not learn anything (see more on that later). Following type Ilu rays
into the future also leads us to this Minkowski region, although in a different corner (see below).

But what if we follow them into the past??

We denote by € ) = (% and € (1) = 59—r , and we can see that in the region r > Rg, € (o) = € (o).

(M’a’ ¢)
Following the rays at u = cst into the past amounts to decreasing r along the geodesics while also

decreasing t: g—/’l < 0and g—fl < 0. These can be followed backwards up to r = 0, crossing a r = R
hypersurface smoothly. But you can see that the region r < Rg in which we arrive is not the same
as the black hole region. Indeed, if we now run the film towards the future, we see radial lightlike
geodesics escape from the » < Rg region into the » > Rg one. This can not happen in the black
hole region, as we have seen above. We have discovered a new region of spacetime! It can also
be covered by local (z,r), Schwarzschild coordinates, with the usual metric components, but its
nature is completely unexpected. To get a time orientation in this region that is consistent with the

one outside we must now choose +é (1) = g—r so that future-directed photons on the du = 0
(u’e’ ¢)

7Be careful, we are talking about radial rays here. Clearly some infalling non-radial light rays do not end up in the
black hole; think about those that scatter back to infinity and for which we calculated a deviation angle; some are also

trapped in orbit.
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curves must move towards larger values of r. Moreover, let us call K the future-directed tangent

vector to a type Iu ray. In the » > Rg region, we have:

g (K, 5(0)) =g, K" (4.246)
~—_———
<0
Rg\ du

=—1-—]— 4.247
( r ) da ( )

dr
=2— <0 4.248
T ( )

so these rays are ingoing. Similarly, in the r < Rg region:

g (K.é1)) =guK" (4.249)
N—
<0
-1
R d
=2(1_TS) é, (4.250)
——
<0 >0

so the ray are outgoing.

It is a white hole. It is a region of spacetime from which future-directed causal curves can
escape but which cannot be entered by them. It lies into the past of the rest of the Schwarzschild
spacetime, including the black hole region and its asymptotically Minkowski surroundings. It con-
tains a singularity at » = 0 in local Schwarzschild coordinates; this is not the same set as the one

with r = 0 in the black hole region. The situation is depicted in Fig. 4.16-

4.6.4 A bird’s eye view of the Schwarzschild geometry

Let us recap what we have learned about Schwarzschild spacetime, i.e. the unique spherically sym-

metric, vacuum and asymptotically flat spacetime.

1. It has an exterior region, r > Rg that is asymptotically Minkowski. This is the region we
studied when probing the behaviour of matter and light around a compact object such as a

star. We can call it region I.

2. If one follows the radial light rays emanating from that region and falling towards the 0 <

r < Rg region, one ends up in a trapped region of spacetime, from which no future-directed
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Figure 4.16: The white hole region of the Schwarzschild spacetime. Radial lightrays with du = 0

are in dashed red and type I ones in solid black. Future-directed lightcones open up while exiting

the white hole region, here spanned by 0 < r < Rg so that the exterior region lies in the future of

the interior one. The white hole singularity at r = 0 is in the past of the Schwarzschild spacetime.

causal curve, timelike of lightlike, can escape. This region is bounded by a lightlike surface,

the event horizon H, at r = Ry that acts as a fictitious one-way membrane. It contains a true
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singularity that sits in the future of all events inside the horizon and of all infalling geodesics

emanating from region I. This is the black hole region; let us call it region II.

3. If one follows radial light rays emanating from region I and going away from the black hole
region by tracing them back into the past, one arrives at a new region that can also be spanned
by 0 < r < Rg but that is not the black hole region. Rather, it is in the past of regions I and
II. Let us call it region I1I. It contains a singularity at » = O that is in the past of some causal
curves ending up in regions I and IL. It is surrounded by a hypersurface at r = Rg that acts as
a membrane in the opposite way to the horizon H: no future-directed causal curve can cross

it from region II. It is called the white hole region.

To discover these regions, we used two sets of coordinates, one to look into the future of region

I (using the infalling Eddington-Filkenstein coordinate v) and one to look into its past (using the

outgoing Eddington-Filkenstein coordinate «). Here, we would like to find a coordinate system that

allows us to cover all those regions at once. A first attempt might be to use # and v to get a chart, i.e.

to use radial light rays to label points in spacetime. In that case, we obtain the following expression
for the line element:

ds? = — (1 - %) dudv + r?(u, v)dQ* . (4.251)

The problem is that the hypersurfaces at »r = Rg, which are so important to understanding this
spacetime are sent to infinity in these coordinates: u(r — Rg) = +oo going towards the black hole
regions and v(r — Rg) = —co going towards the white hole region. This is most unsavoury and we
will want to ”bring them back closer”. Therefore, let us introduce the coordinates (U, V) defined in

patches. For region I:

U =—e "/?Rs (4.252)
{V =e¥/%Rs | (4.253)
for region II:
U=e “/2Rs (4.254)
{V =e¥/®Rs | (4.255)
and for region III:
{U = —¢ U/?Rs (4.256)
V= —e"/?Rs (4.257)
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In terms of (z, r) in region I, we get:

U=- /RL — le(r-0)/2Rs (4.258)
S
V=, /RL — 1t/ 2Rs (4.259)
S

and similar expressions for the other regions. The limits above are clearly satisfied, the crossing from
one region to another happens smoothly, and we retain that radial light rays fall into two categories:
U = cstor V = cst. Note that in all regions:

UV:(l—L
R

)e’/RS , (4.260)
S

so that r = Rg corresponds to UV = 0. We have U = 0 if e"~")/2Rs does not diverge when we

approach r = Rg, i.e. we must have ¢ — +co: this is the event horizon H. Conversely, V = 0
happens on the white hole “anti-horizon”. The line element then becomes (exercise):

4R}

2 = s

__ “r(TR)[Rs qurdv + r2(U, V)dQ2 4.261
r(U, V) c +r ( ’ ) > ( )

and it is perfectly regular for (U, V) € R?. But regions I, II and III only cover three quadrants in
the plane and there is thus a fourth one that is accessible in these coordinates and that we have not
explored yet, with U > 0 and V < 0. What is it?

U and V are null coordinates and it would be nice, for intuition purposes to get timelike and spacelike

coordinates instead. Let us simply write:

1
T=5(V+U) (4.262)
1
R=2(V-U). (4.263)
Then, we have:
—dT? + dR? = —dUdV (4.264)

so that the line element in Kruskal coordinates becomes:

3
2 4RS

_ s RS (g7 4 qR?) 4 2 2
C =R ( d7? + dR )+r (T, R)dQ? . (4.265)
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Finally note the useful relation:

T2 _R2=UV = (1 - RL) e"/Rs | (4.266)

S

These coordinates are extremely powerful because as long as we ignore the angular part of the metric,
which is fine for a spherically symmetric spacetime when we want to study the causal structure, the
spacetime is conformally related to Minkowski spacetime, i.e. conformally flat. Then, for radial
light rays: ds?> = 0 and we simply have: d7? = dR?. This means that the conformal spacetime
diagram, obtained by setting dQ2 = 0 in Eq. (4.265) and by ignoring the non-zero prefactor, is going
to look very simple since local lightcones will always be straight lines at +7/4. Let us construct

this diagram and for that, list a few properties:
e Radial null geodesics are given by 7 = +R + cst.
e Hypersurfaces r = Rg are given by 72> — R?> = 0, i.e. T = *R.

e Hypersurfaces » = cst, i.e. worldline of static observers are hyperbole with 72 — R> =
(1 - RL) e"/Rs,
S

e Hypersurfaces ¢ = cst, are at:

T ¢
E = tanh (m) if r> RS (4267)
— 1/tanh (ﬁ) if r<Rs. (4.268)

e The coordinates T and R are not allowed to run in the all of R?> because of the physical

singularity at r = 0. Imposing r > 0 results in:

T2 _R? = (1 - i) e/Rs <1, (4.269)
Rs
so that, for any value of R € R, we must have:
T> <R>+1. (4.270)

This is summarised in the Kruskal diagram, Fig. 4.17. We discover that there is a fourth region

in the Schwarzschild spacetime, that denoted region IV on the diagram, corresponding to {U >
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r = Rg, event horizon

r = Rg, white hole anti-horizon

Figure 4.17: The Kruskal diagram of the Schwarzschild spacetime. Blue dashed lines represent
hypersurfaces with r = cst and dashed orange ones hypersurfaces with ¢ = cst. Local lightcones are
always at an angle of +7/4 and are lines with U = cst or V = cst; a few are represented in green
here. The U and V axes represent the surfaces r = Ry, clearly showing their lightlike nature. The
singularities are in dot-dashed red. The four regions are shown as quadrants in the planes, marked
I, 11, I1] and IV. The grey, shaded regions are not part of the spacetime. The purple curve is a

timelike curve emerging from the white hole singularity into the exterior region I before plunging
into the black hole region and hitting the black hole singularity.

0, V < 0}. Itis completely identical, locally, to region /, i.e. the exterior region we started from: it
is asymptotically Minkowski and it continues to the black hole region in the future and to the white
hole region in the past. We can say that it is another exterior ”Universe”. Note that no causal signal

or observer can cross from region II to region IV or the other way around so these two ”Universes”
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are completely isolated3.

The fact that the black hole and white hole singularities are extended curves located respectively
in the future and past of region I and I'V is now completely apparent. Look at the purple curve, which
represents the trajectory of a massive particle (not in free fall) emerging from the white hole and
plunging into the black hole. The Kruskal coordinate system gives the maximal extension of the
Schwarzschild spacetime in the sense that it covers all the points accessible by following causal
curves: we have extended timelike and lightlike geodesics as far as we could. It corresponds to the
spacetime of an eternal black hole.

As it turns out, there are still points whose status is a bit unclear on this diagram: the end points
of geodesics that escape to infinity in regions II and IV. There is a technique to bring them back at
“finite distance” on paper, called the construction of the Carter-Penrose diagram of the spacetime.

These very useful object will not be studied here, by lack of time.

4.6.5 Astrophysical black holes

As we have seen, the Kruskal extension corresponds to an eternal black hole. Astrophysical black
holes, on the other hand, are formed by the collapse of a star. This means that the causal past of points
in the exterior region // does not contain a white hole. Instead. it contains... a star. Besides, the
event horizon will only form when the radius of this star passes below » = Rg. The Kruskal diagram

will thus look something like what is show in Fig 4.18. Regions III and IV have disappeared.

8They are, in fact, connected by an Einstein-Rosen bridge, or Schwarzschild wormhole that can be constructed by
slicing the Kruskal diagram with ¢ = cst straight lines. Since these are spatial hypersurfaces though, the brigde, which

connects both regions at U = V = 0 is spacelike and cannot be crossed.



221 Stars and black holes

Formation of the black hole

Surface of collapsing star

Figure 4.18: Collapse of a star in Kruskal coordinates. The shaded region corresponds to the inside
of the star and is not described by the Schwarzschild solution. The black hole only forms when the
star collapses below its Schwarzschild radius, at event F, the event horizon then appears (blue thick
line). Before that, the spacetime is just exterior Schwarzschild with a star at its centre. The green
lines at an angle + /4 represent the radial light rays reaching or leaving the event E outside the star.
We see that outgoing rays do not fall into a white hole in the past, but rather intersect the surface of

the star. Only regions I and II of the Kruskal extension survive.
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5.1 Introduction

In this chapter, we first need to understand what it means for a spacetime with a given geometry
to be “close” to another one. That will lead us to the notion of a gauge!. As an application, we
will see how to recover the weak field geometry we have been using in these notes so far. Then,
we will develop the theory of gravitational waves. As every classical field theory, for example elec-
tromagnetism, General Relativity admits freely propagating solutions in vacuum, aka free waves.
But unlike electromagnetic waves, which can be produced by charge dipoles, gravitational waves
can only be produced by at least quadrupolar distributions of mass-energy. We will show that they
have two degrees of polarisation, study how they impact matter, and try to understand how they
are produced. Gravitational waves are very, very weak, and only those produced by extreme astro-
physical systems like merging binary black holes or binaries made of neutron stars and black holes
can be detected on Earth. Actually, these have only been detected for the first time in 2015 by the
LIGO experiment [1], despite having been predicted by Einstein in 1916 [9] (article amended in
1918 [10]). However, for the past 6 years, we have been detecting them almost routinely, and we
start being able to do some astrophysics with their observations. Perturbation theory is also central

to the development of modern cosmology, as we will see in M2.

5.2 Perturbation theory

5.2.1 Perturbing a spacetime

It is usual in physics to try and approach complex systems lacking any apparent symmetry by trying
to describe them as only slightly non-symmetrical, and related to a highly symmetrical, well-known,
physical system by a small perturbation. For example, as a first approximation, the surface of the
Earth is well-approximated by a sphere, and departures from sphericity such as ellipticity due to
rotation, mountains and valleys etc. can be described as small hierarchical perturbations around a
perfectly spherical, idealised Earth. The spherical Earth model is what we will call a background
geometry, while the corrections to sphericity will be called perturbations of the geometry. The
advantage of such a description is that a sphere is a highly symmetrical object, thus quantities and

dynamics can be easily calculated exactly on it (equations are easier to solve on a sphere that on a gen-

1Be careful: this is a related, but distinct concept from the usual ”gauge” of field theory.
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eral "bumpy” surface). Then corrections to these quantities and dynamics due to the non-sphericity
can be calculated order by order in importance of the perturbers on various relevant scales.

Now, there is an ambiguity here due to the very symmetric nature of a sphere. One can label points
on the sphere by their latitude and longitude but of course, these are completely arbitrary in the
sense that latitudes depend on identifying poles, while longitudes depend on selecting a reference
meridian. Thus, given a mountain on Earth considered as a small perturbation on the shape of
the surface, locating it at a given latitude and longitude is completely arbitrary. This means that
whatever impact the mountain has on physical quantities cannot depend on the point of the ide-
alised spherical model at which we have anchored it: the symmetries of the “background” model
introduce some indetermination in the perturbed model, and this indetermination has to be removed
(physicists say “gauged” out) once physical quantities are constructed. In essence this is the gauge
problem in General Relativity. Let us see how it works in details.

We start with a highly-symmetrical background spacetime (M, ), where M is a differentiable mani-
fold and g a Lorentzian metric on M which is a known, exact solution of the Einstein Field equations.
g is usually highly symmetrical, e.g. Minkowski, Schwarzschild, Friedmann-Lemaitre-Robertson-
Walker etc. We consider a second differentiable manifold M, which is diffeomorphic to M so they
could be treated as the same manifold, up to identifying points in M and points in M. Let us pick
such an identification by selecting a specific diffeomorphism ¢ : M — M. This choice is arbitrary,
and this will be important in what follows. Next, we pick a Lorentzian metric g on M. We would

like to make precise the following statement:
The manifold (M, g) is close to the manifold (M, g).

Let p € M and a local chart (U, @) around p such that ¢(p) = %. Let (V, ¢) be a local chart of M
containing ¢ (U), such that ¢ (¢(p)) = x. In order to compare the metric g to the metric g, we are
going to pullback g onto M, using our selected diffeomorphism ¢. A pictorial representation of the

set-up can be found in figure 5.1. Given:
g =gapdx® ®dxf (5.1)
we get the pullback metric on M, ¢*g defined, for any two vector fields X and ¥ on M, by:
(#"2) (X.¥) = g ($.X.9.7) , (5.2)

where ¢, X and ¢.,Y are the pushforward of X and Y onto M; see appendix B. Then, the symmetric,

rank 2 tensor ¢*g is well-defined on M and defines a new metric tensor on the background, which
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Figure 5.1: Sets and maps necessary to set-up the gauge transformations.
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can thus be compared to the background metric g pointwise. We define the difference between the
two metrics as:

h=¢"g-% (5.3)
as a symmetric rank-two tensor on the background M, such that:

hyy (X) A2 @ d” = [(¢*8)uy () = gy (X)] di# @ di” . (5.4)

We will say that (M, g) is close to (M, &), oris a perturbed spacetime with respect to the background
(M, g) if and only if we can find one diffeomorphism ¢ between M and M such that the components
of h are small (compared to 1). In that case, h is called a perturbation to the background metric g.
Note that there is no reason whatsoever for the components |h ,,,,! to be small for an arbitrary diffeo-
morphism ¢. Nevertheless, if we assume that there is such a ¢ that leads to a small difference tensor
h, then there is an infinite number of diffeomorphisms between M and M which keep the metrics
g and g close. Indeed, consider an arbitrary vector field on M:

= 2 0

E= f“@ . 5.5
Let € € R, small. Then we can define a one-parameter family of diffeomorphisms . : M — M by

displacing points of M along the flow of £ by an amount e:
Vi=¢(p) € ¢(U), 3" = [@(p +p)]" =7t + 63+ = ¥ + &M . (5.6)

Then, by construction, ¢ o ¢ will also be a diffeomorphism between M and M, for |€| < 1. Thus
we can pick up any one of those to define our metric perturbation £, so that we are left with a family

of perturbations, indexed by a choice of the vector field &:

R = (poy)e-g 5.7
(w:(s%g)) -5 . (5.8)

How are members of this family of perturbations related to each other?

‘We can notice that:

WO = yi(h+g) - (5-9)
= Yh+y.g - g (linearity of pullback) (5.10)
= h+ylg—g (Yih=hatleading order sincee, ||h] < 1) (5.11)

= h+e

Y& -2 . (5.12)
€
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Note that we see the Lie derivative of g along & appear. Indeed, by definition:

Loz~ lim YEZE (5.13)
e—0 €
Let us calculate this term. For the ease of notation, let us define:
Ge=Yy.g. (5.14)
Then, by definition for two arbitrary vector fields X and ¥ on M:
Gep (X.Y) =8 ,165p WenX. UeY) . (5.15)
Then, we also have:
_ d (XH +efH)
e X]" = %X” (5.16)
OEM\ _
= (65‘+e d )X” (5.17)
oxv
EH
= X”+eX"ai_ . (5.18)
oxv
In particular:
o 1% _ 0, 0&°
[we,*@} —6 +68W . (519)
Finally:
0 0
Ge = G|l —— 5.20
(Gl ((9)&‘ (9x") (5.20)
0
= g(p+dp) [t//e v Ve ] (5.21)
_ @ B
= Gop (X7 +€€7) 5“ +€?}iﬂ} [56 + Egi"} (5.22)
&8
- (g(,ﬁ (x +ef” ag‘f)) (5“5’3 +edh ; + €68 ‘;iv) (5.23)
_ _ a-agyv _ 65“ _ 85“
= Suv (¥) +e|é 9% t+ 8av T + 8ua Pre, (5.24)
= g,uv (X) + 2V(,ugv) . (5.25)

Thus, we see that:
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'S = hyuy +2€V(,Ey) . (5.26)

Note that this change at order € vanishes if £ is a Killing vector field of the background metric
g; see appendix B. Such changes in the components of the metric perturbation under an infinites-
imal diffeomorphism of M along a vector field that is not a Killing vector field of g are called
gauge transformations for the perturbation. Every two metric perturbations related to each other
by a gauge transformation (5.26) for an appropriate choice of field € represent the same physical
configuration, since physical properties cannot depend on the arbitrary choice of €. Therefore, one
usually performs perturbative calculations in a specific gauge, i.e. choosing a specific form of the
perturbation A, but in the end, one must make sure to relate everything that has been calculated to
observables from which gauge degrees of freedom have been removed.

Finally, note that we have chosen to present gauge transformations from an active viewpoint, i.e.
by shifting points of M around while keeping the local charts fixed. One could arrive at the same
gauge transformations (5.26) by adopting a passive viewpoint and changing the local charts along
the flow of & while keeping the points fixed, via: £ > T# — e£H.

In the rest of this chapter, we will be interested in perturbations around a Minkowski background,

so we will set g = 7.

Instead of adopting the active viewpoint exposed above, one could use a passive gauge trans-
formation:

it M — el (5.27)

This amounts to keeping points fixed but changing the local chart along the flow of —5 . Then:

g = [Zap(X) + hop(¥)] di* ® di” (5.28)
_ 08ap . _
[ guntr) - 06 L o) o
o, 087 g, 0 s
X |dx +86x—ydxy}® dx +sax—6dx . (529)
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Expanding at first order in & and relabelling dummy indices, we get:

g = [Zap(x) + A7) (x) | dx” @ ¥, (5.30)
with:
hffv) = hyy + 26V (4Ey) (5.31)

5.2.2 Perturbative degrees of freedom
Scalar, vector, tensor decomposition

By construction, the perturbation tensor k is a symmetric rank (0, 2) tensor so that it has 10 inde-

pendent components. In an arbitrary coordinate system, the line element reads:
ds® = (v + hyy) dxtdx” . (5.32)

If we choose the coordinate system (t,x") so that Nuy = diag(-1,1,1,1), i.e. to be orthonormal,

we can then write:
ds® = (=1 + hoo) dt* + 2ho;dx’de + (6, + hij) dx'dx . (5.33)

For clarity and convenience, since the problem is invariant under under spacelike rotations in the

hypersurface spanned by {e(i)} the perturbations can be decomposed into scalars, vectors

ie{1,2,3}’
and tensors2.

o First, we have a scalar under rotations ®:
hoo = 2@ . (5.34)
e Then, we have:
hoi = Ow +W; , (5.35)
where w is a scalar and W' is a divergence-free (also known as transverse) vector:
W' =0. (5.36)

This is the usual decomposition of a 3-vector into a gradient and a divergence-free vector

(Helmholtz theorem).

2Technically, these are the irreducible representations of the action of the rotation group SO(3) on the span of

{e(i)}ie{l,2,3}'
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o Finally:
hij = —ZlP(Sij + 2sij . (537)
where Tr[h;;] = -6 with ¥ a scalar and s, is a traceless tensor which is further decomposed
into:

Sij = DijE + G(LEJ) + Eij , (538)
with E a scalar, £/ a divergence-less vector with 8;E’ = 0 and E; j a divergence-less and
tracefree tensor: &;E! j = 0and E’; = 0. We have also defined the traceless differential
operator:

1
D;;E = 0;0,E — gAEdij . (5.39)

If we count the degrees of freedom, we thus have:
e 4 scalars which are 4 functional degrees of freedom: @, ¥, w, E;

e 2 transverse vectors which are 4 functional degrees of freedom (3 components with a con-

A

straint each): W' and E';

e 1 symmetric transverse trace-free tensor which is 2 degrees of freedom (9 components with

3 (symmetry)+3 (transverse)+1 (trace-free)=7 constraints): E; -

This leaves us with 10 functional degrees of freedom. The advantage of this decomposition is that,
at linear order in the perturbations, the Einstein field equations separate into scalar, (transverse)
vector and (transverse and trace-free) tensor parts that are satisfied separately so that these are gen-
uinely the true, independent degrees of freedom. Since we have 10 Einstein field equations, it may
look like we have a perfectly well-defined system to determine the metric degrees of freedom. Of
course, the Einstein field equations are actually separated into evolution and constraints because the
invariance of physics under the choice of coordinates, which, in perturbation theory reduces to the
gauge freedom we explored in the previous section, allows us to fix 4 functional degrees of freedom,
leaving us with only 6 truly independent functions among the 10 we identified previously. Let us
see how it works by working out how the scalar, vector and tensor degrees of freedom transform

under a gauge transformation3. Let us choose a vector field & so that. We decompose it, like our

3Note that we restrict ourselves to gauge transformations because we want to stay “close to Minkowski”. A general,

non infinitesimal transformation may lead to metric components that are large, thus breaking the perturbative approach



Gravitational waves 232

perturbations, into two scalars £° and & and a transverse vector &:
£=¢8% )+ (0°E+E) ey with 9,6 = 0. (5.40)

Then, using Eq. (5.26), we get:

@ =D + £9&° (5.41)
w =w + g8pf — £&° (5.42)
W, =W, + 800 (5.43)
P oy %Aé (5.44)
E' =E + & (5.45)
Bl =E; + e; (5.46)
El =E; . (5.47)

We see that the tensor degree of freedom is gauge invariant while everything else is affected in a

general gauge transformation.

Einstein field equations for perturbations

The Einstein field equations:
Guy + Aguy = 8nGTy, (5.48)

can be written for a generic energy momentum tensor:
Ty = (p+ P)uyuy, + Pguy +2q 1y + 11, , (5.49)

where u* is the 4-velocity of the matter fluid, p and P its energy density and pressure respectively;
qu = 4i0},, a 3-vector is its heat flux and I1,, = TI; J-(S"l'lé{; its anisotropic stress, which is a traceless
3-tensor. However, since we are interested in a spacetime that can be written as a perturbation of

the vacuum Minkowski spacetime, the sources of the field ought to be weak as well. This means

that:
p, P =0(P) (5.50)
ut :6g + v¥ with v¥ = O(®) (5.51)
qi =0;q + §; with ;¢' = 0 and ¢, §' = O(®D) (5.52)

Hij :Dl‘jH + 8(,ﬁ,) + ﬁij with I1, ﬁi, ﬁij = O(q)) . (553)
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One could write the Einstein field equations in an arbitrary gauge, keeping all 10 metric degrees of
freedom but it is quite cumbersome. It is better to first define a specific gauge and then write the

field equations in that particular gauge.

Some gauges

To illustrate how to pick up a gauge, let us give two examples here. We start with a description of
a spacetime “close to Minkowski” in an arbitrary gauge defined through Eqs. (5.34)-(5.37). Then,
we construct the vector field & necessary to get to the get we wish to define.

Our first example is the synchronous gauge. It is defined as the gauge in which observers comoving
with the coordinate system (u' =0 & v# = 0) have proper timer 7. This implies that, in that gauge

®gynec = 0. This can clearly be achieved by choosing &9 such that:
00’ = - . (5.54)

Clearly, this is not enough to fix a gauge completely since we still have 3 degrees of freedom to fix.

We do this by requiring:
Wipne =0, (5.55)
ie.:
Weyne =0 and Wi, =0. (5.56)
this can be done by imposing:
e [0€ —&°] =—w and edpé; = —W; . (5.57)
In the end, the line element reads:
ds? = —dr+ (1 = 2Wyne)8iy + 2Dy Eqyn + 20 + 2E57) dx'dx (5.58)

Another useful gauge is known as the transverse gauge or longitudinal gauge. It is the gauge in
which the field equations look the closest to the Newtonian equations (see below). It is obtained by
imposing:

O;s =0 andow', =0, (5.59)

trans sync

which completely fixes the gauge. In details, we have:

Epans =0, B =0 and wyays =0 . (5.60)

trans
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This is achieved by specifying the gauge transformation:

e =-E (5.61)
gé' = —E' (5.62)
e |00 - &%) =-w. (5.63)
The line element then becomes:
ds? = = (1 4 2@yans) di? + 207 dxdr + [ (1 — 2%yeans) 675 + 2E;; ] dx'dx/ (5.64)

5.2.3 Quasi-Newtonian limit

We can now prove that the line element in a weak, slowly varying gravitational field is given, as we
claimed by:
ds? = — (1 +2®y) dr* + (1 - 2@y ) §;;dx'dx/ | (5.65)

where @ is the Newtonian gravitational potential.
We work in the transverse (longitudinal) gauge in which the metric is given by Eq. (5.64). We drop

the label trans and use:
ds? = — (1 +2@) dr* + 2, dx’dr + [(1 - 2¥) 6;; + 2E;;] dx'dx’ . (5.66)

Writing the Einstein field equations in absence of the cosmological constant we get, at first order

and separating the degrees of freedom:

AY =4nGp (5.67)

AW; = - 161G g; (5.68)

0; [00'¥ — 4nGq] =0 (5.69)

(8:jA — 0;0;) (® — P) +20;¥6;; =87G [pd;; + D;D ;11| (5.70)
800w jy =8nG 1T, (5.71)

DE;; = —87GIl;; . (5.72)

In the Newtonian limit, we assume that the fields are varying much more slowly in time than in

space: ¢|dpf| < |0 f], and the source is non relativistic, so that: P ~ 0, ¢' ~ 0, II;; =~ 0. The
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equations then become simply:

AY =4rGp (5.73)

(6:;A = 8;0;) (@ —¥) =0 (5.74)
Aw; =0 (5.75)

AE;; =0 (5.76)

If we impose that the solutions are regular at infinity and do not diverge, the only solutions to
Egs. (5.75)-(5.76) are:

Wi =0 (5.77)
E;;=0. (5.78)

Besides, Eq.(5.75) implies that ® — ¥ is a pure function of time which can always be reabsorbed by

a redefinition of the time coordinate, so that:
o=V, (5.79)

Since Eq. (5.73) is simply the Poisson equation with solution the Newtonian potential, the result

follows.

5.3 Gravitational waves: the plane wave solution

We have seen, at the end of the previous section, that the weak field limit of General Relativity for a
slowly moving, non-relativistic matter source was fully characterised by the Newtonian gravitational
potential via the perturbed metric (5.65). In the rest of this chapter, we want to study the somewhat
opposite end of the spectrum among weak field solutions of Einstein field equations: the freely
propagating waves. We could start from the analysis in terms of degrees of freedom presented in
the previous section, but we will follow a more classical approach when dealing with gravitational

waves and start anew.

5.3.1 The field equations for freely propagating gravitational radiation

We seek a solution of the Einstein field equations in absence of the cosmological constant far from
the source, i.e. in vacuum:
Ry =0, (5.80)
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when the geometry is assumed “close” to Minkowski:
dsz = guvdxﬂdxv = (U,uv + h,uv) dx#dx" (5.81)

for |h,“,| < 1 in some appropriate gauge. To simplify calculations, we restrict our analysis to
orthonormal coordinates, such that n,,,, = diag(-1, 1,1, 1).

First, let us notice that, by expanding g,,,g°”" = 6,,”, we have:

g =nt" = h, (5.82)
where:

Y =nt"n" " hyo (5.83)

Since 1., = diag(—1,1, 1, 1), we have that V(v, @, B8), 0y8ap = 0vhap, so that, at first order in the
perturbation 4:

1 (oa
re, = 5’7” [0vhop + Ophyo — Do hyp| + O(R?) . (5.84)

The Riemann tensor at first order is then given by:

R'uva' :apl—wvo- - a(7'1—"uv,o + F'usprgvcr - l—"uso'l—‘gvp (585)
~0(1)
:aprﬂvcr - a(rl—"uvp +0 (hz) (5.86)
1
= En'u/lap [avh/lo' +05hy— a/lhwr]
1
- 51’]”/1(90- [avh/lp + aphwl - a/1hvp] +0 (hz) (587)
1
= 577#/1 [6p6vh/la' - aaavh/lp - apa/lhva + aO'a/lhvp] +0 (hz) . (5.88)

Therefore, the Ricci tensor is:
Rys =R", . (5.89)
1
=3 [0 ¢ = 000, = Oy + 0 D] +0 (%) . (5.90)

where, as usual, O- = p#79,0,- = 010,-. Dropping the O (hz) from now on and working consis-

tently at linear order, the Einstein Field equations (5.80) become:

1
3 [020,h, + 8, 0,1 )y — Ol — 0,002 = 0. (5.91)
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Rearranging the terms, we get:
a1 a1
Ohyy — 0y |020", — anh | =0y |0ah", — anh al=0. (5.92)

Therefore, we have:

Gravitational wave equations

Ohyy =20, Vi) =0, (5.93)

with:
1
Vo = 0ht, - Eaahﬁ ) (5.94)

So far, we have worked in an arbitrary gauge, so that Eq. (5.93) contains non-physical degrees
of freedom. The one-form V defined by Eq. (5.94) has exactly 4 degrees of freedom, so we can fix

a gauge by requiring:

Vo =00 — %60,}1’1,1 =0. (5.95)
If we denote by / the original perturbation, this can be achieved by choosing a vector & such that:
'y - %aahh =0 (5.96)
O [ + 0% + 00é™] - %aa [Ata+20,6] =0 (5.97)
hty + Oéq + 0100 - %aaiﬂ 1= 000,61 =0 . (5.98)
Rearranging this we get:
Oy = %aa% — Nty =V, . (5.99)

In that new gauge, let us call it the Lorenz gauge, we have the equations:
Gravitational wave equations in Lorenz gauge

Ohyuy =0, (5.100)

with the constraints:

1
Ouht'y = 50yh =0, (5.101)
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where we defined the trace i = h',. To simplify the following discussion, let us define:

- 1
h,uv = hyv - Ehnyv s (5.102)
called the opposite trace perturbations because 7 = h* u = h—2h = —h. In terms of this new
variable, Egs.(5.100)-(5.101) become:
Ohyy =0 (5.103)
duht, =0 . (5.104)

In principle, we have fixed our gauge by selecting a gauge transformation vector € via Eq. (5.99).
However, let us apply another gauge transformation, generated by a second vector £. Under this

transformation, the variable £, transforms as:

By = Ty +28uéy) — 0a€ Ny (5.105)

so that:
HFhyy — OFhyy +0E, +010,E, — 0,0,E" . (5.106)

=0
But this means that any vector field such that 0, = 0 preserves both the field equations Df_z,“, =0
and the constraints d,, h*, = 0. Since it also preserves the original gauge change (5.99), that means
that instead of & prescribed by solving this equation, we could have chosen & + £ with né, = 0.
Thus, we have 4 extra free degrees of freedom that we can get rid of by a gauge choice. We will get

back to that later.

5.3.2 Plane wave solution

Let us look for a solution to Eqgs (5.103)-(5.104) in the form of a plane wave:

By = A (5.107)
where Ay, is a constant tensor and k = k*e(y) is the wave vector. Plugging this in Egs (5.103)-
(5.104) we get:

{ k,k* =0 : the wave propagates at the speed of light; (5.108)

k*A,, =0 : the wave is transverse. (5.109)
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The fact that the wave is transverse does reduce the number of free parameters in the solution from
10 to 6 as expected. But as we know, there is an extra freedom in this solution, given by any harmonic
vector field: O&* = 0. Certainly,

= Bret” (5.110)

with B¥ constants is an harmonic vector field. Let us remember that under a gauge transformation

generated by é ,h  transforms as (see Eq. (5.105)):
B;lv = }_luv+2a(,ué\v) _aaéa . (5.111)

Substituting the solution and the harmonic gauge vector (5.110) in this, we get:

A;;v =Apy +i [kqu+ka;4 _kaBanpv] . (5.112)

Let us try to impose:
n Ay, =0 ie. that i), is traceless (5.113)
Agi =0 (5.114)

This leads to a system of 4 equations for the 4 unknowns B#:

kaB” == AL (5.115)

~k;B® + koB; =iAo; . (5.116)

The determinant of the system is kg (k(z) + k% + k% + k%) = 2kg # 0 so there is always a unique
solution for the vector components B and thus for the vector £. This shows that we are allowed to

suppose (suppressing the prime for ease of notations):

hoi =0 = Ag; =0 (5.117)
W, =0 = A", =0. (5.118)

This is known as the radiation gauge or the TT gauge for transverse traceless. Indeed }_l,’f = 0 implies

hz =0 and thus & uv = hyy, so that the Lorenz gauge condition can be read:

Bk, =0 . (5.119)
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In particular, for v = 0, we get that:

duhto=d; ho +dph’ =0, (5.120)
N——
=0
But this reads:
koA% =0, (5.121)

and since kg # 0, we have Agg = 0, i.e. hgg = 0. To sum up, the plane wave solution in the TT

gauge reads:

Gravitational wave solution in the TT gauge

By = Appeikex® (5.122)

with:
kuk* =0, kMA,, =0, (5.123)
Ao =0, A¥, =0. (5.124)

This is a total of 9 constraints on A, but they are not all independent since making v = 0 in
k#*A,, = 0 results in an equation that is true by virtue of Ao, = 0 and is thus not independent.
Therefore, we have 8 constraints on 10 degrees of freedom, so we are left with 2 independent degrees

of freedom. This is a very important result:

Gravitational waves degrees of freedom

A freely propagating plane gravitational wave is fully determined by two independent degrees

of freedom, called its polarisation states.

To try and be more specific, let us pick up a direction of propagation, say along e 3), then:
k' = k2 = 0and k° = £k = —w. Let us restrict our attention to k> = —k° = w, so that
kux¥ = w(t — z) where we have also relabelled x! = x, x> = y and x* = z. The Lorenz gauge

condition reads:

0=w(-Agy +A3,) = WA3, , (5.125)
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so we have that A3y = A3; = A3, = Azz = 0 and by symmetry A3 = A3 = 0. The only non-zero
components are thus Ay, A and Ajp = Ayy. Besides, since A¥,, = 0, we must have Ay = —Ay.

Denoting A|| = hy and A|» = hy, we arrive at the plane wave solution propagating along the z-axis:

0 0 0 0
0 h, hyx O].
M, = L. elwrt=z/e) 4 oo (5.126)
0 hx _h+ O
0 0 0

h, and hy are the two canonical polarisation states of the freely propagating plane gravitational

wave.

5.4 Physical effects of gravitational waves

Let us turn to the problem of the effects gravitational waves such as the one described by Eq. (5.126)

have on physical observables.

5.4.1 Effects of a gravitational wave on matter

Consider some massive test particle with worldline x* (7) in the TT gauge. We denote its 4-velocity

by:
d M
wt = S5y sut (5.127)
dr

where iz# is its 4-velocity in the Minkowski background, in absence of gravitational wave, and ou*

the perturbation induced by the wave. Let us assume that the particle is at rest in Minkowski: i° = 1

and ii' = 0. Then expanding g (u,u) = —1 at first order, we get 6u® = 0. Moreover, the geodesic
equation gives:

du' ;

dL; 4T =0, (5.128)

and since F(i)o = 0, we get: u' = 0. In other words, a particle initially at rest (before the wave
passes through) stays at rest. Is there a problem? Does it mean that gravitational waves do not have
any observational effects? Certainly not. It simply means that the coordinates of the TT gauge are

comoving by construction: free-falling particles remain at constant values of the TT coordinates.
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But coordinate systems do not encode any physics. What matters, when we talk about gravitational
effects is curvature and tidal forces, i.e. the geodesic deviation equation. However, the geodesic
deviation equation written in the TT gauge is not of much help.
Indeed, let us consider an infinitesimal ring of free-falling, massive test particles centred on a co-
moving observer in the TT gauge. What we have is a bundle of matter around a timelike geodesics
with 4-velocity u = e gy and proper time 7 = . The deviation vector &, connecting the reference
geodesics to the one of the nearby test particles and that describes how these geodesics move with
respect to each other, tells us how the small ring of matter is deformed in the field of the wave; it
obeys the geodesic deviation equation:
DZ¢H
D72

= R¥ po " uPE7 (5.129)

Note that the LHS of this equation must be understood as a double covariant derivative of the devia-
tion vector components along the central geodesics, so that, using thatu” = 6o and I'*, = %(% h*,,

and developing at first order in h:

dZer

de2 =u”V, [uPV,H] (5.130)
T
dé* 1
=u"V, | =+ 5£°0, h* 131
u [dt+2§at p] (5.131)
d2er 1 der
=7t Efpafh“p FO (5.132)
Thus, we have: )
d=&+ 1 déer
dti + Ef‘)afh"p + c%h"pd—i =Ry é7 (5.133)
with, from Eq. (5.88):
1
Rfyoor = En“*aghm . (5.134)

For the spatial displacements, we thus get:

dzfi ) dé:]
= = —0;h' ;i —— .
dr? I dr

(5.135)

Therefore, if the particles are initially at rest in the TT gauge, which they must be for them to be on
geodesics, as we have seen, then, the only solution is for the spatial deviation &’ to remain constant:
in the TT gauge, the physical effects of gravitational waves are locally fully re-absorbed in a change

of coordinates. On the other hand, in General Relativity, when we want to talk about distances
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between objects, we need to do it with respect to a specific frame, for example, one in which some
rulers are kept fixed. Such rulers cannot be rigidly free-falling in the laboratory if the gravitational
field varies on the scales of the experiment. Thus, let us assume that the local free-falling observer
O at the centre of the ring of particles uses their local inertial frame constructed as Fermi normal
coordinates as in subsection 3.7.4, {é ( I,)} such that € 9y = u and é ;) are three orthonormal vectors
spanning the local rest frame of O. We denote by {f, b } local coordinates in that frame, such that

£ =0 at O(7). Then, at O, the metric takes its Minkowski form:
dsp = —di* +n;;di’di/ (5.136)

with 0,8 (t, 6) = 0: this is the equivalence principle. The linear coordinate transformation is

actually easy to find and we get:

==y (5.137)
A S\

I Iy A J

& =x +2hj(t,0)x : (5.138)

at leading order in x. The metric in the neighbourhood of O then differs from the Minkowski metric
by terms of order X#£" at most. These are examples of local Fermi coordinates; see subsection 3.7.4.
Free-falling masses following timelike geodesics will not remain at rest in these coordinates.
Let us imagine that the wave propagates in the x> = z direction, like in Eq. (5.126) and that the ring
of matter is in the plane z = 0. Then, the deformation of this ring in the local Fermi coordinates is
determined by the timelike geodesic deviation equation written in these coordinates:

D2éx

5.7 " RF00, ", (5.139)

where we used that on the central worldline of O, i#* = 66‘ . However, note that, at first order in h,

the Riemann tensor is invariant by a change of coordinates (it is gauge-invariant), so that:
Ié”vp(r = R'uvp(r > (5.140)

where the RHS are the components of the Riemann tensor in the TT gauge. Moreover, in the Fermi
coordinates, the connection coeflicients are zero along the central worldline, by construction. There-
fore, we can write:

DZé?# d2é?ﬂ

5.141
Dr2 dr? ( )
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Finally, we obtain the evolution of the spatial displacements between the masses and the centre in

local Fermi coordinates: N
d2§l
dr?

= Rigo;&7 , (5.142)
or, equivalently:

&1, £j

2 Ealhj(t,O)f . (5.143)

Let us solve Eq. (5.143) for each polarisation state separately*. We will take or wave to be:

00 0 0
0 hy hy O
hH, = L. sin (w(t - 7)) , (5.144)
hx _h+ O
0 0 0
so that:
92h' ;(1,0) = —w?H sin (wt) , (5.145)

for H = +h, or H = hy appropriately. First, let us assume that 4, = 0. Then, we get:

dZé’:‘l 2

F :—%h_'_sin((ut)é] (5.146)
d2 £2 2 .
d_i = sin (w) £ (5.147)

This can be solved at leading order in the perturbation A,. Let us write £ (1) = £/(0) + 6&' since
clearly the solution for 4, = 0 is constant. Then, plugging this into the equations and expanding at

first order, we get:
42581 2

—__ Y £l
i hy sin (wt) € (0) (5.148)
dzééz _w2 . py)
wrn _7h+ sin (wt) £€-(0) . (5.149)

These are readily solved to give:

4Note that the solution to the geodesic deviation equation in the local Fermi frame could also have been obtained by
a change of coordinates from the TT gauge, in which the components &’ are constants. However, the integration directly

in the Fermi frame has some pedagogical values.
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Deformation of a small ring of matter in the + polarisation state

&) = (1 + %m sin (wt)) £1(0) (5.150)

&) = (1 - %m sin (a)t)) £4(0) . (5.151)

A similar approach gives the solution for the other polarisation state:

Deformation of a small ring of matter in the X polarisation state

E(r) =£'(0) + %hx sin (wt) £2(0) (5.152)

(1) =£%(0) + %hx sin (wr) £'(0) . (5.153)

These deformations are illustrated on Fig. 5.2 if the particles are initially distributed on a circle. It

SO O

t=0 t=T/4 t=T/2 t=3T/4 t=T

O OO

Figure 5.2: A small ring (red line) of test particles (black dots) in the z = 0 plane is deformed
by the passing of a gravitational wave propagating along the z-axis with period T = 27/w. Each

polarisation mode is depicted separately.

is easy to prove that the ring deforms into ellipses. Indeed, let us assume that £'(0) = R cos 6 and

£%(0) = Rsin 0. Then, for the + polarisation, we clearly have that:

2102 22(1))2
(é'm) N (£°() ~0, (5.154)

R? [1 + %h+ sinwt]2 R? [1 - %h+ sina)t]2 -
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which is the equation of an ellipse with semi-minor and semi-major axes along the coordinate axes
and alternating over time. The semi-major axis is along the &' -axis when sin wt = 1 is maximum, i.e.
att = (2k+1)7/2w = (2k+1)T /4 for k € Z, at which times, the semi-minor axis is along the £2-axis.
When sin wt = —1, the situation is reversed and this happens at r = 3(2k + 1)n/2w =32k + 1)T /4
for k € Z. In between, att = kT /2 for k € Z, sinwt = 0 and the ring is a circle. The same thing

happens for the X polarisation but the axes are rotated by 7 /4.

5.4.2 Effects on the path of light

We see that gravitational waves do have an impact on the local distribution of matter but as usual
in General Relativity, if we want to measure this effect, we need to design an operational way to
measure distances (which is an ambiguous concept). Let us assume that we have two masses A
and B that are free-falling in the local gravitational field determined by the plane gravitational wave
of Eq. (5.126). An observer O attached to A sends a light signal towards B at a proper time f;
along its worldline (event A (#1)). This light signal is received at B (') at a proper time ¢’ along the
worldline of B and reflected towards A, where it is again received at a proper time f, as measured by
O (event A (17)); see Fig. 5.3. We can then define the distance travelled by the light signal between
the masses A and B using Einstein’s simultaneity and converting the time of flight into a distance
using the speed of light :

L= g (th—1) . (5.155)

This says that B (¢’) is simultaneous (In Einstein’s sense) to the event A(f): ¢ = ' in TT gauge.
Note that if A and B are infinitesimally close, then L> = g (A(¢)B ('), A(t)B (¢')), i.e. that L is

indeed the distance between A(¢) and B (¢’) as measured locally using the metric g. Let us centre

our TT coordinates on O so that xi‘ =0 =cstand xg(z,) = cst # 0. Thus, using xg(t) = xOB(t,) =0,
and denoting B’ = B (') and A = A(¢) for simplicity, we can write:

L? =8uv (xg, —xﬁ) (x};, —xl‘;) (5.156)

= (8 + hij) xigx), . (5.157)

If we let xg, = Lon', where n is the spatial vector connecting A and B’ and Lo = ¢; jx%,xé, is

the distance travelled by the light signal in absence of gravitational wave, then, we get:

SL 1, . .
I Shijnin’ . (5.158)
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A(t) B(t)

A B

Figure 5.3: Using the Einsteinian definition of simultaneity to define a measurable notion of distance
and to study the effects of gravitational waves, calculated in the TT gauge. A sends light towards B
at t1. This light is instantaneously reflected back towards A who receives it at #,. It defines the time

t = (t1 + 1) /2, which in the TT gauge is the time at which B reflected the light back. Then, L = ct.

This change in travel length is what the interferometers such as LIGO measure. It is called the strain.
You can see one of the two LIGO detectors on Fig. 5.4: it is a giant interferometer with arms 4 km
long. Note that what is really measured by the interferometer is a difference in (proper) time of
arrival at the centre of the interferometer, not a length. This is in line with the fact that observers

can only measure things along their worldline.

Figure 5.4: Photography of the Hanford detector of LIGO. Credit: LIGO Laboratory
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5.5 Sources of gravitational waves: the quadrupole formula

5.5.1 General expression

Now, we are able to describe the propagation of a plane gravitational wave in vacuum, and we
understand its physical effect on matter and light travel. How are these waves generated? What kind
of sources can we study with them and how do we link properties of the sources with properties of the
waves generated? We will consider only weakly-gravitating sources, so that our linear perturbation
theory remains valid, even at the sources. In the previous section, we determined Eqs. (5.93)-(5.94)
that govern the general propagation equations for gravitational waves in vacuum, before fixing any
gauge, and we introduced the opposite trace perturbations:

- 1

h,uv = h/,tv - 2h77yv s (5.159)

with & = h®,. It turns out that, like in the vacuum case, this opposite trace perturbation is more
suited to the study of gravitational waves in presence of some sources, which is what we will focus
on in this section. However, we have to be careful with gauge fixing. Indeed, we have that the Ricci

tensor, Eq. (5.90) reads:

1
Ruv =3 [-Ohuy +20, V0] (5.160)
and thus:
1
R=Run™ =3 [-Oh+28,V*] . (5.161)
Therefore:
1
Gy =Ruy = 5 Rilyuy (5.162)
1 1
=5 [~Ohuy +20,V0) ] - 7 [FOh+20,V°] (5.163)
1 1
== 30 |y = Shiy |+ 0GVe) = 500V My (5.164)
1 - 1
= = 500y + 9uV) = 500V Ny - (5.165)
Let us also recall that:
Vy=0ah®, . (5.166)

Therefore, the Einstein field equations read:
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Ohyy = 20uVyy + 0oV Ny = —167G T, | (5.167)

with:
Vy=0ah®, . (5.168)

Under a gauge transformation generated by a vector field &, we have:

Py =y +20(u€v) = 0l Ny (5.169)
Vi Vy+0&, . (5.170)

Hence, given a perturbative spacetime, by choosing & such that:
O&H = —VH = —0,h™" (5.171)

we can set the Lorenz gauge:
duht, =0. (5.172)

Then the Einstein field equations in the Lorenz gauge are:

Ohyy = — 1610GTy, (5.173)
a”ilﬂv =0. (5.174)

So far, this is identical to what we did in vacuum. However, we cannot make the extra jump to

the TT gauge. Indeed, taking the trace of Eq. (5.173), we get:
Oh = 167GT*,, . (5.175)

Generically, the source is not of zero trace and scalar modes of perturbations are sourced, so we
cannot set 2 = 0 without neglecting some physics>: we cannot focus solely on the freely propagating
degrees of freedom encoded in E; 5 see subsection 5.2.2. To solve Eq. (5.173), we use the Green’s
function of the d’Alembert’s operator, [I:

1

GOt —y)=— o5
R

P15 =51 - (x° =) | HG" =50, (5.176)
where 6(P) (x) is the Dirac delta “function”, H(x) the Heaviside function, and where we used the

notation X = (x!, x2,x%).

SThis is also true for vectors: since, generally, Tp; # 0, vector modes of perturbations are also sourced.
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The Green function of the d’Alembert operator is defined as the solution of:
OxG (¥ = y#) = 6'2) (xH = yH) (5.177)

where the subscript in O, indicates the variable on which the operator acts. Fo an equation

of the form:
Oxf (x*) =8 (xH) , (5.178)

the function:
[ = / G (¢ = y") S (y*)d'y, (5.179)

is a solution. Indeed:

OxG (xH — yH) =6P) (xH — yH) (5.180)
= [ a0 06 -y = [ dtys ()60 - ) (5.181)
= Dx/d4yS (YH) G (xH — yH) =S (xH) (5.182)
= O.f (x*) =8 (x#) . (5.183)

The form of the Green function (5.176) is derived in details in appendix C. Using this Green function,

we find the wave generated by a source T}, :
o 1 R
h'uv (I,X) =4G mTﬂy [t—|x—y|,y]d y. (5184)

Note the presence in the source of the retarded time: the field at the event (¢, X) is fully determined
by the source, integrated in space, at the retarded time 7, = £ —|X — y|. This is reminiscent of the fact
that gravitational waves propagate at the speed of light. One can easily check that the Lorenz gauge
condition (5.174) is satisfied by this solution because of the conservation of energy-momentum at
first order: 4, T#, = 0.

Let us now assume that we are interested in the expression for the gravitational wave far from the
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source, and that the source is itself isolated and small. Precisely, we assume that:

y =yo +0y with [6¥] < [¥ol (5.185)
r =% - yo| > 6y . (5.186)
In that case, denoting 7 = X — yo:
¥ - 5I” = (F - 65) (F - 65) (5.187)
=r2—27-5§+0(|5§|2) . (5.188)
Thus:
1 1 —>'5—> .
LI y+0(|6y|2) . (5.189)
=5

We can also neglect the term in 1/r3 and write:

—~ - (5.190)
x=yl
Then:
_ 4G .
by === | Tuw [t-r,5]d. (5.191)

Now, let us consider the energy-momentum conservation at first order:

0,T" =0. (5.192)
For v = 0, we get:
TOO TiO
%+(Z — =0 (5.193)
xl
@ - _ﬁaTiO - _iaTOi (5.194)
a2 dr oxi oxi It '
On the other hand, for v = i:
6T0i (9Tki
o + Tk =0 (5.195)
6T0i aTki
Y = - v (5.196)
Hence: 42700 e
T T
(5.197)

o2 oxloxk
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We can then multiply this relation by x’x/ and integrate over space (going back to ¥ to label points

of the source):

a—; YT (1, 5) &y = / 'y aylayk (1, 3) &y (5.198)
:_/aiyl(yfy-i) (zzlkkd% (5.199)
=— / (vio/; + yfail)‘;iyl:@y (5.200)
:/(6ik6jl+6jk6il)led3y (5.201)
=2 / T (t,,5) dy . (5.202)

Note that when performing integrations by parts, we assumed the source isolated, so that the bound-

ary terms vanish. We conclude that:

- d? -
Z/Ti' [t-r,5]d’y = i Too [t — 7, 3] yiy;dy . (5.203)

If the source we consider is non-relativistic, we can write:

TOO[t_r,y]:P[t_r’)_’)] > (5204)

where p is the mass density of the source. Then, we introduce the second mass moment of the source

(or tensor of inertia):
L [1'] = / p [t ¥ yiy;dy, (5.205)
as well as the total mass of the source:

M) = /p [7,5] dy . (5.206)

Thus, far from the source, and placing the source at the origin of the coordinates to simplify the

expressions (Yo = 0), we have :
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_ AGM (1 -

hoo (1, 7) =—£t r) (5.207)
_ 26 .

hij (1.7) =——1ij(t=1), (5.208)

where a dot denotes a derivative of the function /;; with respect to its argument.

The hgp component is exactly —2®y, i.e. twice the opposite of the retarded Newtonian potential
generated by the source considered as a point mass, as expected. For a source that is very far,
this is almost constant in space and by the equivalence principle, it should not play any role in the
physics of the wave, locally. It can be re-absorbed in the local definition of the time coordinate. We
can therefore set it to zero without loss of generality. Finally, let us conclude this calculation by
remembering that we are interested in the wave in the TT gauge, since this is the one we know how
to relate to observables. We can obtain it from Eq. (5.208) by using the projection operator on the
plane orthogonal to 77 = 7/r:

Pij :(5l~j—n,~nj . (5209)

P;; gives the components of vectors and tensors in the plane orthogonal to the vector 7. Thus, by
removing the trace, we obtain the perturbation that is traceless and transverse to the direction of
propagation #:

. 1 .
hiE (1, F) = Pkiij—EPklP,-j hij (t,7) . (5.210)

Finally, instead of using /;;, it is often better to use its traceless part only, which will not affect
Eq. (5.210):

1 .
which can be written:
’ ’r 2 |
Q;;(t) = /P [, 5] (yiyj -3 k% 5ij) &y, (5.212)

and is known as the mass quadrupolar moment of the source. This is the quantity that naturally
appears in the multipolar development of the source Newtonian potential:

GM 3Ql-jninf
+ +

Oy (1,7) = - , 23

(5.213)
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In the end, we obtain the Quadrupole formula

2G
H==

T
hi; (1, "

1 .
(PkiP"j - 5P"lP,-J- Oij(t-r) . (5.214)

5.5.2 Example: binary stars

Consider two identical stars A and B, of mass M in circular orbit in the ()c1 ) xz)—plane, at a distance
R from their centre-of-mass, taken as origin of the coordinate system. Then, assuming the dynamics

of the source is Newtonian, we have their velocity:

GM
-2 215
"N 72r G215

Orbits have a period of T = 27 R/v, which gives the angular frequency:

GM

Q=1/—. 5.216
E ( )
Thus, the stars have positions:
x4 = RcosQt ; x% = Rsin Qs (5.217)
x% = —RcosQt ; x5 = —RsinQt , (5.218)

and we get the mass density:

p (t,%) = MsP (x3) [61) (xl — R cos Qt) 5P (x2 —sin Qt) +6P (xl + Rcos Qt) 5P (x2 + sin Qt)] )

(5.219)
This allows one to calculate the quadrupolar moment:
2/3 + cos 2t sin 2Q¢ 0
Qij (t:) = MR*|  sin2Qt  —2/3-cos2Qt 0] . (5.220)
0 0 0
And finally:
cos [2Q(t—r)] sin[2Q(t—r)] O
T, - SGMR?Q?| |
hi; (t,7) = ——— —[sin[2Q(t -] —cos[2Q(r-r)] Of, (5.221)
0 0 0
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or, equivalently:

HCM) cos [2Q(t —r)] sin[2Q(t—r)] O
h(1,7) = —— | sin[2Q(t -] —cos[2Q(t-r)] 0] . (5.222)
0 0 0

A few comments are in order.
e The strain of the gravitational wave, as measured in a detector, is given by Eq. (5.158):

oL . ..
h=—= hl.T.T (t,F) N'N' , (5.223)
Ly J

where N is the direction of the arm of the interferometer. Let us write N = (sin 8 cos ¢, sin 8 sin ¢, cos 6)
by introducing spherical coordinates centred on the source. Clearly:

4(GM)?

r

h=- cos [2Q(t — ) — 2¢] sin® 6 . (5.224)

It is maximum for § = 7/2, i.e. when the arms are in a plane parallel to the source plane, i.e.
orthogonal to the x3-axis and cancels for planes orthogonal to the source plane: most of the

gravitational wave is emitted in the direction orthogonal to the plane of motion.

e Let us pick up a binary made of neutron stars at a cosmological distance, say r ~ 100 Mpc =~
3 x 102 m, with M =~ 2M, so that GM =~ 2 x 10> m . Let us assume that they orbit at

approximately R ~ 10Rg =~ 4 x 10* m. Then, the strain of the gravitational wave is:
h=|hij|~107% . (5.225)

This is very small. For an interferometer with an arm length Ly ~ 10 km, we get 6L =
1072m < ag = 5 x 107! m, the Bohr radius, which is the typical size of an atom. Not that
this apparent paradox (measuring a displacement smaller than the typical size of an atom)
is only really apparent: what is measured by interferometers like LIGO is not a length but a
time, namely the proper time, for a free-falling observer at the centre of the interferometer,

that it takes photons to traverse an arm and come back.

o The frequency of the gravitational wave is:

Q GM
===\ - 5.226
f 7 N2x2rs ( )

With the previous numbers, we get f ~ 378 Hz.
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Of course, the binary system loses energy via emission of gravitational waves, which means that
over time, the binary becomes harder and harder until the objects merge. This is what is actually
observed by gravitational wave detectors but our perturbative analysis can only cover the early stage
of the inspiral. The late stages are highly non-linear and need to be modelled via numerical sim-
ulations. Figure 5.5 shows mass characteristics of the gravitational wave sources observed in the

third campaign of LIGO, Virgo and KAGRA. Each triplet of points show the masses of the binary

objects infalling and the mass of the final product of the merger, usually a black hole.

Masses in the Stellar Graveyard

L

Figure 5.5: Catalogue of sources of gravitational waves observed by LIGO-Virgo-KAGRA during
their third round of observations. Mergers are shows as triplets of points with two points showing
the masses of the black holes or neutron stars before merger, and the third point showing the mass

of the remnant black hole. Credit: LIGO-Virgo/Aaron Geller/Northwestern
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The purpose of this chapter is to introduce the basic properties of the modern description of the
Universe on large scales. The second year Cosmology course will go into much more details. In

particular, in these notes we will stick to the homogeneous and isotropic Universe.

6.1 What is cosmology, and what is it not?

What is the world made of? What is its shape? Did it have a beginning or always existed? Does it
have boundaries or not? What is its size? What is its fate? Where are we in it?

All these questions have helped shape human cultures. They are questions about the Universe and
our place inside it. They are at the heart of Cosmology: they are central to any attempt, mythical,
mystical, religious, metaphysical etc., at finding our place in existence. However with the advent of
modern science in the 17'" century, some of these questions have started to receive scientific, rather
than metaphysical or mythical answers, they have be incorporated into the scientific discourse. Of
course, to this day, some of those questions have remained outside the purview of science, such as,
e.g. the notion of origin of the Universe. The story these notes aim to tell is about the ones who can,
partially or in full, receive scientific answers, within the context of current physical theories. This
means answers that are revocable, subject to the tribunal of observations, experiments and theoret-
ical arguments. This means that the model presented here is only temporary and constantly being
tested and revised, at least in its minute details.

For all those scientific questions, we can use the word cosmology, dropping the capital letter.!
Before we start diving into physical cosmology, it is worth reflecting on the origin and meaning
of the word cosmology. *Cosmos’ is a Greek word (k6o pog’) that originally means order, good
order, but also jewellery or (physical) ornament. This makes for an a priori surprising relation that
we still encounter today in the proximity of words such as cosmology and cosmetics. This probably
comes from an analogy drawn between the bright stars embellishing’ the night sky and jewellery
such as pearl necklaces etc., also used to embellish the earthly body.

The Universe is full of these wondrous embellishments and I hope this course will help illuminate
some of those: behind the sometimes dry and tedious calculations, one must try never to forget the

magnificent and awesome realities that we are trying to describe.

'Thanks are due to J.-P. Uzan for having introduced this use in his book *Big-bang, Comprendre I’univers depuis ici

et maintenant’, Flammarion 2018.
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In this short introduction, we will list a few basic observational facts about our Universe. Primar-
ily this will be useful to set the characteristic scales that will be studied in the notes. In addition, the
two main facts we will encounter, i.e. the recession of distant galaxies and the statistical isotropy of
the distribution of matter around us, will be the basic starting points for the construction of a model

of the Universe that will be explored in the rest of these notes.

6.2 The Observed Universe: basic facts

Admittedly, modern cosmology started with the discovery by Slipher, Hubble and others at the
beginning of the XX’" century, that the distant nebulz of old times were in fact distant galaxies, in
all points similar to our own?. Very quickly, these first physical cosmologists measured the velocities
of these galaxies using the redshift experienced by spectroscopic lines in the light they emit. This
led to the discovery of the universal recession of distant galaxies: seen from our point of view,
distant galaxies appear to be moving away from us, with a velocity proportional to their distance to

us. This is Hubble-Lemaitre’s law; see Fig. 6.1:
v = Hyd , 6.1)

where Hy is known as the Hubble constant. Its modern value is currently the topic of a controversy
but it is in the range:

Hy = 65 — 75km/s/Mpc. (6.2)

It means that an object located at a distance from us of 1 Mpc, moves away from us with a velocity of
65 to 75 km/s. This law tells us that the Universe is expanding around us: it is a dynamical, evolving
object for which we can try and uncover a history. Writing this history is the task of cosmology. As
you can see, a new unit has appeared here: the parsec, symbol pc. It is a very useful and common
unit in cosmology. It is defined as the distance at which an ~object” that measures 1 AU subtends

an angle on the sky of 1 arcsecond:

648000

1pc AU ~3.1x10% m ~3.26 light-years. (6.3)

2Kant contemplated such an idea with his island Universes, presented in one of his first book: “Universal Natural
History and Theory of the Heavens”, published in 1755; this was the first attempt to apply Newton’s theory of gravitation

to the building of a cosmology.
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Figure 6.1: The Hubble law, then and now. Recent measurements from [11].

The star nearest to the Sun, Proxima Centauri, is at 1.3 pc from here. The disk of the Milky Way is
some 30 kpc wide, and the Sun is located approximately 8 kpc from the centre of the Milky Way.
The nearest galaxy is Andromeda, and it is about 780 kpc from us. Going further away, the nearest
large cluster of galaxy, the Virgo cluster is about 17 Mpc from here. It has a typical size of 1 Mpc.
Large scale structures such as filaments and walls along which galaxies align in the Universe can be
several Gpc across, and the visible Universe has a radius of approximately 50 Gpc. These notes are
concerned with the dynamics of the Universe and structures found in it on scales typically larger than
1 Mpc, all the way up to the size of the visible Universe. This means that the physics we will describe
has to span approximately 4 orders of magnitude in physical size today. What happens when we look
on the largest of these scales, that is if we are only concerned with describing the Universe smoothed
on scales of a few hundreds of Mpc? The Universe appears extremely regular, when looked at on
such large enough scales. This is visible in surveys of galaxies, which simply count the number of
distant objects; see Fig. 6.2. But this is even more stricking when looking as far back as possible, and

measuring the background relic radiation known as the Cosmic Microwave Background (CMB), the
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remnant of an epoch known as decoupling, when photons decoupled from matter and became free to
propagate in the Universe, creating a thermal bath which today consists of approximately 400 to 500
photons per cubic cm? all over the Universe; see Fig. 6.2. This background radiation corresponds
to a black body radiation of temperature 7y ~ 2.725 K, which is extraordinarily isotropic around
us: fluctuations in this temperature do not exceed 1 part in 100 000. Therefore the Universe is
statistically isotropic around us. Observed on large enough scales, it is isotropic, and on top of
this isotropic background, one can detect small fluctuations on small scales which average out when

smoothed appropriately.

Figure 6.2: Top left: Combination of SDSS normal galaxies (yellow dots), SDSS Luminous Red
Galaxies (white dots) and BOSS LUminous Red Galaxies (red dots). Each point is a galaxy. On
such diagrams, we are located at the centre and the distance to this centre denotes the redshift, which
is linked to the distance to us; see later: the farther an object, the larger its redshift. Top Right: Same
as top left, but with BOSS quasars added (blue dots), probing a much deeper Universe. Credit: M.
Blanton/SDSS. Bottom: Temperature anisotropies in the Cosmic Microwave Background measured
by PLANCK.

So here is our task: building a cosmological model that can describe a Universe smooth on large
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scales, but full of structures on small scales. Let us start our journey.

6.3 The Friedmann-Lemaitre-Robertson-Walker Universe

6.3.1 Metric

As emphasised in the previous section, on large enough scales, the Universe appears remarkably
isotropic around us: the temperature of the cosmic microwave background radiation does not vary
by more that one part in 100000 over the whole sky, and the distribution of galaxies in the late
Universe is also very isotropic when smoothed on sufficiently large scales. This fact will be of great
use to simplify the description of our Universe on large scales. Indeed, the prospect of solving the
equations of General Relativity without any hypothesis on the symmetries of the solution is abso-
lutely daunting (6 independent, coupled, non-linear partial differential equations!), so any guidance

towards simplifying assumptions is very welcome indeed. Let us thus assume the following:

On average, our Universe is statistically isotropic around us.

Unfortunately, we do not have any direct access to what the Universe could look like to distant ob-
servers, located in other galaxies and to move forward, we have to assume the Copernican principle

that is not directly based on as simple observational facts as isotropy3:

We are typical cosmological observers; i.e. we do not occupy a special spatial location in our

Universe.

This means that whatever properties of our Universe we observe, on average, any other observer
should observe the same properties. In particular, since we have assumed average isotropy around
us, the Universe must appear isotropic, on average, to any other typical observer. This is known as
the cosmological principle and as we are going to see, taken as a strong statement, it determines the
geometry of our Universe unambiguously.

Let us, for now, simplify our description a bit further and drop the “average” qualification from these

3However, one can now try and test this principle; see, e.g. [8] for a review.
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statements. That is, let us assume that the Universe is perfectly isotropic for any typical observer.
Let us populate our spacetime with a family of such typical observers, each with its own worldline
thus defining a field of timelike vectors u that are the 4-velocities of these observers. This preferred
set of observers is really important and is also known as the set of fundamental observers. Let us
call ¢ the proper time measured by these observers along their worldlines. Their flow in spacetime
defines a preferred foliation of spacetime into hypersurfaces X, orthogonal to the field u at every

point, such that the metric tensor takes the form:
g=-uu+y(), (6.4)

where y(¢) is the induced metric on the spatial slice X, at fixed proper time ¢. According to the
cosmological principle, the hypersurfaces X, ought to be isotropic around each of their points. This
means that any quantity defined on X, is spherically symmetric around each point. But this implies
that the hypersurfaces %, are also homogeneous, i.e. that each quantity defined on them is invariant
by translation as well. Thus the Copernican principle, combined with isotropy around fundamen-
tal observers implies that the hypersurfaces X, are invariant under rotations and translations, i.e.
maximally symmetric; see appendix B for details about such 3 dimensional hypersurfaces. Com-
bining all this, on large enough scales, the geometry of the Universe is well-approximated by the

Friedmann-Lemaitre-Robertson Walker metric (hereafter FLRW metric):

1
g = —-dt@dr+a*(t) | ———=dredr+r? (d9 ® df +sin® 0 d¢ ® d¢) (6.5)
1-Kr?
ds> = —d?+d*@) &’ 2 (d92 +sin20 d¢2) (6.6)
1 - Kr? ’ '

where:

1. t is the proper time measured by fundamental observers (those seeing an isotropic and homo-

geneous Universe);
2. r is the coordinate radial distance;

3. dQ? = d#?+sin® # d¢? is the round metric on the 2-sphere S, also called the "celestial sphere”

(sky) of fundamental observers;
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4. a(t)is the scale factor,
5. K € Ris the scalar curvature of space.

These coordinates are not the ones we introduce in appendix B, but we will see how they are mapped
into each other below. The non-zero connection coefficients of the FLRW metric in (¢,7, 6, ¢)

coordinates are:

a

Foij =8 oy =T'= p (6.7)
1 Kr 1 2 2 2\ i 2
INMi=——=; T »n=-r(1-Kr°) ; I'*33=—r(1 - Kr°)sin“ 0 (6.8)
1 - Kr?
1 1
onz = 1—~220 = g ) lez = F221 = -, F233 = —sinfcos 6 (69)
a r
a 1 cos 8
M= =—; Pp=0%=-; Py=TH=—. (6.10)
a r sin 6

Here and afterwards, a dot will denote a derivative with respect to the time coordinate 7.

6.3.2 Kinematics

We can now explore the basic geometric properties of the FLRW metric. ¢ is the proper time mea-
sured by fundamental observers along their worldlines defined by dr = d6 = d¢ = 0. It is often

called the cosmic time. The 4-velocity of fundamental observers is then simply, in those coordinates:
ut = 66‘ . (6.11)
In the following, we will denote by ;; the components of the metric of conformal space:
_ 1 r or 2¢0 c0 2 32 [N
yl.j_—l_Kr25i5j+r 6705 +r7sin® 65767 . (6.12)
Now, consider two fundamental observers, spatially separated (df = 0), and located at » and r + Ar,
¢ = ¢o and 6 = 0y, with Ar < 1. Then, the physical distance between these observers is given by:

Ar
Adphys(r,t) = Cl(l’)ﬁ . (613)
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The number K represents the curvature of the spacelike hypersurfaces at constant ¢ (denoted « in
subsection B.5.2 of appendix B) and we can already see that for physical reasons, r has a finite range
in the case K > 0. Although this coordinate system, (¢, 7, 0, ¢) is natural from a physical point of
view, one can introduce a new set of coordinates that proves much more useful from a mathematical

and physical point of view. First, let us introduce the conformal time n, such that:

dr
dp=—, 6.14
n=- o (6.14)
or in integral form:
/ g (6.15)
—no = . .
1 1 o a(t,)
This time coordinate allows one to factor out” the scale factor and rewrite the line element:
2
ds? = () |—d? + = 42 (d92 +5in® 6 d¢2) , (6.16)
1-Kr?

where, as usual, we have used the physicist’s abuse of notation and set a(n) = a (¢(r7)), with ¢(17) ob-
tained by inverting the relation 7(¢) coming from Eq. (6.15). Next, we introduce a radial coordinate

x adapted to the type of spatial curvature K, such that:

dr
dy = ——, (6.17)
V1 — Kr?

or equivalently, setting y = 0 for r = 0:

r d ’
Xz/ . (6.18)
0 V1-Kr?

As a matter of fact, the integration in this case is quite easy to perform, and one gets:

1 .
Vg Sin (\/E)() for K >0
r(x) = Sk(x) = X forK=0 . (6.19)
ﬁ sinh (\/—K)() forK <0

Note that this makes apparent what the admissible range of the radial coordinate is:
e ForK >0,asr € [O, 1/\/?],)( e [0,7];

e For K <0,asr € [0,+), y € [0, +0c0).
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This is the same y than the one introduced in subsection B.5.2 of appendix B. Then, the line element

finally reads:
ds? = a?() |—di? + dy? + % (x) (d92 + sin? 9d¢2)] . (6.20)

This form is both remarkable and convenient for various reasons.

e Spatial hypersurfaces of constant 7 are, up to a conformal factor a* () the simplest constant
curvature 3-dimensional manifolds. For K = 0, we recover the standard Euclidean “flat”
space with its flat metric in spherical coordinates, E*. For K > 0, this is simply the round
metric on a 3-sphere S3 of radius 1 / VK. And, finally, for K < 0, this is the standard metric
on hyperbolic space H>. Note that this form also makes it clear that the radius of a 2-sphere
at coordinate distance y from the origin is given by Sk (y) in the sense that the physical area

of such a 2-sphere (at dyp = dy = 0) is exactly 4715%( (x).
e Radial light rays (ds? = d§ = d¢ = 0) are straight lines at +7/4 angles: x — xo = = (1 — 10).

In these coordinates, the non-zero connection coefficients are: (symmetry in lower indices is im-

plicit)

o, = % . [0y = %Sé N ) 6.21)
! ds
Iy = £, Iy = —Sk—0 ; T'33 =sin? 6T 5 (6.22)
a dy
! 1 dS
onzza—; F212:——K; F233=—sin00059 (6.23)
a Sk dy
a’ 1 dS cos @
Pp=—; Py —— My =— . (6.24)
a Sk dy sin 6

Here and from now on, a prime will denote a derivative with respect to conformal time, 1. Fun-
damental observers have 4-velocity u = % with components (1,0,0,0), ¢,4). thus, in this new
coordinate system, u* = (%, 0,0, 0) = %(56‘ . If we consider two such fundamental observers located

in space at X; and X, their physical separation at time 7 is given by:

Fio =a(t) (X; —X2) . (6.25)
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The position vectors x| and X, are constant in time by definition of fundamental observers.Thus:

d, e o a,
d—r12 =da(X; —Xp) = —rp. (6.26)
1t a

The function:

H(t) = g 6.27)

is called the Hubble rate and Eq. (6.26) is the Hubble-Lemaitre’s law. Written at present time,

t =ty ~ 13.7 Gyr, it gives the historical Hubble-Lemaitre’s law, and reads:
v = Hor, (6.28)

with Hy = H (t9) the Hubble constant. It expresses the fact that cosmological objects like galaxies
move with respect to each other with a velocity that is greater the farther they are from each other.
In an expanding Universe, Hy > 0 and the velocity is a recession velocity: distant galaxies move
away from each other.

Finally, let us focus on the trajectories and properties of light rays in the FLRW Universe. In the
geometric optics limit (i.e. when the wavelength of the light considered is small with respect to
the typical curvature radius of spacetime), valid in the cosmological context, the propagation of
electromagnetic waves is well-approximated by the properties of light rays, i.e. null curves with

tangent vector field k with components k* = % satisfying:

g (k. k) =k k* =0 (6.29)
Vik =k"V, k" =0. (6.30)

Here, A is an affine parameter along the light ray considered. Let hy, = gu, + u,u, be the
components of the projection tensor h = g + u ® u which projects orthogonally on hypersurfaces

of constant ¢ (or equivalently constant 77). Then, in cosmic time coordinates:

h,uv =8uvt 6;1061/0 s (6.31)

so that hg, = 0. Then, let E = —k*u, and p* = h*, kY. For a future directed light ray, E is the
energy of the light ray (for a past directed light ray it is minus the energy) as measured in the rest-
frame of the fundamental observer, and p#/E are the components of the instantaneous direction of

propagation of the light ray in the same rest frame; it is everywhere orthogonal to the 4-velocity of
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the observers: p*u, = 0. p# are simply the components of the 3-momentum of the photons. Then,

as we have seen in chapter 3, we can write uniquely:
k* = Eut + p* . (6.32)

Using g (k, k) = 0, we get:
-E*+ azyijpipj =0. (6.33)

Then, projecting the null geodesic equation along u:

u, (kHV, k") =0, (6.34)
we get:
EE +d*Hy;;p'p’ =0. (6.35)
Hence, using Eq. (6.33), we obtain: '
E a
—=—-H=-—, 6.36
z p (6.36)
which is trivial to integrate, to get:
C
E="CyeR. (6.37)
a

For a light ray with frequency v, the energy of a photon is given by £ = hv, so that the frequency

of light is affected by cosmic expansion along the trajectory of photons, according to:

_alte)

T oa()

where t, is the time at which the photons have been emitted by their source located at (¢, ye, 0, ¢e).

v(t)

v(t,) , (6.38)

If a fundamental observer located at the centre of the coordinate system (y = 0) receives this light

today, at t = 1, the redshift z is defined by:

A (10) — A (ze)

= 6.3
z 1) , (6.39)
and in the FLRW context:
a (o)
1+z= . 6.40
to=- ) (6.40)

The name redshift is justified by the fact that, in an expanding universe, a (ty) > a (t.), so that

A(tg) > A(t.): the wavelength of the light has been moved to higher values, towards the redder
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part of the spectrum. In a purely expanding FLRW Universe, there is a one-to-one and onto rela-
tionship between times of emission and redshifts at observation, so that one can interchangeably use
either ¢ or z(r) = a (t9) /a (t) — 1 to characterise past events. We will use this freedom extensively
in what follows. Moreover, note that scale factor and coordinate radial distance are only defined
simultaneously up to an overall scaling. This means that by setting the units for radial distances
appropriately at time ¢ = ¢y ("today”), one can always set ay = a (¢9) = 1. From now on, we will
fix units this way. We will also, by convention, agree that a subscript 0 attached to any function
corresponds to the value of that function at the value of the proper time today, ¢, or equivalently at

the present value of the conformal time 79 (or equivalently at z = 0).

6.3.3 Distances

The coordinate distances given by the radial coordinates r and y, such as the one used to derive the
Hubble-Lemaitre’s law are not measurable quantities in General Relativity, as they are calculated
purely by the spacelike separation of two events in spacetime.Physically meaningful distances ought
to be related to observable quantities involving causal processes; in cosmology such physically
relevant distances are obtained by determining distances measured down the past lightcone of an
observer, because almost every piece of information we get about the distant Universe is obtained
via electromagnetic observations. We will define two relevant distances, related respectively to the
luminosity of sources and to their angular size. But before we define these physical distances, it is
convenient to introduce one coordinate distance that is important in deriving them: the comoving

radial distance.

Comoving radial distance

Consider a fundamental observer located at y = 0, receiving at 7 = ng light that was emitted by a
distant source at a time ¢ corresponding to a redshift z. By an appropriate choice of our coordinate
system, we can ensure that the light ray propagates radially, with d6 = d¢ = 0. Then, along the light

ray propagating from the source to the observer, we have ds” = 0, i.e.:

dt da
dy=-——-"==-———-. 6.41
X="u0 " @H (©41)
The minus sign ensures that the ray propagates forward in time from the source at y > 0 to the

observer at y = 0. Using a as a "time” variable instead of ¢ is safe as long as they are related
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i S: Source observed by O
:. with redshift z

/

Figure 6.3: Definition of the comoving radial distance.

in a monotonous way, which is true in an expanding Universe (see dynamics below). Then, using

1+z=1/a, we get:
dz

dy = —.
X=H (2)
The comoving radial distance between the source and the observer is then simply the change in y

(6.42)

along the light ray between source and observer (see Fig. 6.3), and it is obtained by integrating the

previous differential relation:

Z dZ’
o H(z) '~

x(2) = (6.43)

It is not an observable. It can be used to defined another unobservable, but important distance:
the comoving angular distance. Consider the comoving 2-sphere at dp = dy = 0 at y = x(z), then,

its round metric gives the line element (it is comoving so we ignore the scale factor):
ds2,,, = $2(x(2)) (d02 + sin? 0d¢2) . (6.44)

A small source located on that sphere and observed at the centre under a small solid angle dQ{z)bs

subtends a small transverse area portion of the sphere dS?94"<¢ such that:

com

dssouree = §2 (x(2))dQ2,. ; (6.45)

com
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Figure 6.4: Definition of the comoving angular distance.

see Fig. 6.4 for a detail of the geometry.

The comoving angular distance between the source at redshift z and the observer is then defined

as the ratio:

dss‘ource
R? = —com 6.46
ang(2) a2 (6.46)
Thus:
Rang(z) = Sk (x(2)) . (6.47)

The effect of curvature on this comoving angular distance is summarised on Fig. 6.5. The green
curves represent light rays coming from the boundary of the small distant object and reaching the
observer at the point of convergence. An object of the same size, located at the same coordinate
distance y(z) will have a different observed angular size in spaces of different curvature. The black
dotted lines represent the opening angle observed in each case. We see that because sin(u)/u < 1
and sinhu/u > 1, the observed angle will be larger in the K > 0 case and smaller in the K < 0 case,

compared to the K = 0 case.
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Figure 6.5: Effect of spatial curvature on the angular size of distant objects.

Angular diameter distance

The comoving angular distance is not directly observable because it depends on the comoving (co-
ordinate) size of the source which is not observable. However, by relating this comoving size the

the actual, physical transverse size of the source:

dsyguree = adsie (6:48)

one can obtain an observable distance: the angular diameter distance D 5(z) of an object located

at redshift z with respect to the observer, defined as:

dSS(;lurCE
p% = _Pws 6.49
AT A2 049

obs

This is measurable in principle. Indeed, if the observer can measure the apparent angular size of
the source on their sky and if they have an independent knowledge of the absolute physical size
of the source (from theoretical modelling), they can deduce the angular diameter distance. This is
why measurements of the angular diameter distance require the knowledge of standard rulers, i.e.
object whose physical size is stable over time and known to great accuracy. We see that the angular

diameter distance to a source located at redshift z is thus:

DA(2) = aReang (2) = IL”SK (x(2) . 6.50)
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Luminosity distance

The other distance that turns out to be useful in cosmology makes use of another class of objects
called standard candles. These are objects whose absolute luminosity is assumed well known and
stable from independent theoretical models. So assume that an observer at y = 0 and ¢t = #g
observes such a source located at a comoving radial distance y (z) with absolute luminosity Loy ce-
Assuming that the source radiates isotropically, the observed flux, ®,;s will correspond to the

isotropic flux through a sphere of radius Dy (z):

Lsource
D,ps = . 6.51
obs 47TD% ( )

This Dy is the luminosity distance between the source and the observer. By definition, the luminos-

ity is the rate of change of energy by units of time:

AEcmir  AE(z2)
I = = . 6.52
source AL yris fl‘(Z) ( )

Because of the redshift experienced by light between emission and observation, the change of energy

observed is given by:
AEemil

AEobs = 1+2

(6.53)

Moreover, For two light rays emitted from the source in an interval of conformal time A7.,;; and
arriving at the observer in an interval Ang, we have: Ang = Anemir (light rays are straight lines in

1 — x coordinates). Thus, going to proper time:

1
Aty = EAtemit = (1 +2)Atemir - (6.54)
Therefore, the observed luminosity is given by:
AE 1 AEqm; 1
Lops = obs L L . (6.55)

Aty (1+42)? Atemir  (1+7)2 7
On the other hand, the observed flux is the ratio of the total luminosity at the time of observation by
the surface area over which this luminosity is distributed, SP"S. This surface area is the physical

area today of the sphere centred on the source of comoving radius R;,g(z) = Sk (x(2)):
SPhYS = g3§°o™ = 4nS% (v (2)) . (6.56)

Thus:

LSOLH"CE
D = . 6.57
T (14 2)% x4n82 (¢ (2)) (657



The homogeneous and isotropic universe 274

Equating the two expression for the observed flux, we get:

Dp(z) = (1+2)Sk (x(2)) . (6.58)

Note that the angular and luminosity distances are related by the distance-duality relation:
Dp(z) = (1+2)’Da(z) . (6.59)

This relation is actually true in any spacetime, in any metric theory of gravity, as long as the number
of photons is conserved during the propagation of light between source and observer.

In a flat FLRW universe, these distances take the simple integral expressions:

Angular and luminosoty distances in flat FLRW

1 < d7

Dy(z) = vz )y H@) (6.60)
Z d/

Di(z) = (1+z)/0 H(sz)' (6.61)

These various notions of distance are all equally valid and their use depend on the physical
system we want to evaluate the distance to. Fig 6.6 shows the radial comoving distance y(z), the
angular distance D 4(z) and the luminosity distance Dy (z) as functions of redshift for the nominal
cosmology we introduce below; see Eqs. (6.145)-(6.150). Clearly, although they match for small
redshifts (left panel), they differ significantly as soon as we probe further back into the past (right
panel). In particular, the angular diameter distance exhibits a non-monotonous behaviour which
means that after some redshift, objects that are further into the past appear smaller and smaller!
Finally, note that we need knowledge of the dynamics on the FLRW Universe between the source
and the observer, through the Hubble rate H(z) to determine the behaviour of these distances. This

dynamics is what we will focus on next.

6.3.4 Dynamics

To determine the dynamics of the FLRW Universe, one needs to write the Einstein Field Equations:

1
Ry — ERg,m, +Aguy =8nGTy, , (6.62)
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Figure 6.6: Radial comoving distance y(z), angular distance D 4(z) and luminosity distance Dy (z)

as functions of redshift for the nominal cosmology of Egs. (6.145)-(6.150).

for the FLRW metric and the appropriate energy-momentum content. For the left-hand side of those

equations, we have, in proper time:

Roo = - 32 (6.63)
a
.k
Rij =a® (2H2 + 24 2—2) ¥ij (6.64)
a a
-
R =6 (H2 + 44 —2) . (6.65)
a a

Energy-momentum content

But what of 7,,,,? In principle, we should include all possible particles and fields present in the
Universe, photons, electrons, protons, all atoms once they have formed, neutrinos, exotic sources

like Dark Matter and Dark Energy (see below) etc. Usually, these are treated as independent, non-
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interacting fluids, with energy densities p;(#) and pressure p;(¢). By symmetry, they ought to be
comoving and their common 4-velocity sets the 4-velocity field of fundamental observers. Then
one can show easily that these fluids ought to be perfect (no heat flux or anisotropic pressure), thus

having energy-momentum tensors:
Ti = (pi + Pi) tylhy + Pisuv (6.66)
which separately obey a conservation equation (non-interacting):
V,T#, =0. (6.67)

Then, for each fluid, we can define an equation of state:

wi =21, (6.68)
pi
and Eq. (6.67) leads to:
Pi+3(1+w;))Hp; =0, (6.69)

for each individual fluid. The total energy-momentum content is then an effective fluid with effective,

total density, pressure and equation of state:

p=> pi (6.70)

p=>p (6.71)

w=2 (6.72)
P

modelled by the total energy-momentum tensor, with components in (¢, r, 6, ¢) coordinates:
Tyy = (p+Pp)S6u00v0 + PEuv - (6.73)
The conservation of this total energy-momentum tensor then leads to:
p+3(1+w)Hp=0. (6.74)

Usually, in cosmology, the various standard fluids are separated into two main classes:
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Non-relativistic fluids: These are fluids whose internal velocity dispersion is small. Individual par-
ticles of the fluid move slowly compared with the speed of light. For these fluids, the pressure
pi ~ 0, so that w; ~ 0. Standard baryonic and leptonic matter fall into this category for most
of the history of the Universe. So do neutrinos in the very late-time Universe. Cold Dark
Matter is also non-relativistic throughout the history of the Universe. These non-relativistic

fluids are often called dust or simply matter when the context is clear.

Relativistic fluids: These are fluids with internal particle velocities close to the speed of light. In
that case, p; ~ %pi so that w; = 1/3. Photons are such particles. So are neutrinos for most

of the history of the Universe.

But it is common to consider more exotic fluids. For example, taking the cosmological constant
from the LHS to the RHS of the Einstein field equations, one can formally rewrite its effect as that
of a perfect fluid with pp = —p4, thus wp = —1. Perfect fluids with a constant equation of state
are called barotropic. So dust and relativistic fluids are barotropic fluids; so is the cosmological
constant if it is interpreted as a fluid. They are widely used in cosmology as they provide gvery
good approximations to the actual content of the Universe.

Solving Eq. (6.69) for non-relativistic and relativistic fluids we see that:

pNr(a) PNR0A (6.75)
pr(a) = proa™™. (6.76)

Therefore, in an expanding universe, dust is diluted by a factor proportional to the volume increase;
this simply means that the number of particles (thus the total energy) in a given physical volume
remains constant while the volume increases. Relativistic matter on the other hand receives an extra
dilution in 1/a; this comes from the redshift of the energy of individual photons in the fluid. It is
common to write a subscript m for non-relativistic matter, and r for relativistic matter, which is
what we will do from now on. For the cosmological constant, we get:

A
PA =CSt= % . (677)

Dynamical equations

We are now ready to write the equations governing the dynamics of the FLRW Universe with a

total matter content given by p and p. Combining the Ricci tensor and its trace from Egs. (6.63)-
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(6.65) and the total energy-momemtum tensor, Eq. (6.73) within the Einstein field equations, we

get:

FLRW dynamics in cosmic time

2
K A
p=(4) 2829, K LA riedmann Eq) (6.78)
a 3 a? 3
i 4nG A
g =- ﬂT (p+3p) + 3 (Raychaudhury Eq.) (6.79)
p==3H (p+p) (Continuity Eq.). (6.80)

Note that these three equations are not independent (show it), so we only truly have two independent
equations for three unknown functions. Thus, we need to assume an equation of state p(p) to be able
to solve this system. In conformal time, using the connection coeflicients from Eqs. (6.21)-(6.24)

and introducing the conformal Hubble rate:

H=L—uH, (6.81)

a

we obtain the following dynamical equations:

FLRW dynamics in conformal time

2
’ 8 A
H? = (%) = HTGpaz -K+ gaz (Friedmann Eq.) (6.82)
4 A
H =-— ”TG (p+3p)a+ §az (Raychaudhury Eq.) (6.83)
o' ==3H (p+ p) (Continuity Eq.). (6.84)

Let us assume first, for simplicity, that the total fluid is barotropic, i.e. with a constant equation

of state w: p = wp. Then the continuity equation can be easily solved:

p(a) = poa 3+ (6.85)
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In that case, assuming K = A = 0 and w # 1, we can solve the Friedmann equation and retain only

the expanding solution:

 \ st p \
a(t) = (—) and a(n) = (—) , (6.86)
fo y]

and also:

H(t) = 2 or H(n) = 2 (6.87)
T 31+ w)r = 03wy ‘
One notes that:

{a o 123 o 7]2 for a non-relativistic fluid (6.88)
a o 1'% o 7 for a relativistic fluid. (6.89)

Also, for a cosmological constant A # 0 only:

a(t) = exp [\/§ = to)} . (6.90)

These scalings wil be very important throughout.

Let us now introduce dimensionless density parameters:

Qi(z) = &;SIT”("Z()Z) (6.91)
Q(z) = S;TST‘ZS) :Zgi@ (Total energy content) (6.92)
Qu(z) = 271;(2;& A) (6.93)
Qk(2) —m. (6.94)

Then the Friedmann equation becomes simply a balancing equation valid at all time/reshift:
Q+QpA+Qg=1. (695)

In particular, today:
Z Qio+Qp0+Qxo=1. (6.96)
i

For each barotropic fluid of constant equation of state w;:

Q) = Qs 0 [0 ’ 1 + z)3+wi) 6.97
l(Z) i,0 H(Z) ( +Z) . ( )
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Thus, we can introduce the dimensionless expansion rate:

H
E(z) = — 6.98
(2) Ho (6.98)
so that:
EX(2) = 3 Qi 0(1+ 2% 4 Q o(1+2)7 + Qo - (6.99)

Cosmological eras

Finally, let us assume that the Universe is filled with a non-relativistic fluid and a relativistic one,
as well as a cosmological constant. For simplicity, let us set K = 0. We can introduce the critical

density of the Universe:

3H
Pec,0 = 372G’ (6.100)
so that we have:
Pm = Qunopeoa” = Quopeo(l+2)° (6.101)
pro= Qropcoat =Q opeo(l+2)* (6.102)
oA = QA00c,0 - (6.103)

Thus, as illustrated on Fig. 6.7, we see that in an expanding Universe, for generic choices of the

parameters today, the Universe goes through three distinct phases:

1. p(a) ~a=*as a — 0. This is a Radiation Dominated Era (RDE): when the energy content

and the dynamics of the Universe are dominated by the relativistic fluid;

2. At some point, the non-relativistic fluid starts to dominate the energy content and p ~ a~>.

This is a Matter Dominated Era (MDE);

3. Finally, provided one waits for long enough, since all energy densities decay except the one
coming from the cosmological constant, a final epoch starts when the expansion of the Uni-
verse is governed by the cosmological constant. This is the Dark Energy Dominated Era
(ADE). In the asymptotic future, when all the fluids have been infinitely diluted, the Universe

is in a steady state called the de Sitter Universe.
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These three phases in the history of an expanding Universe will be key for our analysis of the growth
of large-scale structure next year. A last piece of information we will need about the background
is the only characteristic scale that enters this extremely symmetric model: the Hubble radius. The

physical Hubble radius is the (time-dependent) length:
Ry =cH™'. (6.104)

So we see that this scale grows during a MDE and a RDE as: Ry (f) « t and is constant during a

ADE. Actually, it will be more natural to consider the comoving Hubble scale:
Ry =cH™". (6.105)

During a RDE, it goes like R¢ = ¢n, and during a MDE: Rg; = ¢n/2. On the other hand, it
decreases in a ADE: Ryy = Rqq;n;/n. We will see next year that this behaviour is key to the

formation of structure.

6.3.5 The hot Big-Bang model

From the behaviour of the FLRW scale factor in presence of relativistic and non-relativistic matter
fluids, we deduced that an expanding Universe, i.e. a Universe that was smaller with denser fluids in
the past, ought to have undergone a transition between two phases: its early history is characterised
by a Radiation Dominated era, followed by a Matter Dominated era. The relativistic fluid that

dominates the dynamics during the Radiation Dominated era has a density:
procato (1+2)*. (6.106)

Assuming that this fluid is in thermodynamical equilibrium at temperature 7 and zero chemical
potential (for simplicity), the energy density in terms of the distribution function, f (p,T), of the

particles in the fluid is given by:

p= /f (p.T)E(p)d’p . (6.107)
Thus, for relativistic particles with T > m, whether particles are fermions or bosons:

pocTH . (6.108)
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The expanding Universe was hotter in the past (when it was also denser). This is why one talks of a
Hot Big-Bang model. Thus, the temperature of the relativistic fluid (mostly photons) in the past is
given, in terms of redshift by:

T(z)=To(1+2), (6.109)

where Ty ~ 2.725 K is the temperature of the CMB today. Strictly speaking, this is the common
temperature of all matter species in the Universe only as long as all forms of matter remain in
thermal equilibrium. For example, baryons only remain coupled with photons until recombination
and decoupling, after which their temperature starts to deviate from the one of photons. However,
it is common to call the temperature of the CMB the ’temperature of the Universe’ and to use it as
a clock to describe the thermal history of the Universe. Note that during the Radiation Dominated

era.
H(T) « \Jp(T) « T? . (6.110)

Thus the typical timescale of expansion of the Universe evolves as:
_ -1 -2
Ty =H " oT“. (6.111)

Let us consider an interaction between particles with rate I" (units of inverse time). As long as
I' > H, the interaction remains efficient, the particles involved in the interaction have enough time
to interact before being separated by the cosmic expansion, and they remain in thermal equilibrium.
However, as soon as I < H, the interactions freeze and the various particles involved start evolving
independently: they decouple. Considering that the content of our Universe is well-described by

the standard model of particle physics, this leads to an elegant thermal history of the Universe*:

1. T > 100 GeV; z > 10'%; ¢ < 20 ps: Quantum Gravity; Inflation; Baryogenesis. This very
early period is not described adequately by the standard model of particle physics and its
details remain the topic of conjectures and speculations. For reasons to be explored later, it
seems to include a phase of accelerated expansion of the Universe called inflation, or some-

thing that would produce similar signatures on the later Universe. It also needs to include a

4We used that Tp =2.275 K~ 2 10~4 eV and that T(z) = Ty(1 +z) to determine the redshifts from the temperatures.
The time ¢ is the cosmic time, conventionally set to O at the Big-Bang, i.e. the time at which the model becomes singular.
As will become apparent when we introduce inflation, this reference time is actually quite arbitrary in standard cosmology,

as the Big-Bang singularity disappears from the physical Universe and potentially even completely.



The homogeneous and isotropic universe 284

mechanism responsible for the asymmetry between matter and anti-matter that we observe

today.

2. T =100 GeV; z = 105; r = 20 ps: Electroweak phase transition. The electromagnetic and

weak interactions separate via the Higgs mechanism, and particles acquire their masses.

3. T = 150 MeV; z = 10'2; t = 20 us: QCD phase transition. Above that temperature, quarks
are asymptotically free, i.e. they are only subjected to the weak interaction. But below that
temperature, the strong interaction kicks in and quarks and gluons form bound states: baryons

(three quarks) and mesons (pairs quark-antiquark).

4. T = 1MeV; z = 6-10%; t = 1s: neutrinos decoupling. Weak interactions are no longer
fast enough to maintain neutrinos in thermal equilibrium with the rest of matter. They decou-
ple and form an hypothetical cosmic neutrino background that should permeate the whole

Universe today (but has not yet been observed) with its own temperature.

5. T =500keV; z = 2-10%; t = 6s: electron-positron annihilation. Electrons and positrons
cannot be maintained in thermal equilibrium with photons and annihilate, releasing energies
in the photon fluid (reason why the CMB has a different temperature than the cosmic neutrino
background). A small asymmetry between matter and anti-matter is necessary to keep some

electrons around after this phase.

6. T = 100keV; z = 4 - 10%; t+ = 3 min: Big Bang Nucleosynthesis (BBN). Some protons
and neutrons escape the thermal equilibrium and bound to form atomic nuclei via a complex
network of nuclear reactions. Only the light elements are formed in any significant quantity:
deuterium, helium, lithium and beryllium. The amount of each element formed during this
primordial phase can be calculated very accurately in the standard model and the agreement
of these predictions with observations constitutes one of the most robust pillar of the Hot

Big-Bang model.

7. T = 0.75eV; z = 3400; t = 60 kyr: Matter-Radiation Equality. The energy densities of

relativistic and non-relativistic matter coincide.

8. T =0.26 -0.33eV; z = 1100 — 1400; r = 260 — 380 kyr: Recombination. Electrons and

baryons (mostly protons and helium nuclei) combine to form atoms (neutral hydrogen, helium
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10.

11.

12.

6.4

atoms) viae.g. e~ +p — H+7y once the converse reaction is energetically disfavoured. Matter

becomes neutral and the mean-free path of photons increases rapidly. This leads to:

T =0.23 - 0.28 eV; z = 1000 — 1200; ¢ = 380 kyr: Photon decoupling also called simply
decoupling. Before recombination, photons and electrons are tightly coupled via Thomson
scattering: e~ +y — e~ +7. However, when atoms start to form and matter becomes neutral,
free electrons become scarce and Thomson scattering becomes inefficient. Therefore, the
photons mean free path increases rapidly and they decouple from the rest of matter, forming
a thermal bath of radiation that free streams and permeates the Universe: this is the Cosmic
Microwave Background. In parallel, ordinary matter is now free from the influence of the
radiation fluid and can start falling in the gravitational wells of Dark Matter that have already

started to form under their own gravitational pull: structures start to form in the Universe.

T =26-7TmeV; z =11 —-30; t = 100 — 400 Myr: Reionisation. The formation of the
first stars lead to bursts of energetic radiation which gradually re-ionise the neutral hydrogen

formed during recombination.

T =0.33 meV; z = 0.4; t = 9 Gyr: Dark Energy-Matter equality. The cosmological constant

starts to dominate the dynamics of the Universe. See below.

T =0.24 meV; z = 0; t = 13.8 Gyr: Today.

The dark sector

In addition to the matter-energy content provided by the standard model of particle physics, the

standard model of cosmology needs to introduce at least two new sources of the gravitational field

to account for the behaviour of the Universe and objects inside it. Because these new sources are,

to date, only felt through their gravitational interaction, and do not seem to interact significantly via

electromagnetic interactions, they are called dark.

6.4.1 Dark Matter

The first dark component that one needs to introduce is an additional fluid of non-relativistic parti-

cles known as Dark Matter. The nature of Dark Matter has not yet been determined and this is a true



The homogeneous and isotropic universe 286

puzzle for fundamental physics. However, as we will see, it is clear that at cosmological/extragalac-
tic scales, something peculiar happens that needs to be explained. The standard lore is to assume
the presence of Dark Matter and to hope that its constituents will be identified at some point, be they
fundamental particles, condensates of fundamental particles, or even small black holes formed in
the primordial phases of the history of the Universe and remaining to this day. Alternatives consider
that gravity and/or inertia itself is modified to account for the unexpected phenomena. Although

these are puzzling and interesting possibilities, we will not explore them in this introductory course.

The first evidence for Dark Matter comes from the observations of distant spiral galaxies. The
visible part of a spiral galaxy forms a thin disc of radius R; ~ a few kpc, with stars orbiting in
quasi-circular orbits. Newtonian mechanics applied to the motion of these stars leads to a profile of
velocity as a function of the distance to the centre of the galaxy r given by:

v2(r) _GM(<r)
ro r2

: (6.112)

where M (< r) is the total mass contained within a shell of radius r. Thus, at distances r > Ry
beyond the size of the disc, if all the mass of the galaxy is contained into stars (and interstellar gas),

M (< r) — M reaches a constant value, and the velocity profile should scale like:

1
o — . (6.113)
v(r) NG

r

But observations do not support such a decrease. Instead, the velocity profile reaches a constant
value v, # 0 as r becomes large. This is illustrated for a specific galaxy on Fig. 6.8.
Such a profile requires the presence of additional matter beyond the observable disc of the galaxy,

with a distribution of mass going as:
M(r)occrforr > Ry, (6.114)

which, for a spherically distributed halo, corresponds to an additional density of matter p(r) ~ 1/r.
This is Dark Matter on galactic scales. The presence of such halos has also been confirmed by
gravitational lensing of distant light by galaxies and clusters of galaxies. Finally, let us mention that

Dark Matter is also needed on cosmological scales:

e BBN gives us a precise measurement of the ratio of baryonic matter to radiation in the Uni-

verse and the amount of radiation can be inferred from observation of the CMB. These facts
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Figure 6.8: Rotation Velocity in the galaxy NGC6503, together with the respective contributions
from diffuse gas, stars (labelled luminous), and the Dark Matter halo necessary to account for the

observed profile. From [3].

in combination lead to a small energy density of baryons, too small to constitute the entire

energy budget in non-relativistic particles.

o We will see that during the Matter Dominated era, small-scale matter overdensities grow like
the scale factor: § o« a o 1/(1 + z). However, baryons can only start to grow structure after
they decouple from photons This means that, if the non-relativistic fluid only consisted of
baryons, an overdensity of size 1 today should have been of size ~ 1073 at decoupling. This is
2 orders of magnitude larger than the overdensities in the photon-baryon plasma at decoupling
inferred from the observations of the CMB. Thus structures have had to start forming earlier,
in a fluid that did not feel the pressure waves of the plasma: a weakly interacting Dark Matter

component does just that.

6.4.2 Late-time Universe: A

Dark Matter is thus required to explain the formation and behaviour of structure in the Universe.

On the largest scales and latest times, on the other hand, another problem arises. Let us introduce
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the deceleration parameter:

P
=-—= . 6.115
q0 a2 (1=1y ( )
Note that, neglecting radiation in the late Universe:
1
q0 = E-Qm,o —Qpp0 - (6.116)

We can then Taylor expand all quantities around the present time, e.g., at the relevant, dominant

orders:
a(t) ~ 1+ Ho (l‘ - lo) - %QQH(% (l - l‘o)2 (6.117)
z(t) = —Hy(t-1o) (6.118)
E(z) = 1+(1+qo0)z. (6.119)

Thus, the luminosity distance of a distant object at small redshift behaves like:
1 -
DL(z) = Hy' (z " T‘IOZZ) . (6.120)

It is possible to calibrate the luminosity curves of Type 1a Supernove and use them as standard can-
dles, i.e. as distant objects whose intrinsic luminosity can be determined. Then, one can measure
their apparent luminosity on Earth and determine their luminosity distance. By measuring their red-
shift, one can thus determine a distance-redshift relation D (z) and constrain cosmology. Actually,
the quantity that is usually being reported in the distance modulus:

¢(z) ]
¢(10pc) |’

where ¢(z) is the flux of a source located at redshift z and ¢ (10 pc) the one of a source at 10 pc.

w(z) = M = -2.51og (6.121)

The factor —2.5 is arbitrary and was chosen to match the definition of magnitude given by Hipparcos
for stars. u(z) is the apparent, measured, magnitude of the object, and M its absolute magnitude

defined with respect to the magnitude of the Sun:

M =-25]log ( ) +4.75 . (6.122)

3.8 x 1026 W

Such observations have been performed with greater and greater accuracy since 1998, and con-

sistently report go < 0, i.e. a relation whose second derivative at the origin is larger than H; !, But
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Figure 6.9: Distance modulus of distant Supernova la and residuals with respect to a flat FLRW

Universe with Cold Dark Matter and K = 0. From [5].

this is only possible if 4 o # 0, in other words, if A # 0. Moreover, it means that the expansion of
the Universe is currently accelerating: ¢ > 0, a phenomenon that cannot emerge from any standard
source of the gravitational field. Thus, if one were to assume A = 0, one would have to introduce
some non-standard, exotic matter source (or modify gravity) to ensure d > 0; this is what is dubbed
Dark Energy. So far, there is no evidence favouring an exotic Dark Energy over a simple cosmo-
logical constant so in what follows we will limit our discussion to this simple scenario. Fig. 6.9
summarises measurements of the distance-redshift relation from various recent projects. Note that
cosmological evidence for the presence of a cosmological constant are now numerous and we do

not only rely on these m(z) diagrams.

6.5 Limits of the model: Inflation

The hot Big-Bang model we just described has been extraordinarily successful at explaining a wide
range of observations, as well as at predicting some quantities that were measured later. By any
measure, it is a very successful scientific model. However, it suffers from a few shortcomings that
have to do with its initial state. The initial singularity is clearly a problem, but we are going to

see that it is not just a mathematical one. Rather, it comes with some physical implications that
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are quite puzzling and need to be overcome. This will be the role played by a phase in the history
of the Universe taking place before the radiation dominated epoch and known as cosmic inflation.
Let us stress immediately that although the principles of inflation and its overall phenomenology
are very useful in solving the problems of the hot Big-Bang model, inflation as a model does not
enjoy the same status as the rest of the cosmological model. In particular, it is not as well tested
and constrained as the hot Big-Bang phase. There are essentially four problems with the standard

Big-Bang model:

o The causality problem. In the hot Big-Bang, regions of spacetime that appear extremely
similar to us did not have enough time to interact with each other. But then, why are they so

similar?

e The flatness problem. In the standard, ACDM model, the Universe appears to be close to
spatially flat today. In the Hot Big-Bang model, that means it must have started extremely flat
at the Big-Bang. How can it be?

e The relic problem. At high energies, close to the initial singularity, phase transitions should
have produced topological defects with very high densities. Why don’t we see them around

us?
o The origin of structures problem. How are the seeds for structure formation generated?

Inflation will somehow solve all these problems at once. In this section, we will highlight the
problems of the standard model listed above and sketch how inflation solves the first three of them,
that is, the ones which have to do with the background expansion history, rather than with structures.
A somewhat more detailed treatment of inflation can be found in Chapter 5, in particular as far as

the origin of structures is concerned (which will not be treated it).

6.5.1 The causality problem

Let us consider an observer O ("Us’) today (at n = 1), observing the Cosmic Microwave back-
ground emitted at 174... The situation is summarised on Fig. 6.10 in an (7, ) diagram. The sur-

face of last scattering for O> appears as a sphere of radius given by the comoving radial distance

SThis is the surface obtained as the section of the space at time ¢, at which photons decouple from baryonic matter
by the past lightcone of the observer O. Strictly speaking, decoupling is not instantaneous, and last-scattering for an

observer is not quite a surface, but this does not modify the argument and we will ignore this subtlety.
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Figure 6.10: Spacetime diagram to illustrate the causality problem
X (Zdec) = foz‘”" dz’/H (7). Thus, the diameter represented on the diagram is given by:
Zdec
dtot.dec = 2/ dz’/H () = 2 % 1.93H(;1 , (6.123)
0

where we used standard values for the cosmological parameters and we neglected the effect of the
cosmological constant on the expansion history (the argument is not affected by this approximation).
Let us now consider events at 7 = 14, located on or inside the past lightcone of O. The regions of
space at the initial time (at the Big-Bang), n = 0, which have had time to influence these events at
Ndec are balls at n = 0 with (comoving) diameters:
di=2 oy 2x4-102H;" . (6.124)
2aec H (2)

On the other hand, the intersection of the past lightcone of O with the initial space slice at = 0,

which gives the set of all the points that actually influenced the events on or inside the last scattering
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surface seen by O, delimits a ball of (comoving) diameter:

d —2/+m 4 s 198H! (6.125)
tot,1 — 0 H(Z’) - . 0 . .

Therefore, the number of disconnected regions at the Big Bang, each able to influence a different

point on or inside the last scattering surface is roughly given by:

N =~ (d"””')3 ~10°. (6.126)
di
The corresponding points at 174, have not had time to interact in any causal way but if we live in
an almost FLRW Universe, they ought to have almost the same temperature, as seen in the CMB
temperature anisotropies which are of the order of 107>, Unless the initial conditions at 7 = 0 were
set extremely precisely (fine-tuned) to ensure this coincidence at 14, this is not possible.
One might be worried that this argument depends on the Copernican principle, since we talk about
events located inside our past lightcone at last scattering, so events that we do not observe. We can
turn things around and examine what happens on the last scattering surface only. Consider now an
event located at 7 = 0. The intersection of the inside of its future lightcone with the hypersurface
at last scattering will be a ball of proper diameter:

1

Di =
I+ Zgece

di ~2x4x107Hy" . (6.127)

If it intersects the last scattering surface, it does so on a patch with typical size D;. On the other
hand, the distance form O to the last scattering surface is given by:

1
D =

= d ~2x103H ! . 6.128
1+ Zdec tot,dec 0 ( )

This means that the angular size, as seen from 0, of a patch of the last scattering surface that has
been influenced by an event at the Big-Bang is given by:

D.
Af ~ 3‘ ~2%x1072 ~1°. (6.129)

The number of such disconnected patches on the CMB sky is roughly given by the ratio of the solid
angles:
AG?
N =~ — ~10*. (6.130)
4r
All these patches have not had time to thermalise by causal contact and yet, they exhibits remarkably

similar properties on the sky observed by 0. How is this possible?
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6.5.2 The flatness problem

In a hot Big-Bang scenario, still neglecting the effects of A for simplicity, we can write the evolution

of the curvature parameter as:

Qk.0

Qx(z2) = .
k(2) Qmo(1+2) +Q0(1+2)

(6.131)

The problem is that this function is decreasing: since we observe a small curvature parameter today,
typically |£2 K,0| < 1072, the effect of curvature needs to have been even smaller in the past. In the

early Universe, close to the Big-Bang:

Q
Qg (2) ~ QK’O (1+2)"% when z — +o0 . (6.132)
r,0
Thus, using €, o ~ 1073:
Qx| < 10° (1+2)7% . (6.133)

At BBN, this bound is of order 10~7 and it reaches 10! at the Planck time. Therefore, the Universe
needs to start in an extremely flat configuration in order to get a very flat Universe today. Of course,
this is only a problem if one considers that this is an unnatural initial state; in absence of a measure
giving us the likelihood of a given curvature, this is impossible to assess. Therefore, this problem
with the hot Big-Bang is of a different nature than the causality problem. Whereas the latter is
really linked to a physical difficulty, the former is only a problem as far as “taste” for “natural”

initial conditions is concerned.

6.5.3 The relic problem

As we have seen, as the Universe cools down, some phase transitions occur when fundamental
symmetries are broken. If Grand Unified scenarii are correct, when the Grand Unification theory
breaks down, at the very early stages of the Radiation Dominated epoch, some topological defects
such as monopoles are created. These carry a very large amount of energy density that, if present,
would completely dominate the expansion of the Universe and change the expansion history that
we know. So, why are these topological defects not around and dominating the expansion of the

Universe?
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6.5.4 Origin of structure

Finally, as we mentioned before, we need to find a way to generate density fluctuations in the early
Universe that are large enough to give rise to the structures we observe via gravitational infall. More-
over, because of the behaviour of the Hubble radius, we know that, in a Universe with only a matter
dominated and a radiation dominated eras, all physical scales on which we observe fluctuations
in the matter distribution today will eventually exit the Hubble radius if we trace them backward
in time far enough. This means that these fluctuations cannot have been generated causally in the
Hot Big-Bang model (because the Hubble radius fixes approximately the scale below which causal

processes are efficient in the Universe; see below). How is this possible?

6.5.5 The idea of inflation

Let us get back to the comoving distance between a point at an initial time #; for the expansion of

the Universe and a point at time = ¢ further in the future:

t dr’ Ina
X () :/ = H ' (a')dInd’ , (6.134)
t,

i a (t/) In a;
where we have written a; = a(t;). Note that here, since we want to replace the Big-Bang by some-

thing else, we do not yet assume that a; = 0. For a perfect fluid with w = ¢st, the comoving Hubble

scale H~! = (aH) ! behaves as:
7_{—1 — (aH)_l o a(1+3w)/2 ) (6.135)

Thus, for standard matter, with 1 + 3w > 0, this scale increases with the expansion of the Universe.
But this means that the integral in Eq. (6.134) is dominated by its upper limit and receives a vanishing
contribution from the early times. Indeed, performing the integral (and using the fact that we are

tracing lightrays, so that dy = —dn), we get:

x(a) =5 = oc @132 _ g2 (6.136)

with 7; o a§1+3w)/2. Note that y(a) is always finite and that ; — 0 when a; — 0, i.e. in case of a
Big-Bang singularity. But what happens if, at early times, i.e. before the radiation dominated era,
there is an era with 1 + 3w < 0? In that case, we have that:

%(H‘l o %a“w-”/zw <0. (6.137)
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Therefore, the comoving Hubble scale H -1 now decreases as a increases. But this means that, in
that case, the integral in Eq. (6.134) is dominated by its lower bound, and that the Big-bang sigularity

gets pushed to negative values of the conformal time:

Lawwz — —cowhena; — 0. (6.138)

m(x1+3w L

In principle, by choosing this early phase to be arbitrarily long, one can push the Big-Bang singular-
ity arbitrarily far into the past, thus asymptotically ridding the cosmological model of the Big-Bang
singularity. This means one has “much more conformal time available” between the singularity
and decoupling, allowing for regions to interact causally. The comoving distance between the Big-
Bang and decoupling can now be made arbitrarily large. This early phase during which H~! is a

decreasing function of time is known as inflation, since:

%ﬂ‘l :-% <0=d>0, (6.139)
meaning that the expansion is actually accelerating. The behaviour of causally connected regions in
a Universe with an early inflationary phase is presented in Fig. 6.11, to be contrasted with what we
saw in a standard Big-Bang model. Fig. 6.12 also presents the behaviour of the comoving Hubble
scale and of physical scales in such a Universe. Note that during inflation, scales that were initially
sub-Hubble are expelled for the comoving Hubble scale and only re-enter later, during the standard
hot-Big-Bang phase, either when radiation or matter dominate the expansion. That will explain
why structures that are sub-Hubble today but were super-Hubble in the past actually formed causally:
they were actually sub-Hubble in an even more distant past, during inflation. How much inflation do
we need to solve the causality problem? At the very least, we need the observable Universe today to
fit into the comoving Hubble radius at the beginning of inflation. This will ensure that all the points
in our Hubble volume today will have been in causal contact at some point during inflation, before
separating out later. Note that this is much more conservative than using the comoving distance to
decoupling (which is what we really need to ensure causality), because we have x (zgec) > Hj 'so
if our condition is satisfied, so is the condition on the comoving size of the last scattering surface.
Calculations are simpler this way. Our condition corresponds to (keeping ag = 1 for symmetry in

the expressions):

(aoHo)™" < (asHp)™" . (6.140)
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177¢ |[somewhere here

Every points of the visible Universe at last scattering have interacted before last scattering

Figure 6.11: How the causality problem is resolved by an early phase of inflation. In the red region,
two antipodal points on the last scattering surface which would have been totally causally discon-
nect in the standard Big-Bang scenario, can now have interacted in their past, thus thermalising by
physical process and sharing a nearly equal temperature, as observed. The choice of r; must be
made such that at least antipodal points have interacted; this ensures that other points on the last

scattering surface will also have had time to interact.
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Now, neglecting the matter dominated and A dominated phases (which lower the comoving Hubble
radius compared to keeping only radiation, so our bound is stronger here), we get:

aoHo _ a0 “£2=“_E_ (6.141)
ap TE ' '

apHEg T a E \ap
Assuming that the end of inflation is around the Grand Unified Theory scale (which ensures that the
monopoles get diluted by inflation and thus also solves the relic problem), so that T ~ 105 — 101©
GeV, we find that:

(arHp)™ ' > 102 (agHE) ™!, (6.142)

thus, the comoving Hubble radius must shrink by 28 orders of magnitude during inflation. For an

almost constant Hubble rate, this implies that the number of e-folds must be:

N = ln(a—E) > 64 . (6.143)

ar

Note that in terms of physical distance, this corresponds to a physical Hubble radius H~! increasing
dramatically. Such a huge amount of inflation, in addition to solving the causality problem and the
monopole problem (because the volume increases so much that the density of monopoles, if they
exist, decreases dramatically), also addresses the flatness problem. This is because during inflation,
the parameter Qg (a) actually decreases dramatically. Hence any curvature present at the beginning
of inflation would have been wiped out by a factor 10~:

Uk (2£) _ ( artly )2 < (10—28)2 —107% . (6.144)

Qk (ar) apHE

The physical volume of the Universe increases so much during inflation that the curvature becomes

very small.

6.6 A concordance model

The FLRW Universe with A # 0, some Cold Dark Matter, and flat spatial sections (K = 0) is
called the concordance model of cosmology. In addition to the parameters of the standard model
of particle physics (that are considered determined and fixed in the concordance model), it contains
a certain number of free parameters that need to be determined by observations or principles. The
6 cosmological parameters that are left free and to be determined in the concordance model are

usually:
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Figure 6.12: Upper part: Behaviour of comoving scales in an inflationary Universe. Inflation starts
at ay and ends at ag, after which the standard hot Big-Bang expansion starts: rafiation dominated
era followed by a matter dominated era (the effects of the cosmological constants are ignored for
illustrative purposes here). Comoving scales 4 < ajHj start sub-Hubble and are expelled from
the Hubble sphere during inflation. They only re-enter the Hubble radius during the Hot Big-Bang
phase. Lower part: Qualitative behaviour of a section of the comoving Hubble sphere. The tran-
sition between inflation and the radiation dominated phase is called reheating and is yet poorly

understood.
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1. the physical baryon density: Q;, oh?, where h = Hy/(100 km/s/Mpc);

2. the physical CDM density: Q. 0h* = (R0 — Qp.0) h?;

3. the age of the Universe: fo;

4. the optical depth of reionisation T;

5. the scalar spectral index ng (a parameter of inflation; see below);

6. the amplitude of initial curvature perturbations Az (a parameter of inflation; see below).
The cosmological parameters that are fixed by default in the concordance model are:

1. the curvature parameter: K = 0;

2. the tensor to scalar ratio: r = 0 (a parameter of inflation; see below);

3. the running of the spectral index: % =0;

4. the sum of the masses of neutrinos: ) m, = 0.06 ev/c?;
5. the effective number of relativistic degrees of freedom: N, ¢ = 3.046.

All other parameters can be determined by calculations. Today, due to the not so small number
of these parameters, and to intrinsic degeneracies between them in observables, the most precise
determination of these parameters, or any different combination of those and extra parameters that
one may want to leave free, comes from combining constraints that can be inferred from different
observations, e.g., CMB anisotropies, supernova la, Baryon Acoustic Oscillations, Weak lensing
shear surveys, BBN, galaxy number counts etc. This is why the model is called concordant: it pro-
vides the minimal, ’simplest” model that can account for most (if not all) of the current observations
available on our Universe. Over the last decade, as observations became more and more precise,
some tensions started to appear in this concordance model. Careful scrutiny and more and more
precise observations have not led to any resolution of these tensions but it remains unclear whether
or not such issues can be attributed to new physics, beyond the minimal ACDM model, to system-
atic biases due to our inability to accurately model non-linear physics on multiple scales to fit the
model to observations, or to observational errors. As a matter of fact, there is not a single model

that can currently account for all these tensions at once at still pass with success all the other tests
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that ACDM passed. Therefore, for pedagogical purposes, we can concentrate on this model. Devia-
tions from it are small and, although they might prove very important from a conceptual level, they
will most likely not alter the big picture significantly. The interested students will find an extensive
review of these recent issues in [2].

We will use the following nominal values for background cosmological parameters, unless other-

wise stated:

Nominal background parameters

Qxo = 0 (6.145)
Quo = 032 (6.146)
Qpo = 0.05 (6.147)
Qro = 0.68 (6.148)
Q.o = 107 (6.149)

Hy = 67 km/s/Mpc. (6.150)
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This appendix sums up some preliminary notions that must already be known by students in one
context or another. We are merely presenting them to refresh their memories and lay down some
notations. It can be omitted by readers with a physicist’s mind.

Proofs are omitted and students wishing to access some of them are encouraged to use mathematics

textbooks.

A.1 Maps

~)

Consider two (abstract) sets X and Y. A map (or mapping) f between X and Y is a rule that

assigns an element y € Y to each element x € X. This is denoted:
f:X—->Y. (A.1)
The action of the map f on elements of X is summarised as:

fixm— y. (A.2)

Note that the same y € ¥ may correspond to more that one element of X via the map f. A subset
of X whose elements are mapped to y € Y is called the inverse image of y by f, and is denoted
f~Y(y) = {x € X, f(x) = y}. The set X is called the domain of the map f, while Y is called the
range of f. The image of the map is the set:

f(X)={yeY,IxeX,y=f(x)}CY. (A.3)

It is important to realise that the domain and the range are an integral part of the definition of a map.
Consider, for example f : x — exp(x). If X =Y =R, then —1 has no inverse image, whereas, if
X =Y =C, wehave, f~'(=1) = {(2k + Dni, k € Z}.

Type of maps

Consideramap f: X — Y.

o fiscalled injective iff V(x,x") € X2, x £x’ = f(x) # f(x).

e fis called surjective ift Vy € Y, Ix € X, f(x) = y.
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o f is called bijective iff it is both injective and surjective. This translates into: Vy €

Y,Ax e X, f(x)=y.

Givenamap f : X — Y,and A C X, we can define the restriction of f to A,denoted fj4 : A — Y,
by fia(a) = f(a) foranya € A C X.

Given three sets X, Y and Z, and twomaps f : X — Yandg : Y — Z, we can define the
composition of f and g, denotedgo f: X — Zorgf: X — Z, by:

VxeX, (go f)(x)=g(f(x) . (A4)

Now, let us consider two sets X and Y, and suppose that some algebraic structures (i.e. operations,
e.g. additions, products etc.) are given on X and Y. A mapping f : X — Y that preserves these
algebraic structures is called an homomorphism. For example, suppose that both X and Y are en-
dowed with a product. Then, if, V(x,x") € X2, f(xx’) = f(x)f(x"), f is an homomorphism.

An important class of homomorphisms is the one of group homomorphisms: suppose that X and Y
are two groups with operations * and + respectively (be careful, these are not necessarily a multipli-
cation and an addition), then, if f : X — Y is an homomorphism (f(a = b) = f(a) + f(b)),
it is called a group homomorphism; in essence, it preserves the group structure. An easy ex-
ample of group homomorphism is given by the exponential map exp : R — R, for which:
V(a,b) € (R,+), exp(a + b) = exp(a).exp(b); therefore, it is a group homomorphism between

the group of real number with addition and the group of positive real numbers with multiplication.

If an homomorphism f : X — Y is bijective, it is called an isomorphism, and X and Y are said

to be isomorphic. This is denoted X = Y.

A.2 Vector spaces and linear algebra

A.2.1 Vector spaces

A vector space V over the field of numbers K (R or C for example) is a set of elements v,

called vectors of V, with two operations:

e an addition, denoted +, which, to any pair (v, w) € V2 associates a third element u € V
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writtenu = v +w,

e and a scalar multiplication, which, to any elements v € V and a € K, assigns an

element w € V such that: w = av.

Moreover, the addition is supposed to have a neutral element 0 € V such that the following

axioms are satisfied:
e V(v,w) € VZv+iw=w+v (Commutativity of +);
o Y(u,v,w) € V3, (u+v)+w =u+ (v+w) (Associativity of +);
e Vv € V, v+0=v (0is the neutral element for the addition);
e Yy eV, Al —v, v+ (—v) = 0 (Existence of an inverse for the addition);

e YaeK,V(v,w) € V2, a(v+w) = av + aw (Distributivity of the multiplication with

respect to the addition);

e Y(a,b) € K>, Vv €V, (a+b)v = av + bv (Distributivity of the scalar multiplication
with respect to the field addition);

e Vv €V, 1v = v (1 is the neutral element for the scalar multiplication).

Such a vector space will be denoted (V, K, +,.). Usually, the numbers ¢ € K are called

scalars.

As far as this course is concerned, we will limit our study to vector spaces of finite dimensions.
The typical example of a vector space is R" = {v = (x5, x%, .., x"), Vp e {1,2,..,n}, xP € R},
considered as the set of ordered lists of n elements of R, together with the field R and the addition

and scalar multiplication given by:
o Vy = (al,a2, ., a) R Yw = (bl,bz, b)) ER", v+w = (al+bl,a2+b2, .,a+b");
o Vy = (al,az, v a™) ER" Ve eR, cv = (cal,caz, ., ca).

In particular, in the case n = 2, (R%, R, +,.) defined as above can be simply identified with the
Cartesian plane, and the vectors of R? are the usual vectors of plane geometry. In the same way, R?

can be viewed as the vector space of vectors in three dimensions.
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It is obvious that the same properties apply to C". In particular, R and C are vector spaces, hence, the
field K on which our vector spaces are defined can always be seen as a vector space. An important

concept in the study of vector spaces is the existence of linear relations between vectors.

Linear combinations

Let V be a vector space on the field K. Let r € N*. Let Vi € {1,2,....,r}, v; € V and
Vi € {1,2,...,r}, a; € K. The vector of V defined by w = }.'_, a;v; is said to be a linear

combination of the vectors vy, va, ..., V.
The set (v, va, ..., v,) is said to be linearly independent if and only if:

r

Zaivi =0 = Vie{l,2,...,r}, a; = 0. (A.5)
i=1

If this is not the case, the set (v1, vy, ..., v;-) is said to be linearly dependent.

For example, consider the vector space R? over the field R. Consider the vectors (0, 1), (1,0)
and (0,2). The neutral element for the addition in R? is 0 = (0,0). We clearly have V(a, b) €
R?, a(0,1) + b(1,0) = (b,a). Hence, V(a,b) € R?, a(0,1) +b(1,0) =0 = (a =0and b = 0).
So, the set § = {(0,1), (1,0)} is linearly independent. In the same way, the set {(1,0), (0,2)}
is also linearly independent. On the contrary {(0, 1), (0,2)} is not linearly independent, since
-2(0,1) +(0,2) = 0.

As a simple consequence, we see that two vectors are linearly dependent iff one is a multiple of
the other. The maximum number of linearly independent vectors in a vector space V is called the
dimension of V over the field K, and is often denoted dimg (V), or dimV if there is no ambiguity on
the field K. We can recall the definition of a basis of V.

~

Let V be a vector space on the field K. A subset S C V is basis of V iff:

e S is linearly independent;
e Every element of V is a linear combination of elements of S.

Moreover, for any v € V, the linear combination expressing v in terms of the elements of S
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is unique, up to the ordering of the terms. The unique scalars occurring as coefficients in the

linear combination are called the components of v with respect to the basis S.

As a by-product, we can then state that a subset S C V is a basis of V iff every element of V can
be written uniquely as a linear combination of elements of S. Moreover, any two bases of a vector

space V have the same number of elements, equal to the dimension of V.

As an example, in R3, the set {(1,0,0), (0, 1,0), (0,0, 1)} is obviously a basis. It is usually
called a Cartesian basis, since one can construct from it a set of Cartesian coordinates (x, y, z),
such that any vector v in R? can be written uniquely as v = x(1,0,0) + y(0, 1,0) + z(0,0,1). Of
course, there exist other standard basis of R3. For example, {(1,0,0), (0,1, 1), (0,0, 1)} also forms
a basis. The dimension of R? is thus 3, as expected.

Another example is the field K on which the vector space is defined. In our case K is R or C. Both

are vector spaces of dimension 1 on themselves (C is a vector field of dimension 2 on R).

We call W C V a subspace of the vector space V iff W is itself a vector space with its structure
inherited from the one of V. For example R? is a subspace of R®>. We have the obvious result that
dim W < dim V if W is a subspace of V.

A.2.2 Linear maps; Matrices

Let V and W be two vector spaces over the field K, and let f : V — W be amap. f is a

linear map (or linear mapping) of V into W iff

Y(vi,v2) € V2, ¥(a,b) € K?, f(avi+bva) =af(vi) +bf(va) . (A.6)

A linear map is said to be an isomorphism if it is 1-1 onto (injective and surjective). Two vector
spaces V and W that are linked by an isomorphism are said to be isomorphic, and we write V =~ W.
Linear functions are supposed to be well-known. For completeness, the reader may refer to standard
textbooks of linear algebra such as Fundamentals of Linear Algebra, K. Nomizu, Mc Graw-Hill

eds.
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Prove that if f is a linear mapping of V into W, we have:

f(Oy) = 0w . (A7)

Here, we will just cite some results that will be important in the text:

Let V and W be two vector spaces. The set of all linear functions of V into W, denoted

L(V,W) forms a vector space, if we define the sum and the scalar products as follow:

Fv)+g@) (A.8)
af(v). (A.9)

Vv eV, V(f,g) e LIV.W), (f+g)(v)
Vv eV, VaceKk, (af)(v)

Now, we would like to see how to express linear functions when basis have been chosen in V and
W. Letus suppose that dimV = n and diimW = m, and letus call (¢;);c(1 2, »} and (Wi)ieq1 0, m)
the chosen basis in V and W, respectively. At this point, it will be convenient to introduce a summa-
tion convention called Einstein summation convention, in order to avoid the constant occurrence of

summation symbols. A vector v € V can be decomposed on the basis (€;);c(; 2

n
V= Zviei, (A.10)
i=1

where the v¥’s are the component of the vector in the given basis. We will define the summation

convention to be:
Yy eV, v=vie, (A.11)

where a repeated index up and down means that a summation has to be performed over all the

possible values of the index:

n
viei = Z viei. (Alz)
i=1

The same applies of course in W. The effect of a linear function on the basis of V can then be

summarized as follows:

Vie{l,2,...,n}, f(e;))=Fiwj, (A.13)
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where the F/; are m x n coefficients. Indeed, for any i € {1,2,...n}, f (e;) is an element of W,

and, as such, can be decomposed on the basis (W;);c(12, .} Of W. Now, consider a vector v € V.

.....

Then, we can write:

n m
HOEN (vie,-) =vif(e) = viFjiwj = ZFjinVi . (A.14)

=1 j=1
The scalars F/; are then the components of the matrix associated with f in the basis (¢e;);. (1.2,...n}
and (w j)j c(1.2,...m}" Hence, in the same way as we think of the components of a vector in a given
basis as the coordinates of this vector, we can say that the entries of a matrix are the coordinates of
the associated linear function in the two basis chosen for the two vector spaces linked by the linear

function. The upper index counts the rows, and the lower index counts the columns.

Consider for example the vector space R3 with the basis e = {(1,0,0),(0,1,0),(0,0, 1)}, For

any v € R3, we write v = vie;. Consider the map:

{R3 - R3
f (A.15)

Vo> (2v1 + vz) el + (v3 - vz) e)+ (3\/1 - v3) e3

This function is trivially linear. Now, one has:

fler) = 2e1+3e; (A.16)
flea) = er—e (A.17)
fles) = ex—e3. (A.18)

Hence, because Vi € {1,2,3}, f (e;) = Fjiej, in the basis e (on both sides), the matrix associated

to f in this basis is:

2 1 0
F=10 -1 1 . (A.19)
30 -1

Hence, one can see that, to determine a linear function, one needs n X m scalars. This suggests that
the vector space L(V, W) has dimension n X m. This is indeed true, as summarized in the following

proposition.
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Space of linear maps: basis

e dimL(V,W) =dimV x dimW;

e Let (€)icqipn je(1.2....my be abasis of W. Then, a basis

of L(V, W) is given by the linear functions E/; such that: E*; (ex) = 6w, where &),

ny be a basis of V and (w)

.....

is the Kronecker symbol, equal to 1 if i = k and to O otherwise.

 If (F/i)icq10. n):je(12....my 1S the matrix associated to f € L(V, W) in the basis e
and w, then, the expression for f in terms of the basis {E*;} of L(V, W) is:

f=FLE;. (A.20)

Here is an important result about linear functions. Let V and W be two vector spaces on a field
K.

Rank-nullity theorem

Let f € L(V,W). Then:

dim V = dim Imf + dim Kerf, (A.21)

where Imf = {w e W, 3v e V, w = f(v)} is the image of f, and Kerf = {v € V, f(v) =0}.

A.2.3 Inner product

On a vector space V over the field K (R or C), one can define a new operation known as an inner

product.

Inner product

Let V be a vector space over K (R or C). An inner product on 'V is a function (.,.) : VXV —
K such that:

(i) Conjugate symmetry: Y(x,y) € V2, (x,y) = (y,x);

(i) Linearity: V(x,y,z) € V3, Va € K, {ax +y,z) = a{x,z) + (y,2);

(iii) Non degenerate: Vx € V, (x,y) =0 = y =0.
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Note that in the case K = R, the conjugate symmetry becomes a simple symmetry, and the in-
ner product is then a bilinear form (cf section on tensor algebra). Also, in that case, if we have
VxeV,x#0, (x,x) >0 (resp. Vx € V, x # 0, (x,x) < 0), the inner product is said to be positive

(resp. negative) definite.

A very important type of inner product for us is the standard inner product on R", usually dubbed
the dot product, or Euclidean inner product. If x = (xy, ..., x,) and y = (yy, ..., y) are two arbitrary
vectors of R", the dot product is defined by:

n

xoy= Xy (A22)

j=1
Check that it verifies all the conditions to be an inner product. Check that this is a positive definite
inner product. This dot product in turn is used to define a norm for the vectors of R", called the

Euclidean norm:
Vx e R, ||x|lg = Vx - x . (A.23)

This norm tells us how ’long’ is a given vector!.
Inner products are a particular case of bilinear functions that we will study in more details in

what follows. It allows one to define the notion of orthogonality.

Let V be a vector space of dimension n equipped with an inner product g = (., .). Two vectors
u € Vandv €V are g-orthogonal, or simply orthogonal if there is no possible confusion on

the inner product, iff:
(u,v) =0, (A.24)

A basis of V, say {vi, ..., v, } is g-orthogonal, or orthogonal if there is no possible confusion

on the inner product considered, iff:

V(l’]) € {l""’n}za i#j = (Vi’ Vj> =0. (A.25)

Note that in these notes, we do not make the difference between the Euclidean space E™ which is the space in which
one can do geometry with lines, planes, circles, triangles etc., and R" equipped with the dot product. These two structures
are actually different but in one-to-one correspondence. We chose to identify them for simplicity, because it avoids the

introduction of cumbersome (but important) subtleties and serves our purposes perfectly.
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For example, consider the vector space R3. Then, {(1,0,0), (0, 1,0), (0,0, 1)} is orthogonal. More
generally, in the vector space R, let e; be a vector whose components are all zero, except the ith
one, which is 1. Then, {ey,...,e,} is an orthonormal basis of R", called the canonical basis of

R"™.

Orthogonal complement

If W is a subspace of V, i.e. W vector space and W C V, then the orthogonal complement of
W in Vis defined as:
Wr={veV,VweW, (v,w)=0}. (A.26)

From now on, unless otherwise stated, inner products will be defined on real vector spaces and will

therefore be at values in R.

Quadratic form

The quadratic form associated with an inner product g on V is the function: ¢ : V. — R such

that:

YveV,qv)=gl,v). (A.27)

For an inner product g on a vector space V, and its associated quadratic form, we have:
1
V(u,v) € V2, gu,v) = 5 [qu+v) - q(u) -g()] . (A.28)

Moreover, two distinct inner products on V cannot give the same quadratic form. This shows that

one can equivalently define the structure on the vector space via the inner product or the quadratic

form.

A vector v € V for which |g(v)| = 1 is called a unit vector. A basis of V that is orthogonal

and made of unit vectors is called orthonormal.

Using unit vectors, we can then create orthonormal bases.

Existence and structure of orthonormal bases

Let V be a vector space of finite dimension n € N on which an inner product g : VXV — R ]
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is defined. Then, there exists at least an orthonormal basis of V, {e;};eq1,....n}. Moreover, the
number of basis vectors e; for which g (¢;) = —1 is the same for any such basis.

The number r of basis vectors e;’s for which g (e;) = —1 is called the index of the inner product

A.2.4 An important set of linear functions: Orthogonal transformations

Here, we restrict our attention to the vector space R" with the usual addition of vectors and the usual

scalar multiplication, and with the dot product and its associated norm ||.|| .

Orthogonal transformations

We call orthogonal transformations the maps ¢ : R" — R’ such that:

V(x,y) €R", ¢(x) - p(y) =x-y. (A.29)

For example, the antipodal transformation A : R" — R” such that: Vx € R”, A(x) = —x is

orthogonal since:
Ax) - A(y) = (=x) - (=y) =x-y. (A.30)

Can you justify the name ’antipodal’ by considering the effect of this transformation in R? and R>?

Orthogonal transformation and orthogonal bases

Let {ey, ..., e, } be the canonical basis of R”".

Afunction ¢ : R" — R™isan orthogonal transformation iff ¢ is linear and {¢(e1), ..., p(en)}

is an orthonormal basis of R”.

Now that we know that orthogonal transformations are linear, we associate matrices to them.

Orthogonal matrices

A real nxn matrix O is orthogonal iff it is associated to an orthogonal transformation ¢ defined
by: Vx € R", ¢(x) = Ox. Therefore, an orthogonal matrix O is such that: Vx € R", Ox = x.

The set of orthogonal matrices is denoted O (n).

We have the following result:
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Properties of orthogonal matrices

Let O be a real n X n matrix. Then, the following propositions are equivalent:

(i) O is orthogonal;
(i) The columns of O form an orthonormal basis of R";
(iii) O'O = 00" = I, where t stands for transposition, and I is the identity matrix;

(iv) The rows of O form an orthonormal basis of R".

Orthogonal transformations are the rotations of R". Try and justify that in the cases n = 2 and
n=3.
A.3 Multilinear algebra and tensors

Here, we introduce multilinear functions and tensors.

A.3.1 Dual space

Among the linear functions, some are of particular interest in this course: those with values in the

vector space K.

Dual space

Let V be a vector space on the field K. Then, the vector space L(V, K) is called the dual space

of V. It is usually denoted V*. Elements of V* are called one-forms or covectors on V.

We then have the following property, as long as we restrict ourselves to finite dimensional vector

Spaces:

dimV* = dimV . (A.31)

.....

Consider now that dimV = n, and pick up a basis {e;};c(12,...n} of V. A natural basis for K

is the neutral element for the field multiplication, 1. Then, we have seen that L(V,K) = V* has a
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basis {w"}ie{l,z n}» such that:

.....

wiej = (5ij . (A32)

The linear maps ' : V — K defined above are called the dual basis to the basis {e;}.
Let w € V*. Then, by definition, w is a linear scalar-valued function on V. That means that we

have:

VeV, wv) =ww(v)=waw (viel) =wv;s =w; . (A.33)

Elements of the dual basis are the simplest linear functions on a vector space once a basis of this

h

space has been chosen. Indeed, the function w’ associates to the vector v € V its jt coordinate, v/

in the basis {e;}.

A.3.2 Multilinear functions

So far, apart from the inner product, we have studied linear functions. The notions we have seen
can actually be extended to a larger class of functions, called multilinear functions. Consider a set

of N vector spaces {V;}ic(1,2,....n} on the field K, and a vector space W on the field K.

.....

Amap f: VixXVoX..xVy — Wisa N-linear function iff:

Vi e {1,2,..,N}, Y(a,b) € K?,
VY (Viyeees Viels Viels s VN) € VI X oo X Vi X Vi1 X ... X Vi,
V(v},v?) € Vl-z,f(vl, ...,vi_l,av} + bV%,VH_l, .., VN) =
Af (V1 e Vi 1oV Vints s VD) + DL (V1 oy Vi1V, Vig1s ooes VN (A.34)

This means that f is linear in any one of its NV variables.

If N = 2, the function is said to be bilinear.

The set of all the multilinear functions mapping the set V; X V, X ... X Viy into W forms a vector

space denoted L(Vy, ..., Vn; W).
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A.3.3 Tensor algebra

Now that we know what multilinear functions are, we are going to concentrate on a particular sub-
class of multilinear functions that will be of relevance in that course: tensors.

Consider, as before, a vector space V of dimension n € N* on a field K.

We call tensor of type (r, s) € N? over V, a multilinear function 7 : V*X...XV*XVx...xV —
K where V* is repeated r times and V s times. r is called the contravariant degree of T and

s its covariant degree.

In other words, a tensor of type (r, s) is a scalar-valued multilinear function that has r variables
in the dual of V and s variables in V. For example, atensor 7 : V*xV — K of type (1, 1) takes
a linear scalar-valued function on V and a vector of V as variables, and returns a scalar. The set of
all tensors over V of type (r, s) is a vector space, called the fensor space over V of type (r, s). It is
noted 7; (V) or V® ... @ V® V* ® ... ® V*, where V" is repeated r times and V' s times. A tensor
of type (0, 0) is, by definition a scalar, so that we can write: T(?(V) = K. A tensor of type (1,0) is
called a contravariant vector, and a tensor of type (0, 1) a covariant vector. A contravariant vector
is just an element of V, i.e. a usual vector of V. A covariant vector is a scalar-valued linear function
on V, that means, it takes a vector of V, and returns a scalar: it is an element of V*, i.e. a one-form.
It is called a vector because it is seen as an element of V* considered as a vector space.

By extension, a tensor of type (r,0) is called a contravariant tensor, and one of type (0, s) a
covariant tensor.

The structure of vector space on 7;° gives us an addition between tensors of the same type, as well
as a multiplication of tensors by scalars. On top of this structure, we will now define the tensor

product, that allows one to combine tensors of different types.

Tensor product

Let A € T] and B € T/. The tensor product of A and B is a tensor, denoted A ® B, of type
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(r +1t,s +u) defined by:

YW, o W™ vl e V) € (V)T VST,

1 1 1
ARBW',..ow™ v, vem) =AW, oW v, V) BOW oW Vet e V)
(A.35)

One can easily check that the tensor product is associative, and that it is also distributive with respect

to the addition of tensors:
e V(A,B,C) €T XT. XT), (A®B) C=a® (B®C);
e V(A,B,C) €T/ XT, xT), A® (B+C)=A®B+AQ®C;
e V(A,B,C) €T/ XxT, XT), (A+B)® C=A®C+B®C.

CAUTION: Usually, the tensor product is not commutative: A @ B # B Q A.

We see that, thanks to the tensor product one can define a bilinear functions from two linear func-
tions. Indeed, consider f € V* and g € V*. Then, f ® g is an elements of L(V*,V*,K) = Té) V),
that means, it is a bilinear function on the space of linear functions on V, that takes two vectors of

V* and returns a scalar.

Another important notion is the one of scalar product:

Scalar product

We call scalar product of a vector space V, and we note (., .) the bilinear function:

(L,): VXV > K, (A.36)

defined by:
Y(v,w) e VX V", (v,w) =w(v) . (A.37)

By definition, (.,.) € T(V).

Now, for v € V, consider the linear function (v,.) : V¥ — K. It is an element of TO1 (V) =V,
i.e. a covariant vector. We see that the name vector is then justified: vectors of V can be seen as act-

ing on V*, through the scalar product; in essence, there is a one-to-one relation between vectors of V
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and a subset of elements of V**. One can also see that a scalar product can be generated via an inner
product by using a linear map L from V into V*, then the bilinear function (v,w) € VXV* i (., L.)

is a scalar product.

Up to now, we have introduced tensors and characterized a few of them, namely tensors of type
(1,0), (0,1), (2,0) and (1, 1). Tensors of type (0, 1) are linear functions on V. We have seen that
they admit a decomposition into scalar components once a basis in chosen in V, and the dual basis
constructed in V*. The same thing happens to general tensors. Let e; be a basis of V and ' the

dual basis in V*. then we have:

Bases of tensors

LetT € T" (V). Then T is uniquely determined by its values on ¢; and w'. Precisely, we have:

o {e,®e,®..Xe,, @WI W2 Q... @wir} wy is abasis of 7¢ (V);

ire{l,..., N}jie{l,...,

o T=TJJr; .ce;,®ei,®...Xe; @W' @w?2®...®wlr, where:

TIdry s =TWi, oWl e, .. e). (A.38)

As an obvious corollary, we have:
dim7? (V) = (dimV)™** | (A.39)

Finally, we can give a new, simple interpretation of a tensor in T11 (V):

Matrices as tensors

LetT € T/ (V), with T = Tie; ® w/. Then, the T} are:

e the components of T € Tl1 (V) with respect to the basis e; ® w/;
e for a fixed v € V, the matrix entries of the matrix of the linear function:

Ve — v

: (A.40)
[ T(fv)

with respect to the dual basis w'; in that case i is the row index, and J the column index;
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e for a fixed f € V*, the matrix entries of the matrix of the linear function:

n. V-V (A41)
v = T(f,v)

with respect to the basis e;; in that case i is the row index, and j the column index.

As an illustration, we can look at the representation, on a basis, of an inner product g : VXV —
K. g is a tensor of type (0,2). We have, using the previous bases for V and its dual:
n
Y(v,w) € V2 v =vie, w=wle;, glv,w) = Z viwlg (ei,ej) . (A.42)
i,j=1

A.4 Topological spaces

Topological spaces are the ’simplest’ spaces, in that they are the ones with the most minimal struc-

ture: metric spaces are a subset of manifolds and manifolds a subset of topological spaces.

A.4.1 Topological spaces: definitions

Topological space

Let X be aset and C = {U;,i € I} denote a collection of subsets of X: Vi € I, U; C X,

where [ is a set of indices. Then, (X, C) is a topological space iff C satisfies the following

conditions:
{1 0eC;
(i) X e C;
(iii) If J is any subcollection of indices in / (it may be infinite), then: U;c,;U; € C;
(iv) If K is any finite subcollection of indices in I, then: Ngex Uy € C.

Often, X alone is called a topological space, when there is no ambiguity; the subsets U; € C

are called the open sets, and C is said to give a topology to X.

A good way to turn a space into a topological one is to give it a metric.
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o Metric

Let X be aset. A metricd : X X X — R is a function that satisfies:

(1) V(x,y) € Xx X, d(x,y) =d(y,x);

(ii) Y(x,y) € X x X, d(x,y) > 0, and equality holds iff x = y;

(i) Y(x,y,z) € X x X X X, d(x,z) < d(x,y) + d(y, z) (triangle inequality).

If X is given a metric d, it becomes a topological space whose open sets are the *open discs of radius

€
Ucs(x)={ye X, d(x,y) <e€}, (A.43)

together with all their possible unions. The topology C thus defined is called the metric topology
determined by d, and (X, C) is called a metric space.

Given a topological space (X,C) and A € X. Then C induces the relative topology in A: Cs =
{U;n A, U; € C}.

A.4.2 Continuous maps

Let X and Y be topological spaces. Amap f : X — Y is continuous if the inverse image of

an open set in Y is an open set in X.

This definition is in agreement with our intuitive idea of continuity. Indeed, consider the map
f: R — Rdefined by: f(x) = —x+1ifx <0,and f(x) = —x + 1/2 if x > 0. Using the usual
topology of R (the one from open intervals), then ]a, b[ is open for any ¢ and b > a by definition.
We know that in calculus, we would say that f is discontinuous at 0. Now, consider ]3/2, 2[, which
is open. We have f~1(]3/2,2[) =] — 1, —1/2[ which is open. But if we take the open set |3/4,5/4],
we have f~1(]3/4,1/4[) =] — 1/4,0], which is not open, so f is not continuous.
By taking f(x) = x2, which is a continuous map for the standard topology of R, show that the
converse of the previous definition is not true, that is that ’f is continuous if it maps an open set into

an open set’ is not true. (Hint: Consider the image of | — €, €][).
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A.5 Neighbourhoods and Hausdorff spaces

Neighbourhood

Let X be a topological space with a topology C. N C X is called a neighbourhood of x € X

iff x € N, and N contains at least an open set U; such that x € U;.

Note that N does not have to be open. If it is, it is called an open neighbourhood.
A simple example of neighbourhood is provided by X = R with the usual topology. Then [—1, 1]
is a neighbourhood of any point x €] — 1, 1[.

A topological space (X, C) is called a Hausdor{f space if, for an arbitrary pair of distinct points x
and x” in X, we can find neighbourhoods U, and U,- of x and x’ respectively, such that U, NU,- = 0.
In physics, (almost) all spaces that appear are Hausdorff spaces, so in the remainder of these notes,

we will always assume that topological spaces are Hausdorff spaces.

Homeomorphism

Let X; and X, be topological spaces and f : X; — X, be a continuous map such that

f~': X, — X exists and is also continuous. Then, f is called an homeomorphism and X;

and X are said to be homeomorphic.

Homeomorphic spaces can thus be deformed into each other continuously, so that, topologically,

they are virtually equivalent and can be treated as the same space.
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B.1 Maps and induced maps

Let (M, g) be spacetime manifold manifold. Let f : M — M be a smooth map of M onto itself.
We recall that given a map f such that for p € M, its image is f(p) € M, we can define its action
on tangent vectors by introducing the induced map f. : T,M — Ty, M called the pushforward of
f. To any vector X tangent to M at p, it associates a tangent vector at f(p), denoted f, X so that,

given a function g : M — R:

Pushforward of a map f

fiX(g)=X(gof) . (B.1)

In other words, it defines the directional derivative of any function g at f(p) in terms of the one in-
duced by X on the function go f at p. If we callx = (x%, x!,x2,x3) = p(p) and y = (y°, y',y%,y°) =
¥ (f(p)) local charts around p and f(p) respectively, so that y* = y (f (go‘l(x))), abusing nota-
tions to identify the action of the function on M and its action ”down on the charts”, i.e. writing

g(y) = g(f(x)) for the proper g (W‘l(y)) =g(f (go‘l(x))), Eq. (B.1) becomes:
ag (y) dg (f (x))

(X" =5 =X = (B.2)
yOyH 0g
=X e W , (B.3)
so that we can write:
u_ OY"
(fX)" = 25X (B.4)

A similar induced map, known as the pullback of f and denoted f *T;ﬁ M — T, M can be defined

(p)
on one-forms (covectors), in order to obtain one-forms at p given one-forms at f(p) (hence the

name pullback). Given any tangent vector X at p and any one-form at f(p), we define the pullback

of w as:

Pullback of a map f

ffo(X) = (fX) . (B.5)

In terms of components, we get:
N
f a))” = ﬁwv . (B.6)
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Note that it is not the same as a local change of coordinate (well, changes of coordinates can be
formulated in terms of pullbacks but let us not get unnecessarily complicated here)!
This can be straightforwardly generalised to tensors, in particular, for the metric tensor g, we can

define another metric tensor at p given the metric at f(p) via:

V(X.Y) e T,M xT,M, f*g|,(X.Y) = g s, (fu X, f.Y) . (B.7)

B.2 Isometries

f is called an isometry iff it is a bijective map of M onto itself (aka a diffeomorphims) that

preserves the metric:
VPEM’ f*g|p:g|p' (BS)

In other words, the metric properties (angle between vectors, length of vectors) are invariant
under the transformation f: if we calculate the angle between two vectors at p, then transport these
vectors to f(p) using a pushforward, the angle between the transported vectors remain the same as
it was.

If we introduce local coordinates around p and f(p), such as x = (x*,x',x%,x%) = ¢(p) and
y=0%y19%5%) =w(f(p)),sothaty = (¢ o f o ¢~")(x), the definition of an isometry reduces

to:

V(u,v) €10, ... g(tﬁ(f(p)) g/JV(p) . (B.9)

It is easy to see from this definition that the set of isometries of a manifold M forms a group under
the composition of maps. Because isometries preserve the local “length’ of a vector in T), M, they
can be interpreted as the rigid motions of the manifold. Of course, they apply to Riemannian as
well as Lorentzian manifolds. For example, on the manifold R" with the standard scalar product as

metric, the isometry group is the Euclidean group:
E'"={f:x— Ax+T,A € SO(n), T eR"}, (B.10)

consisting of all the rotations and translations (and their linear combinations).
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B.3 Killing vector fields

When a (pseudo-)Riemannian manifold possesses some isometries, one can introduce a new kind of
vector fields that generate these isometries in the sense that they represent the infinitesimal version
of them: moving a small amount in the direction of the vector field, the metric structure remains
unchanged .

Let (M, g) be a spacetime manifold and X € X(M). Let € € R be an infinitesimal parameter. Let
p € M and (U, ¢) alocal chart around p such that, in this chart x = ¢(p) and X = X* %. Let
us define the diffeomorphism f : M — M such that! ¢(f(p))* = x* + eX*(p). This is just an
infinitesimal displacement from p in the direction of X. If f is an isometry, then, by definition of
the pushforward:

O(x? +eX(p)) O(xP + eXP(p))

OxH oxY

Expanding at first order in € and taking the limit € — O, this leads to the Killing equations:

guv(x) = 8ap (X" +€X™) . (B.11)

Xkakg,'j + gkjaiXk + gikank = 0, (B.12)

which is equivalent to:

ViaXg) =0. (B.13)

A vector field X that satisfies this Killing equation is called a Killing vector field. Moving along
the curves tangent to this vector field, the geometry remains unchanged: the Killing vector field
represents the direction of symmetry of a manifold. Killing vector fields are said to be dependent
if one of them can be expressed as a linear combination of the others with constant coefficients.

Finally, let us note that from the Killing equation in the form (B.12), it is easy to show that if the
metric components do not depend explicitly on a coordinate x# when expressed in these coordinates,

then % is a Killing vector field.

B.4 Example of killing vectors: the sphere S°

In order to illustrate what Killing vectors are, let us look at the isometries of the standard, two-

dimensional sphere.

"We can always choose € small enough to ensure that f(p) € U so that we can use the same chart.
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Consider the manifold §? = {(x, y,2) eRL 2 +y2+ 72 = 1}. Let us Introduce the standard spher-
ical coordinates ¢(p) = (6, ¢) €]0,7[x]0,27x[ on U = ¢! (]0,7[x]0,2x[) c S2, which is the
sphere to which we removed its poles and the half-meridian connecting them. The standard Eu-
clidean metric of R3:

G=dr®dx+dy®dy+dz®dz (B.14)

induces the Riemannian metric on U given by:
g=d0®df +sin*0dp ®dg . (B.15)

Writing the Killing equation (B.13) for this metric, we get:

X% = 0 (B.16)
cos 6

I X? = - x°? B.17

¢ sin @ ( )

95X = —sin?09,X? . (B.18)

Solving these equations, we see that any Killing vector field X of S? on U, can be written:
X=AL1+BL2+CL3, (B.19)

where A, B and C are arbitrary real numbers and:

0 cochos¢i

L{ = sing—+ —— B.2

1= Sdget e 94 (B-20)
0 cosfsing 9

L, = A B.21

e TRV B.21)
0

Ly = — B.22

3 Py (B.22)

are linearly independent vector fields on U that are Killing vector fields. For any running point

p(t) = (x(2), y(t),z(¢)) € U, along the integral curves of Ly, L, and L3, we have:

d
d—f -0  along L, (B.23)
dy
- =0 1 L B.24
— along L, (B.24)
d
d—j =0 along L3 , (B.25)

where, in each case, ¢ is the affine parameter along the integral curves of L, L, and L3 respectively.

Thus, the integral curves of Ly, L, and L3 are circles at x, y and z constant respectively, so that these
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vectors correspond to rotations around the x, y and z axes respectively. We see that the sphere has
3 =2 X (2+ 1)/2 independent Killing vector fields so it is maximally symmetric, as we are going

to explain below.

B.S Maximally symmetric spaces

The maximum number of symmetries on a metric manifold is related to the dimension of the mani-
fold n by n(n + 1)/2. Manifolds which admit exactly n(n + 1)/2 independent Killing vector fields

are called maximally symmetric spaces. Let us see how it works.

B.5.1 Properties of maximally symmetric spaces

We can classify isometries f into two classes: translations and rotations, depending on whether or
not they admit a fixed point. A point p € M is a fixed point of the isometries f iff f(p) = p.

Isometries that do not have any fixed point are called translations, while an isometry with a fixed
point p is called a rotation around p. The pushforward of a rotation is exactly what one would
call a rotation in the tangent space T, M: it transforms vectors at p into one another. A maximally

symmetric space is such that:

e (M, g) is homogeneous. This means that for every pair of points (p, g) € M, there exists a

translation f that maps p into q.

e (M, g) is isotropic. This means that for any point p € M, there exists a rotation that fixes p
and such that for any (v,w) e T,M XT, M, 3 € R, fiv = aw.

Because we will need to talk about maximally symmetric spacetimes, but also three-dimensional
spaces, let us revert to generic notations and work on a manifold of dimension n € N* with an
arbitrary metric. Let p € M and {é(;)} a local g-orthonormal basis such that, for the metric

compatible connection:
Viéay =T i(p)éuy=0 = Tr;(p)=0. (B.26)

A local translation at p is associated with a Killing vector € such that for the small displacement

Ox = ££'8 3y, we satisfy the Killing equation (B.12). In the local orthonormal frame chosen here,
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for which connection coefficients vanish at p, this means that:

98j _ 04
X! oxJ

(B.27)

In a maximally symmetric space, any point p + dp is related to p via a translation. In particular,
this must be true for the n small displacements along the “axes”, with x = £é ;) which are thus
Killing vectors at p. Any translation can then be written as a linear combination of these linearly
independent displacements. Thus, we see that, in a maximally symmetric space, the set of transla-
tions at p is generated by n linearly independent Killing vectors.

Infinitesimal rotations at p, on the other hand, are generated by Killing vectors such that:

£&(p)=0. (B.28)

Their action on the tangent space at p can be summarised by their action on the basis vectors. Since
any vector must be mappable into another one, we can map any basis vector into another one and

we therefore have n(n — 1) /2 rotations:
[ =eg) . (B.29)

each generated by a Killing vector.

Thus, as announced, the total number of Killing vector fields of a maximally symnmetric space is:

+n(n—1) :n(n+1)

Npax = n (B.30)
translations —
rotations
Let us now turn to the Riemann curvature of the metric connection:
R=Rén®d¥ oo™ oW, (B.31)

where {&®)} is the dual basis associated with {& @) }- Using the metric, let us then define the (2,2)
tensor:

R = Rijklé(i) ® é(,') 0™ oW . (B.32)

It is clearly a symmetric linear map from the set of antisymmetric bilinear forms:

W= {w e T0,(M), Y(X.Y) € T M x Ty M, w(X.Y) = -w(¥, X)} : (B.33)
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onto itself. Therefore, it is diagonalisable using an orthonormal basis of W. Let us call f!(a) =
Q,(,a) (@) ® D) — D(j) ® D) that basis, with eigenvalues A 4. Note that there are n(n — 1)/2
such eigenvectors and eigenvalues, the dimension of W. Because the manifold is maximally sym-
metric, we can use an arbitrary rotation at p to transform the local orthonormal basis of 7, M and
thus the dual basis in 7;, M. But such an operation will affect the antisymmetric bilinear forms Q(a)
and by appropriate choices of rotations, we must be able to map them into one another. This im-
plies that all the eigenvalues must be equal: A(,) = « for all a. Thus as a mapping on antisymmetric

bilinear forms, in the eigenbasis:

R =«ld . (B.34)
Writing this in a local coordinate basis:
RY = k6" (k677 (B.35)
so that:
R i = gimR™ 1 =« [6'kgj1 — 6"18)k] - (B.36)
The Ricci tensor is then:
Rij=k(n—-1)gi;, (B.37)
and the Ricci scalar:
R=n(n-1)«, (B.38)

so that the arbitrary constant « is, up to a numerical factor, the curvature of the manifold. As we
can see maximally symmetric spaces are thus constant curvature spaces.
B.5.2 Riemannian maximally symmetric spaces in 3 dimensions

In the Riemannian case and in 3 dimensions, the maximally symmetric spaces fall into 3 categories

that will be important in chapter 6, for cosmology.

1. If « = 0, we have flat space, E3, which is homeomorphic to R3 with the standard euclidean

metric, so that, a the Cartesian chart (x, y, z):

ds? = dx? +dy? +dz° . (B.39)
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2. If « > 0, the manifold is homeomorphic to the 3-sphere, S3, defined as the subset of R* such
that:
S ={(xy.zw) eRL P4y + 24w =1} (B.40)

The standard mapping of S* onto R* is given by the spherical coordinates:

X =sin y sin 6 cos ¢ (B.41)
y =sin y sin 6 sin ¢ (B.42)
z =sin y cos 6 (B.43)
W =cos x , (B.44)

with ¢ € [0,27), 6 € [0,x] and y € [0,n]. The induced metric on S* by pullback of the

Euclidean metric of R* is then:
ds? = dy? +sin’ y [d@2 +sin® 6 d¢2] . (B.45)

One can readily check that the Riemann tensor of the metric connection is then of the form
(B.36) with k = 1. To go to the maximally symmetric space of curvature x > 0 arbitrary, one

simply works with:
8,3(: {(x,y,z,w) €R4, x2+y2+zz+w2:l<_1} , (B.46)

and change y — +/ky. The isometry group generated by the Killing vector fields is O(4).
The 3-sphere is represented on Fig. B.1.

3. If k < 0, the manifold is homeomorphic to the 3-hyperboloid with two sheets, H>. It is the
subset of R* such that:

H’ = {(x,y,z,w) e R, x* +y* + 22 —w? = -1} . (B.47)

The chart (y, 6, ¢) with y € Ry, 8 € [0, 7] and ¢ € [0, 27r) defined by:

x =sinh y sin 8 cos ¢ (B.48)
y =sinh y sin 8 sin ¢ (B.49)
z =sinh y cos 6 (B.50)

w =cosh y , (B.51)
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Figure B.1: The 3-sphere embedded in R*, with one dimension suppressed.

defines a mapping between H> and R* such that the Minkowski metric on R* pulls back to:
ds® = dy® + sinh® y [d6* +sin> 0 d¢?] . (B.52)

Note that there is no embedding of H? into R* equipped with the Euclidean metric. Again,
this corresponds to a Riemann tensor of the form (B.36), but with xk = —1. To getto x < 0
arbitrary we once again perform the transformation y — +/—«y. The isometry group of
H? is the orthochronous Lorentz group, that we introduced in chapter 2. One sheet of the

3-hyperboloid is represented on Fig. B.2.
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{¢ = cst} ~ H?

Figure B.2: On sheet of the 3-hyperboloid embedded in R*, with one dimension suppressed. Note
that the embedding as shown here is not isometric since, by force, the Euclidean metric is used here

in representing the ambient R*, instead of the Minkowski metric.

B.5.3 Einsteinian maximally symmetric spaces in 4 dimensions

To conclude this appendix, let us determine the 4 dimensional maximally symmetric geometries
that satisfy the Einstein field equations. We call them Einsteinian maximally symmetric spaces in 4

dimensions. Writing the Einstein field equations for the Ricci tensor (B.37) and n = 4, we get:

(A =3k) gy = 87GTy,, . (B.53)
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In vacuum, we have immediately:

A
K= 3 (B.54)

If we insist on having matter present, then it must be of a very special kind. For example, if we have

a perfect fluid:

3k = A
G
In any case, as in the Riemannian case in 3 dimension, we find 3 different cases.

p=—p= (B.55)

1. If k = 0, the Riemann tensor is zero and the spacetime is flat. It is simply Minkowski space-

time.

2. If k > 0, the scalar curvature R = 12k > 0 and this is de Sitter spacetime. It has the topology
of R x S3. It can be isometrically embedded in R> equipped with the Minkowski metric.

Indeed, let us chart R® with Cartesian coordinates (z, w, x, ¥, z) such that:
G=-dredt+dwedw+dx®dxr+dy®dy +dz®dz. (B.56)

Defining a chart on de Sitter spacetime (7, y, 6, ¢) witht € R, y € [0,7x], 8 € [0, ] and
¢ € [0,2r), such that we have the embedding map:

Vkt =sinh (Vkt) (B.57)
Vkx =cosh (Vkt) sin y sin 6 cos ¢ (B.58)
Vky =cosh (V) sin y sin @ sin ¢ (B.59)
Vkz =cosh (VkT) sin y cos @ (B.60)
Vkw =cosh (Vkt) cos x , (B.61)

the induced metric of de Sitter spacetime is:

cosh? (vkr) [

g=—drodr+ dy ® dy +sin’ y (do ® d6 +sin20dp ® d¢)] . (B.62)

One can easily check that it is of constant curvature «. In (T, x, y, z, w) coordinates, de Sitter

is an hyperboloid of one sheet in R that lies along’ the ¢ axis.

3. If k < 0, the scalar curvature R = 12k < 0 and this is anti-de Sitter spacetime.Topologically,
it is homeomorphic to R*. Tt can be embedded isometrically into R? equipped with a pseudo-

Riemannian metric that is not Lorentzian, but is given by:

G=-dredu—dvedv+dx®dr+dy®dy+dz®dz. (B.63)
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In these coordinates, anti-de Sitter spacetime is an hyperboloid of one sheet that lies in the

subspace orthogonal to both the u and v axes. The map is given by:

—xu =sin (Vkt) cosh y
V—kv =cos (VkT) cosh y
V—kx =sinh y sin 6 cos ¢
\—=«ky =sinh y sin @ sin ¢
V—kz =sinh y cos 6 ,

(B.64)
(B.65)
(B.66)
(B.67)
(B.68)

with7 € R, p € Ry, 0 € [0, 7] and ¢ € [0, 27]. The induced metric is of constant curvature

x and reads:

1
g = —cosh? ydr ® dr + — d)(®d/\/+sinh2/\/(d0®d9+sin20d¢®d¢)] . (B.69)
K

We see that the topology is that of R x H3. Note that anti-de Sitter is a static spacetime, since

it has a timelike Killing vector field, a%.
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We want to find expression (5.176) for the Green function of the d’Alembert operator in MInkowski

spacetime. We recall that it is a function G such that:

nt Gx-y)=6"(x-y). (C.1)

OxHIx”

C.1 Covariant form

The standard approach consists in using a Fourier expansion:

G(x —y)= / G (k)ekn =y g g (C.2)
Then:
T O (x—y) = / G(k) (~kyky) e "= dtk (C3)
so that Eq. (C.1) becomes:
/ G (k) (~ky k) efu* =) g =5P) (x — y) (C.4)
) (271r)4 / STk, (C.5)

where we used the Fourier expansion of the delta function. Since this equation must hold for any

x -y, we get:

—k k"G (k) — =0, (C.6)

(2m)*

in other words:
1

(2m)* [(k")2 : \l’éﬂ |

G (k) = (C.7)

-

Let us denote w = k°, k = ‘k‘ x* = (t,X) and y* = (¢', ). Then:

G(x-y)= dod’k . (C.8)

| e [—iw (t—1)+k- (f—y)]

(2m)* / w? — k?

We can always introduce some spherical coordinates (6, ¢) in Fourier space so that 8 = 0 when k

is along X — y. Then, we have:

k-(=3)=k|X—Y|cos@ (C.9)
d*k = k? sin 6dkdode . (C.10)
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Finally, let 4 = — cos 6. Then, the Green function becomes:
2 a-iw(r-t )elklfr—ilﬂ
G(x-y)= (2 )4/ dw/ kzdk/ d,u/ dgS — (C.11)
/ kzdk/ wﬂdw /l dpelkI¥-3lx (C.12)
<2n)3 0 o PR e |
=1(k,t—t") _ ekIF=F|_e—ikI¥ 5| _ sin(k|%-3])

ik]x-y| k|%-3]

C.2 Some complex integration

Estimating I(k, t — t’) requires a little bit of contour integration in the complex plane. First, notice
that At = ¢ — ' > 0 because we are only interested in the causal Green function. Thus, the integral

we want to evaluate is:

+00 e—iwAt

The complex integrand thus reads:

e—iAtz

T = roe-n

(C.14)

It has two simple poles located on the real axis but is holomorphic otherwise. Thus, we will need
to use an indented contour together with Cauchy’s theorem. Besides, we need to close this contour
while ensuring that for z = Re’?, e 7142 — 0 when R — +co. Clearly e 71472 = g 1R cos 0Rsin 0A1 g
that we need to have sin @ < 0, i.e. we need to close in the lower half-plane. We choose the contour
depictedin Fig. C.1: y = [-R, —k—&]UI'(=k, e)U[—k+&, k—e]UT'(k, e)U[k+¢&, R]U(-T(0, R)).

There is no singularity inside the contour, so we can apply Cauchy’s theorem:

/ f(2)dz=0. (C.15)
Y
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—T'(0, R)

Figure C.1: Contour used to calculate the integral /(k, At¢) in Eq. (C.13).

Splitting the integral by bits and taking the limits € — 0 and R — +o0:

d d d
/[‘—R,—k—a] f(Z) e /I:(—k,s) f(Z) ¢ +/[—k—s,k—a] f(Z) o

_)f:olz Flxw)dw —ires{f(z).-k}(2n-n) _’f—kk flw)dw

/ f(z)dz  + / f(z)dz+ / f(z)dz=0 (C.16)
I'(k,&) [k+£,R] —-T'(0,R)

—iresS{f(z),k} 2n—mn) —>f,:°°f(u))dw —0

ikAt ] e—ikAt
+
2% ok

1(k, At) — inS

=0. (C.17)

Thus:
sin (kAt)

I(k,At) = -
(k, At) = —n—

H(AY) , (C.18)

Where H(x) is the Heaviside function: H(x) = 1 if x > 0 and O otherwise.
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C.3 Final form

Finally, we can put everything together:

H (At +eo .
G(x-y)=- % / sin (kAt) sin (k |X — y|) dk (C.19)
4n X = y| Jo
H (A +eo
=- % {cos [k (]X = y| = Ar)] —cos [k (X = Y| +Ar)]}dk . (C.20)
4n2 1% - 51 Jo
Besides:
+00 1 +00
/ cos(au)du =3 / cos(au)du (C.2D
0 —0o
1 i iau —iau
= /_w (e +e ) du (C.22)
1 D D
= (27r6 () + 276 (cy)) (C.23)
=P (a) . (C.24)
Thus:
Gx-y)=——=——= |2 (X7 - A1) = 6P| |X - F|+ At || H(Ar) (C.25)
dr|x = y| N
#0
1
=——— P (-9 -A)H(Ar) . (C.26)
dr|x = y|

To conclude, the Green function of the d’Alembert operator in Minkowski spacetime reads:

Green function of d’Alembert operator in Minkowski spacetime

G(x-y)= 6P (1= 31 - (x* =) HG =30 . (C.27)

T4 (R -
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